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Abstract

We study near optimal error correction codes for real-timenmunication. In our setup the encoder must operate on an
incoming source stream in a sequential manner, and the eecodst reconstruct each source packet within a fixed pl&ybac
deadline ofT" packets. The underlying channel is a packet erasure chémetan introduce both burst and isolated losses.

We first consider a class of channels that in any window oftlerfg+ 1 introduce either a single erasure burst of a given
maximum lengthB, or a certain maximum numbe¥ of isolated erasures. We demonstrate that for a fixed ratelalay, there
exists a tradeoff between the achievable valueBafnd N, and propose a family of codes that is near optimal with respec
to this tradeoff. We also consider another class of chantelsintroduce both a burstnd an isolated loss in each window of
interest and develop the associated streaming codes.

All our constructions are based on a layered design and geasignificant improvements over baseline codes in sinuuiati
over the Gilbert-Elliott channel.

I. INTRODUCTION

Many emerging multimedia applications require error cctios of streaming sources under strict latency conssaifihe
transmitter must encode a source stream sequentially anedeiver must decode each source packet within a fixed gdt&yb
deadline. Interactive audio/video conferencing, mob#éenig and cloud-computing are some applications of suctess
Classical error correction codes are far from ideal in thagplications. The encoders operate on messages in blocks an
introduce buffering delays, whereas the decoders can @dgver missing packets simultaneously without considetire
deadline of each packet. Naturally both the optimal stmecaind the fundamental limits sfreaming codeare expected to be
different from classical error correction codes. For extnipis well known that the Shannon capacity of an erasurecbh
only depends on the fraction of erasures. However when dalagtraints are imposed, the actual pattern of packetdaase
becomes relevant. The decoding delay over channels whtobdunce burst losses can be very different than over channel
which only introduce isolated losses. In practice chanselsh as the Gilbert-Elliott (GE) channel [1], [2] introdubeth
burst and isolated losses. The central question we addrdbssipaper is how to construct streaming codes that sigunitfig
outperform classical error correction codes over such mhian

We consider a class of channels that are simplifications @fGlE channel. Such deterministic models are restricted to
introduce only a certain class erasure patterns, whictespand thelominant sebf error events associated with the original
channels. We construct near optimal codes for such deteticiapproximations and then demonstrate that the reguttbdes
also yield significant performance gains over the GE chaimsimulations. Note that the GE channel is a two-state Marko
model. When the GE channel is in the “bad state,” it introduedurst-loss whereas when it is in the “good state” it intices
isolated losses. Therefore a natural approximation to ¢hannel is the following: in any sliding window of a given gh
W, the channel introduces either an erasure burst of a camtakimum lengthB or up to a certain numbeW of isolated
erasures. For such channels, we show that for a given rateelag, there exists an inherent tradeoff between the azbiev
values of B and N. We further propose a class codes — MiDAS Codes — that areapanal with respect to this tradeoff.
Our construction is based on a layered design. We first asectséin optimal streaming code for the burst-erasure chaameb!
then introduce another layer of parity checks for recoveoyf isolated erasures.

The above deterministic channel is further improved to wegperasure patterns that appear during the transition fihem
bad state to good state and vice versa. These channelseénbobh burst and isolated erasures in the window of interest.
We propose another class of codes — partial recovery code€)(P— that recover most of the erased source packets over
such channels. We observe in our simulations that when tlay @erelatively long, such patterns are dominant and th€ PR
construction indeed outperforms MiDAS as well as other l@seodes.

In related works, suitable adaptations of block codes stieg applications have been studied in many prior works see,
e.g., [3] and references therein. In reference [4], [5] a<laf optimal streaming codes are proposed for burst erabareels.
Unfortunately these constructions are sensitive to isdlgacket losses. Reference [4] also presents some exaofplazsust
codes using a computer search, but offers limited insighwtartds a general construction. In contrast the present papposes a
systematic construction of robust streaming codes basedayered design, establishes fundamental bounds and pralcess
verifies that some of the robust constructions proposed]iarg also optimal. Recently connections between streactolgs
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Fig. 1. An Example of Channdt In any sliding window of lengti¥ = 5 Fig. 2. An Example of Channél: In any sliding window of lengtiV = 5
there is either a single erasure burst of length no greaster th = 3 or there is either a single erasure burst of length upte- 3 and possibly one
up-to N = 2 erasures. isolated erasure, aV = 2 isolated erasures.

and network coding have been studied in [6], [7]. Howeverrttaalels in [6], [7] do not aim for robust constructions oves th
GE channel based on a layered architecture, which is thesfotthis paper.

The rest of the paper is organized as follows. The system hisgeesented in section Il and some baseline codes from
earlier works are discussed in section Ill. We introduceasmain constructions in sections IV and V respectively, anespnt
the simulation results in section VI.

Il. SYSTEM MODEL

We consider a class of packet erasure channels where theeetterns are locally constrained. In any sliding windzfw
length W, the channel can introduce only one of the following patern

« A single erasure burst of maximum lengthplus a maximum ofK isolated erasures or,

« A maximum of N erasures in arbitrary locations.
Note thatV < B + K. We denote such a channel 8yN, B, K, W). We will focus on two special subclasses of such channels.
The first class, Channélis given by:Ci(N, B,W) £ C(N, B,0, W), i.e., it only introduces either a burst erasure or ug\to
arbitrary erasures. The second class, Chahhi given by:Cii(N, B, W) = C(N, B,1,W). It allows for one burst erasure
of maximum lengthB plus up to one isolated erasure, &r arbitrary erasures. These specific channels are inspiratieby
dominant erasure events associated with GE channel assdéestin section VI. Fig. 1 and 2 provide examples of channels
C1(2,3,5) and(Cri(2, 3, 5) respectively.

Clearly the erasure patterns associated with chafipehclude those associated with. However we focus on channéj
first as it is simpler to analyze and reveals some importasiglts. In particular for this class of channels we proposear
optimal class of codes based on a layered design. We firstraohs&in optimal code for the burst erasure channel without
considering the value aV. Thereafter we concatenate an additional layer of parigckh to recover from the isolated erasure
patterns. Inspired by this result, for the chandgl we again construct a streaming code for the burst-eraswaeneh A
similar layering principle can be applied to treat isolal@sses, although this extension is not discussed explicitthe paper.

We next formally define atreaming erasure codét each time; > 0, the encoder observes a source synsii] drawn from

a source alphabetS and generates a channel symig@l] = £;(s[0], ..., s[i]) € X. The channel output is eitherfi] = x][i] or
y[i] = x, when the output is erased. The decoder is required to recahgtach packet with a delay @f units i.e., for each
1 > 0 there exists a decoding functiosli] = ¢;(y[0],...,y[¢+T]). ArateR = %ﬂs}' is achievable if there exists a feasible

code that recovers every erased symijél by time? i + T..

Ill. PRELIMINARIES

In this section we consider some previously studied errarection codes and characterize their performance in apqsed
setup. We discuss the special cases under which these cedeptamal. Our new constructions use these codes as bgildin
blocks and therefore the review of these codes is useful.

A. Strongly-MDS Codes

Classical erasure codes are designed for maximizing therlying distance properties. Roughly speaking, such cedks
recover all the missing source symbols simultaneously enfficiently many parity checks have been received at thedksc
Indeed a commonly used family of such codemdome-linear codessee e.g., [3], [8], are designed to guarantee that the
underlying system of equations is nearly of a full rank. Wecdss one particular class déterministic codeconstructions
with optimal distance properties below.

Consider &, k,m) convolutional code that maps an input source stregine % to an outputx[i] € F* using a memory
m encodet i.e.,

m T
x[i] = (Z sffi —1] - Gt> , 1)

t=0

1For keeping the notation compact, any symbol with a negaiive-index will be assumed to be the constant zero symbol.

2Since we assume a deterministic channel model, it sufficensider zero error probability. In our analysis we will ase thatS = ]F’; and X = Fy
i.e., the source and channel packets are vectors of lerigémal n respectively over some base field. We will assume that the §igle,q can be as large as
required, and furthermore thatandn can also be as large as necessary with the rate giveR by%.

SWe use' to denote the vector/matrix transpose operation. In pdatiove will treats[i] andx[j] as column vectors and therefasg[i] andx'[;] denote
the associated row vectors.



where Gy, ..., Gy, arek x n matrices with elements ifi,. The firstj + 1 output symbols can be expressed as,

0], % 1), xT )] = [sF[0],sT[1], ..., sT[j]] - G- )
where
Go Gi ... G,
G Gi_
Gjé 0 0 | J'l EIF((JjJrl)kx(jJrl)n 3)
0 . Gy

is the truncated generator matrix to the fijst 1 columns andG; = 0, if 7 > m. Furthermore the convolutional code is
systematic if we can express each sub-generator matrixeifialfowing form:

Go = [Tixk Okxn—kl, G, =[0pxr H], i=1,...,T (4)

(

wherel ., denotes the x k identity matrix,0 denotes the zero matrix, and ealh € ]FfjX ") For a systematic convo-

lutional code, Eq. (1) reduces to

. m T
xi=| o] e (s em ) (5)
p[i] pot
We are particularly interested in a class of Strongly-MD8eh [9] with the following properties.

Lemma 1. A (n, k,m) (Systematic) Strongly-MDS code has the following properfor eachy = 0,1,...,m:

P1. Suppose that in the windo@, j], there are no more thatil — R)(j + 1) erasures in arbitrary locations, thes[0] is
recovered by time = j.

P2. Suppose an erasure burst happens in the intétva —1], whereB < (1—R)(j+1), then all the symbols|0], .. ., s[B—1]
are simultaneously recovered at time-= ;.

Proof: See Appendix A. [ ]

The proof of Lemma 1 involves applying the properties of B¢lg-MDS codes proposed in [9]. While the results in [9] are
stated for channels that can erase each sub-symhdlfinthey can be suitably adapted for our proposed setup. We ateleg
the proof to Appendix A.

As a direct consequence of Lemma 1, it can be seen that a¥attrongly-MDS code, can achieve aily = B <
(1-R)(T+1) over theCi(N, B,T + 1) channel. As will be shown subsequently (c.f. Theorem 1)ithia fact the maximum
value of N that can be achieved. Nevertheless the largest valug¢ adn be higher. The class of codes treated in the following
sub-section achieve the largest possible valué of

B. Maximally Short Codes

Maximally Short codes, introduced in [4], are streamingethat correct the longest possible erasure burst in atingli
window of lengthT" + 1. In particular the following result was established in [H#].

Lemma 2 (Martinian and Sundberg [4])Consider any channel that in any window of length+ 1 introduces a single
erasure burst of length no mdvehan B. For any (n, k, m) convolutional code which recovers every source paskitby
timet =i + T we must have that

B < T - min (1,%) (6)

Furthermore the upper bound if6) can be attained by the Maximally Short (MS) Codes.
The construction of MS codes presented in [4], [5] involvestfconstructing a particular low-delay block code and then

converting it into a convolutional code using a diagonatilgaving technique. This approach will not be used in tlaipap.
Instead we discuss another construction [10] which is dsligneralization of the above approach. In particular wansthat

for any T and B there exists a streaming code of rdte= HLB that satisfies (6) with equality. In the proposed constaurcti
we split each source symbsli] € F! into two groupsuli] € F7 andvl[i] € FL~# as follows:
S[Z] = (UQ[i], ceey ’U,B_l[i],vo[i], ceey ’UT_B_l[Z'])T. (7)
=uld] =vli]

“In this paper we will only treat systematic Strongly-MDS @sdand for convenience drop the term “systematic” when riafgtto these codes.
5This statement is equivalent to saying that each erasurst Buof length no greater thaB and that successive bursts are separated by a distance of
at-leastT" time units.



We apply a(T,T — B,T) Strongly-MDS code on the symboldi] and generate parity check symbols
T

T
pv[i]: ZVT[Z_]]H;) ) pv[i] EFqBv (8)
j=1

where the matrice#l? are (7' — B) x B matrices associated with the Strongly-MDS code (4). Sugeose theu[:] symbols
onto p,[-] and let

qi] = py[i] +uli — T7. 9)

The channel input at timeis given byx[i] = (uT[i],vT[i],qT[i])T e FI+5,

For decoding, we suppose an erasure burst of ledg#pans the intervdD, B — 1]. The decoder starts by recovering the
parity check symbolp,[B],...,p.[T — 1] by subtracting the unerased symbelsB — T1,...,u[—1], respectively. These
recovered parity checks are used to recover the erased &ywmpp ..., v[B — 1] using property P2 in Lemma 1. Now, the
parity check symbolg,[j] for j > T can be computed as they combing] symbols which are either not erased or recovered
in the previous step. Hence, these parity checks can beastdxdr from the corresponding-] to recoveru[0],...,u[B — 1]
at timesT, ..., T + B, respectively, i.e., with a delay @ symbols and the decoding is complete.

Unfortunately the MS Codes are not robust against isolatesuees. In fact it can be easily seen that for@hev, B, T +1)
channel they only attaiv = 1.

IV. CHANNEL I: CODE CONSTRUCTIONS ANDBOUNDS
Throughout the analysis of Channglwe selecti =T + 1 where recall that” is the decoding delay. Note that every
source symbos[i] remains active for a duration @ + 1 symbols before its deadline expires. Therefore the ergsaiterns
observed in a window of lengti’ + 1 are naturally of interest. For such channels we will supptbe IV parameter in the
notation forC(-) and simply use the notatiaty (N, B). The extensions to other values 6f will be reported elsewhere.
In this section we propose a new family of streaming codes dha near optimal for all rates for the chandg{N, B).
Before stating our constructions, we use the following ugdpmind [10].

Theorem 1 (Badr et al. [10]) Any achievable rate fo€; (N, B), satisfies
R
—— | B+ N<T+1. 10
()5 evers o
and furthermoreN < B andB < T. O
Theorem 1 shows that when the rateand delayl” are fixed there exists a tradeoff between the achievableesatiB
and N. We cannot have streaming codes that simultaneously ¢doreg erasure bursts and many isolated erasures. The upper

bound (10) also shows that tHe = 1/2 codes found via a computer search in [4, Section V-B] aredddgptimal.
We propose a class of codédaximum Distance And Span Tradeoff (MiDAS) codkat achieve near-optimal tradeoff.

Theorem 2. For the channel; (N, B) and delayI’ with N < B and B < T, there exists a code of rat® that satisfies

R
—— |B+N>T. 11
() v =
O
Remark 1. Comparing(11) with the upper bound irf10), the only difference is the additional constantn the right hand
side of the inequalities.

Our proposed construction is illustrated in Fig. 3. We siili¢ source symbdi[i] € F}IF into two groupsu[i] andv[i] as
in (7) and generate the parity chealB] as in (9). The resulting code up to this point is just a MS cdus tan correct an
erasure burst of length.

We further apply another Strongly-MDS code to thg] symbols and generate the set of parity check symbols,

)
T

puli = (D ulli—j]-HY | . puli] €FY, (12)
j=1

whereH} are B x K matrices associated with a Strongly-MDS code (4). We finatipcatenate the parity check| and
p.[i] with the source symbols i.ex[i] = (uf[i], v [z’],qT[z'],pTu[z'])T as shown in Fig. 3.

Note thatx[i] € IFSZT*B*K) and the associated rate is given By= ﬁ. In our setupK is a free parameter which can
be used to varyV. The resulting value ofV is computed next.



B Symbols ul0] ufl] u[B —1] u[B] ullT —1] u[T]

T — B Symbols | v[0] v[1] v[B —1] v[B] V[T —1] v[T]

B u[-T] u[-T +1] e u[-T+B-1] || u[-T+ B| _ u[-1] u[0]+
Symbols | 4p,(v) || +pu(v°) +p,(vP72) || +pu(vPY) +p, (Vi) || pu(vTY)
A symbols 1 p, 1) || pu(u?) pu(uf ) || pu(u”) pu(u’"?) || pu(u’)
Erase;i,Packets Used to recoven:[,o], -, v[B—1] Reco:/:aru[o]

Fig. 3. A window ofT"+ 1 channel packets showing the decoding steps of a MiDAS codmwh erasure burst takes place. In the case of isolatedesasu
the v and u symbols are recovered separately using phe-) parities in the window{0, 7" — 1] and p,,(-) parities in the window{0, T, respectively.v?
denotes the set of symbols'[t — T+ 1],...,v][t]).

Our proposed decoder recoverf)] from the parity checke,[i] in the intervali € [0, T — 1]. It separately uses the parity
checksp,[i] in i € [0,7] to recoveru[0]. Recall from (9) thalq[i] = p,[¢] + u[i — T], wherep,[i] are the parity checks
of the Strongly-MDS code (8). Since the interfering] symbols in this interval are not erased, they can be canaelethy
the decoder frony[-] and the corresponding parity chegls|-] are recovered at the decoder. Since the dodéd, p,[i]) is a
Strongly-MDS code of raté?, = %, applying Lemma 1 the associated valueMf is given by NV = (1 — R,)T = B.
Since N < B holds, the recovery o¥[0] by timet¢ =T — 1 is guaranteed by the code construction.

As stated before, for recoverind0] at timet = T', we use the,,[-] parity checks. Note that the associated calg], p.[i])
is a Strongly-MDS code with rat®&,, = MLK and hence it follows from Lemma 1 that in order to achieve tesiréd value
of N we must have that

N:ﬂ—&MT+n=K+BH4U (13)
Thus it suffices to selett
N
K=ma—nb g
and the rate of the code satisfies
T T
R= = 15
T+B+K T+B+Briy =)
T
> - 0
~ T+ B+ B
T—N
T-N+B (16)
where (15) follows by substituting in (14). Rearranging)(¥& have that
R
———B+N>T. 17
—r-tNZ (17

We have thus far shown that if there are no more tharrasures in the intervdl, T'] thens[0] can be recovered by time

T. Onces|0] is recovered we can cancel its effect from all the availalalety checks. Thus the same argument can be used

to show thats[1] can be recovered at tiniE + 1 if there are no more thaiV erasures in the interval, T’ + 1]. Recursively

continuing this argument we are guaranteed the recovergalfsi] by timei + 7. The proof of Theorem 2 is thus completed.
|

A. Example

Table | illustrates a MiDAS code of rat% designed foiC;(2, 3) with 7' = 7. Note that from, we split each source symbol
s; into u; andv; as in (7). We have that,; € ]Fg andv; € ]F;1 and from (8) and (14) we have that the parity check symbols
p.(-) € F2 andp,(-) € F,. For convenience, we use the subscripuaindv denotes the time index, whereas the notatién
denotes a sequence Bfconsecutive symbols;,v;_1,...,v¢_7y1. Thusp,(v?) denotes the parity checks (8) appliedwo
and similarlyp,, (u’) denotes the parity checks appliechth Let q; = p,(vi~!) +u;_r. The input at time), x;, corresponds
the thei—th column in Table I.

6if the right hand side in (14) is not an integer we will need xpand each of the source symbol by a factor(®f+ 1 — N) i.e., s[i] € FT(T+1-N)
and similarlyu[s] € FE(T+1=N) andvl[i] € F(T—B)(T+1-N) in (7) also need to be expanded by the fadtdr+ 1 — N).
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3 Po(vh) | Po(v?) | Po(vY) | Pu(v?) | Pu(V?) | Pu(v?) | Pu(V®) | Pu(v®) | Pu(v7) | Pu(v®)
+u_7 +u_g +u_5 +u_4 +u_3 +u_2 +u_1 +up +ui +u2

1| pu(u™) | pu(u®) | pu(u') | pu(u?) | pu(u?) | pu(u®) | pu(u®) | pu(u®) | pu(u’) | pu(u®)

TABLE |
AMIDAS CoDE WITH (N, B) = (2, 3) AND RATE {5 FOR A DELAY OF 7' = 7. THE NUMBER OF SUBSYMBOLS IN EACH GROUP IS DENOTED IN THE FIRST COLUMN

To illustrate the decoding, assume an erasure burst ofHeBgt 3 happens in the intervdd, 2]. In Table l,bu_g4,...,u_;
are not erased and thus can be subtracted to recover thg gagitksp, in the interval[3, 6]. These parities belong to the
(7,4,7) Strongly-MDS Code and suffice to recoves,...,ve simultaneously at tim& — 1 = 6. In particular note that
1-R,)T=(1- %)(7) = 3 and thus property P2 of Lemma 1 can be immediately appliedhi&tpoint all the erasest|-]
symbols have been recovered. Nex,is recovered at tim& by subtracting oup, (v®). Likewiseu; andu, are sequentially
recovered at tim& and9.

To compute the achievabl®y, it suffices to computeV® for the (v,p,(-))' code in the interval0, 6] and N for the
(u,pu(-))" code in the intervalo, 7). Using thatR, = 4/7 andR,, = 3/4 it follows from Lemma 1 thaiV® = (1—R,)(T) = 3
and similarly N* = (1 — R,)(T 4+ 1) = 2 and henceV = min(N", N*) = 2.

B. Numerical Comparison

Table 1l summarizes the achievahté and B for different code& The first three rows correspond to Strongly-MDS, MS
and MiDAS codes discussed in Section IlI-A, 11I-B and IV. Tlast row correspond to a family of codes — Embedded Random
Linear Codes (E-RLC) — propsed by Badr et al. [10] for the ctehd; (N, B) and delayl’ whose rate satisfies

R
—— | (B+N-1)>T. 18
(2g) @+ -1z 1)
While such constructions are optimal f& = 1/2, they are sub-optimal in general.
Code | N | B
Strongly-MDS Codes (1-R)(T+1) (1-R)(T+1)
Maximally Short Codes 1 T -min(£ —1,1)
MIDAS Codes min (B,T— %RB) Be1,T)
E-RLC Codes [10]
A€[R(T+1),T—1], LB (T - A) LR A
R>1/2
TABLE I

ACHIEVABLE (N, B) FOR CHANNELCy (+)

We further numerically illustrate the achievalll’, B) pairs for various codes in Fig. 4. We note that the Strongsvi
and MS Codes in sections 1lI-A and IlI-B respectively onlyheve the extreme points on the tradeoff. The MiDAS codes
achieve a tradeoff, very close to the upper bound for allstaténe E-RLC codes achieving the bound in (18) are generally
suboptimal except foR = 0.5. Fig. 4 also illustrates another class of codes based onva sancatenation approach of MS
and Strongly-MDS codes. These are always suboptimal andeheot discussed.

V. PARTIAL RECOVERY CODES FORCHANNEL II

In this section we study streaming erasure codes for chahnéV, B, W). Recall that in any sliding window of lengf¥,
such channels permit erasure patterns consisting of (i)evasure burst plus one isolated erasure either before e thi
burst, or (ii) up toN erasures in arbitrary locations. The burst plus isolatedwee pattern captures the transition between the
bad and good states on the GE channel. Such events appearatidmvhen the dela¥ is large, as discussed in section VI.
The MIDAS codes are not effective when such patterns are rkombi

Motivated by the MiDAS code construction we focus on codes torrect one erasure burst plus one isolated erasure. One
can extend the construction to achieve any desivedby suitably concatenating additional parity checks. Hosveve do not
discuss this extension in the paper. In the rest of this eatie will drop the parametelN and refer to such channels as
CH(Bv W)

“We note that the floor of the values given in Table Il should besidered as the values might not be integers



T =100

=6~ Upper-Bound
-4 Embedded-Random Linear Codes (E-RLC) [13]

Max. Distance—Span Tradeoff Codes (MiDAS)
I+ Simple Concatenation Codes

50

T,

Fig. 4. Achievable tradeoff betweeN and B for different ratesR € {0.5,0.6,0.7} from right to left. The uppermost curve (solid black lineswio’) in
each group is the upper bound in (10). The MIDAS codes are shaeith broken green lines withX’ and are very close to the upper bound. The Simple
Concatenation codes are shown with broken blue lines wifhwhereas the E-RLC codes in [10] are shown with broken redslinith ‘A’. The delay is
fixed to 7" = 100.

2T+ B
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T B T-1

Fig. 5. An isolated erasure associated with a burst in cHafine

Definition 1. An isolated erasure is defined to bssociatedvith the erasure burst, if it occurs within tHE symbols before
or after this burst.

Throughout this section, we 18V = 27 4+ B since we are interested in an interval of len@ttbefore or after the erasure
burst. Note that every erasure burst has at most one assb@aiated erasure (c.f. Fig. 5). Conversely every isdlat@asure
can be associated with no more than one erasure burst.

It turns out that codes that achieve perfect recovery Gyerequire a significant overhead, particularly whEris close to
B. Therefore we consider partial recovery codes as discused

Definition 2. A Partial Recovery Code (PR@r C1(B,W = 2T + B) recovers all but one source symbol with a delay of
T in each pattern consisting of an erasure burst and its asgediisolated erasure.

Theorem 3. There exists a partial recovery code f61(B, 2T + B) of rate,
AT —A)+ (B+1)

A= S AT — AV T (B+ )T —A+2)

(19)

that satisfy Definition 2.

A. Code Construction
The main steps in our proposed construction of a partialvegocode forCy(B, 2T + B) are as follows. Let, v, s and
A be integers that will be specified in the sequel. Wes(éte Fy*.
1) Source Splitting: As in (7) we splits[i] into two groupsuli] € Fy andv[i] € .
2) Construction of Ci2: We apply a ratelis = ;7= Strongly-MDS (v + u + s,v,T') codeCz : (v[i], pi]) to thev[]
symbols to generate parity check symbplg € F+*,

7 T
pli = { > vili—j]-Hj | , (20)
j=1



whereH,,... Hr € FZX(“+S) are the matrices associated with the Strongly-MDS code (5).
3) Parity Check Splitting: We split eachpl[:] into two groupsp; [i] € Iy andpz[i] € F; by assigning the first sub-symbols
in p[¢] to p1[¢] and the remaining sub-symbols op[i] to p2[i]. We can express:

T
pilil=> vii—j-H}, k=12 (21)
j=1

where the matrice$I¥ are given byH; = [H} | H?]. It can be shown that botH} and H? satisfy the Strongly-MDS

property [9, Theorem 2.4] and therefore the codes (v[i], p1[i]) andCs : (v][i], p2[¢]) are both Strongly-MDS codes.
4) Repetition Code We combine a shifted copy af[-] with the p;[-] parity checks to generatg:] = p1[i] + ui — A].

HereA € {B+1,...,T} denotes the shift applied to thg:] stream before embedding it onto tpg[-] stream.

5) Channel Symbol We concatenate the generated layers of parity check sywribahe source symbol to construct the
channel symbol,

x[i] = (s'[i], a"[i], p[i])". (22)
The rate of the code in (22) is clearly = Qﬁﬁs. We further select the cod&s, and(C, to have the following rates:
v A—-B-1
R vtuts A ) (23)
T-A+1
Ry= Y = i (24)

v+s T—-A+2
As established in Appendix B, these parameters guarang¢éhih above construction is a PRC codedgf B, W = 2T + B).
We further use the following values af v ands that satisfy (23) and (24),

u=B+1)T-A+1)—-(A-B-1)

v=(T-A+1)(A-B-1)

s=A—-B-1, (25)
and the corresponding rate of the PRC code is
C e A(T-A)+(B+1)
- BAST AT —A)+ (B+1)(T—A+2)’

which meets the rate given in Theorem 3. This completes ttalsl®ef the code construction. The decoding steps are ibestr
in detail in Appendix B.

R

(26)

Remark 2. If we assume that the source alphabet is sufficiently largd shat the integer constraints can be ignored then
the optimal shift is given by

A*:argmAaxR(A):T—i—l—\/T—B, (27)
and the corresponding rate is given by

R (T+2VT-B-2(T-B) (28)
- (IT'+B+3)VT-B-2(T-B)

B. Example

We illustrate a PRC construction f65;(B = 3, W = 17) with T' = 7 and rateR = 5/9. The values of the code parameters
areu =6,v=4, s=2andA =6.

Ml o | | 2 | 3 | 4 | 5 | 6 | 7 | 8 | 9
6 up up uo us uy us ug ur ug ug
4 Vo Vi Va2 V3 A\ V5 Ve V7 Vs Vg
6 | pi(vh) | pi(v?) | p1(vY) | P1(v?) | P1(v?) | P1(v?) | P1(V®) | P1(VO) | P1(VT) | P1(V®)

+u_e +u_s +u_g +u_3 +u_g +u_; +ug +uz +ug +us3
2 | p2(vh) | p2(v?) | p2(v!) | p2(v?) | p2(v?) | p2(v?) | p2(v?) | P2(v®) | P2(vT) | p2(v®)

TABLE Il
A PARTIAL RECOVERY CODE WITH B = 3 ACHIEVING A RATE OF % FOR ADELAY OFT =T7.



Encoding:

1) Assume that each source symhple Féo consists of ten sub-symbols and split it inig and v;, consisting of six and
four sub-symbols respectively.

2) Apply a(u+v+s,v) = (12,4) Strongly-MDS code’;» to thev,; symbols to generate parity chegsév'—!) € ]Fij Note
that the rate of’;, equalsRyy = 3.

3) We split eachp(vi—1) into p;(vi~!) andps(vi—1) consisting of6 and2 sub-symbols as shown in Table Ill. Note that
the code<’; : (v;,p1(vi~1)) andCq : (v, p2(vi1)) are both Strongly-MDS codes of ratég = 2/5 and Ry = 2/3
respectively.

4) We generatey; = p1(vi~!) +u;_ and let the transmit symbol be

AT
Xi:(u;‘rvvjvqjap;(vz)) )

which corresponds to one column in Table Ill. The overakkratjualsk = 5/9.
Decoding: We start by considering the case when the burst erasureda®tiee isolated erasure. Without loss of generality
suppose that the burst erasure spaas(0, 2] and the isolated erasure occurs at titne 2.
o t € [3,4] : We use codé&;, in the interval[0, A — 1] = [0, 5] to recover the erased symbaols, v, v, v¢ by timer = 5.
Note that in this interval any interfering symbols are not erased and can be cancelled out fiorsingr = A — 1
we have

(1= Rup)(m+1) = (1—%)6:4. (29)

Thus by using an extension of Lemma 1 (see Appendix B, Lemnthe8yecovery ofvg, vi, v, v follows.
Thus by timer = 5, all the erased,; symbols have been recovered. The symhnlsu;, us andu; are each recovered at
time 7 = 6,7,8 andt + A respectively by cancelling; (v™~!) from the corresponding parity checks in Table 1ll. Thus
all the erased symbols get recovered by the decoder for #raseire patterns.

o t >5: We use cod&;, in the interval[0, 4] to recover the erased symbols, v, vo at timer = 4. This follows by
applying property P2 in Lemma 1 since

(1= Ru2)(r +1) = (1—%)5>3. (30)

Once the erasure burst has been recovered, the erased symtmt be recovered at time=¢t+ T —-A+1=t+2
using the parity checkps(vt~!) associated witl€s in the intervalt, ¢ + 2]. This again follows from Lemma 1 since

(1—R2)(T—A+2)=<1—§)3:1 (31)
which suffices to recover the missing.
For the recovery ofi;, note that by time + A all the erased; symbols have been recovered and hence the associated
partiy checkpl(v”A*l) can be cancelled frong, A to recoveru;. For the recovery ofiy, u;,uy; we need to use
a6, 497, qs respectively. Ift = 5 then we recovews at timer = 7 and then compute; (v®),...,p:(v7) and in turn
recover all the missing symbols. If¢ € [6, 8], then we will not be able to recover the associatieds but the remaining
two symbols can be recovered. Thus we will have one non-exedvsymbol in this case. f > 8 then clearly all the
threeu symbols are recovered and complete recovery is achieved.
For the case when the isolated erasure occurs at(iwed the burst follows it spanning the interyalt + 2], the decoder
proceeds as follows.
« t =1:We use cod€, in the interval|0, 5] to recovervy,...,vs at timer = 5. The decoder computgs; (v') in the
interval [6,9] and subtracts them to recoves, . .., us. All the erased symbols are recovered for this erasurerpatte
o t > 2: We recovervy at time1l using the code&,, before the start of the erasure burst. In particular taking 1 note
that

(1= Rip)(r+1) = <1—%)2>1, (32)

which by Lemma 1 suffices to recoveg at timer =1

We next show how,v:;1,vir2 €an be recovered using the coflg in the window(t,t + 5]. If ¢ € {2,3} then in
addition tov;, viy1, viro We should also account for the erasure at tiindue to the repetition ofiy. Thus there are a
total of 4 erasures in the windoy, ¢ + 5]. An extension of Lemma 1 (c.f. Appendix B, Lemma 3) is reqdite show
the recovery for this pattern. Fare [4,6] the erasure burst overlaps with the repetitionugfand thus there are only
three erasures and the recovery follows by the applicatfdcemmma 1. Fort > 6 the symbolug is recovered at timé
and then the erasure burst[int + 2] can be recovered separately.

A complete justification of the above decoding steps is ptediin the proof of Theorem 3.
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Fig. 6. Simulation Experiments for Gilbert-Elliott Charrdodel with (o, 3) = (5 x 1074,0.5).

VI. SIMULATIONS RESULTS
We consider a two-state Gilbert-Elliott channel model.Ha tgood state” each channel packet is lost with a probstmlit
¢ whereas in the “bad state” each channel packet is lost withobability of 1. The average loss rate of the Gilbert-Elliott
channel is given by
15} «
Pr(f) = ——e+ ——. 33
€)= 5t o (33)
wherea and 5 denote the transition probability from the good state tolihd state and vice versa.
Fig. 6(a) and Fig. 7(a) show the simulation performance ev&ilbert-Elliott Channel. The parameters chosen in the two
plots are as shown in Table IV.

Fig. 6(a) Fig. 7(a)
(a, B) (5 x10=%,0.5) (5x1075,0.2)
Channel Length 107 108
Rate R 12/23 ~ 0.52 50/88 =~ 0.6
Delay T’ 12 50
e 1073 5x 1073 1072 [[ 1073 5x10=3 10—2
Burst Only 0.9642 0.8796 0.7869([0.9005 0.5988 0.3563
Burst + Isolated || 0.0268 0.1065 0.1851(|0.0923 0.3065 0.3698
Burst + 0.0032 0.0081 0.0222||0.0062 0.0937 0.2729
Multiple Isolated
Burst Gaps< 7' [|0.0058 0.0058 0.0058||0.0010 0.0010 0.0010

TABLE IV
PARAMETERS OFGILBERT-ELLIOTT CHANNEL USED IN SIMULATIONS . WE ALSO PRESENT THE EMPIRICAL FRACTION OF DIFFERENT ERASURE
PATTERNS OBSERVED ACROSS A SAMPLE PATH

The channel parameters for tHe = 12 case are the same as those used in [4, Section 4-B, Fig. SJedsr of the
channels we generate a sample realization and computediteiakloss rate for each of the codes in sections IV and V. We
also categorize the empirical fraction of different eraspatterns associated with each erasure burst for the twanelsafor
e €{1073,5 x 1073,1072} in Table 1V. The first row “Burst-Only” denotes those erasbrasts where there are no isolated
erasures in a window of length before and after the burst. The second row counts thoserpstiéhere only one isolated
loss occurs in such a window. The third row allows for mu#ifpbsses in this window. The fourth row counts those patterns
where the inter-burst gap is less th@n Note that the contribution of burst plus isolated lossesiggificant particularly for
the second channel when the delBy= 50.

In Fig. 6(a) and Fig. 7(a), we plot the residual loss rate anytfaxis ands, which corresponds to the loss probability in
the good state on the x-axis whereas Fig. 6(b) and Fig. 7A(Istiate the burst histograms associated with the GE che&nne

All codes in Fig. 6(a) are selected to have a rateRof 12/23 ~ 0.52 and the delay i§" = 12. The black horizontal line
is the loss rate of the Strongly-MDS code. It achievg#s= N = 6. Thus its performance is limited by its burst-correction
capability. The red-curve which deteriorates rapidly asinggease: is the Maximally Short codes (MS). It achievés= 11
and N = 1. Thus in general it cannot recover from even two losses oitguin a window of lengthl” + 1. The remaining
two plots correspond to the E-RLC codes and MiDAS codes, bbthihich achieveB = 9 and N = 2. The loss probability
also deteriorates with for both codes, although at a much lower rate. Thus a sligbtedese inB, while improving N from
1 to 2 exhibits noticeable gains over both MS and Strongly-MDSesod
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Fig. 7. Simulation Experiments for Gilbert-Elliott Chanriddodel with (o, 3) = (5 x 1075,0.2).

In Fig. 7(a) the rate of all codes except PRC is seRte- 50/88 ~ 0.57 while the rate of the PRC codes(s5. The delay
is set toT' = 50. The Strongly-MDS codes achieveé = N = 20 whereas the MS codes achieix= 1 and B = 33. Both
codes suffer from the same phenomenon discussed in theopsewase. We also consider the MiDAS code with= 4 and
B = 30. We observe that its performance deteriorates &s increased, mainly because it fails on burst plus isolébed
patterns, which are dominant in this regime (see Table IWie PRC code which achievéé = 4 and B = 25 and can also
handle burst plus one isolated loss exhibits the best peence in this plot.

Interestingly Table 1V also indicates that the probabilifiyhaving burst plus multiple isolated losses associateti tie
burst is also significant for the second GE channel With- 50. The PRC code will not handle more than one isolated loss
associated with the erasure burst. Nevertheless we didatizerna performance degradation due to this in the simuiatido
explain this, note that for the GE channel of interest theaye burst length is only = 5 and as shown in Fig. 7(b) the burst
length distribution is an exponential function. Our propd$RC code uses a shift &f = 46 (c.f. section (V-A)). It turns out
that the isolated erasures which result in decoding falunest be concentrated in the interjal — 1, A + B — 1] following
the burst rather than the entire interval of len@ithAs B is generally small, it is unlikely that more than one isothtess is
seen in this interval, and hence the effect of multiple igaldosses does not appear to be significant. Similarly ferfittst
GE channel, since the average burst length is @nithe use of PRC codes to recover from burst plus isolated dosss not
found to be effective.

VII. CONCLUSION

We consider new low delay streaming code constructionscbasea layered design principle. Our proposed codes are
designed for a class of packet-erasure channels that drigtexbto introduce a certain set of erasure patterns. d paterns
correspond to the dominant set of error events associatidthg Gilbert-Elliott channel. The first class of channelsaduce
either an erasure burst or a certain number of isolated E®$u any sliding window of interest. We show that there tsxis
fundamental tradeoff between the burst-error correctimhiaolated-error correction capability of any streaminde for such
channels and propose a class of codes — MIDAS Codes — that\wachi near optimal tradeoff. In these constructions, we
first construct an optimal code for the burst-erasure chaaumé then concatenate an additional layer of parity checkshie
isolated erasures. We also consider a more complex charod#Irthat involves both a burst erasure and an isolated rerasu
and propose streaming codes that recover all but one soymdeos for each such erasure pattern . Numerical simulatimes
the Gilbert Elliott channel indicate that the proposed oitheleed provide significant performance gains over baselades.

APPENDIXA
PROOF OFLEMMA 1

We begin by introducing thg¢—th column distance of an (n, k,m) convolutional code. Consider the window of the first
j+ 1 symbols and let the truncated codeword associated withniet sequencés|0], . .., s[j]) be (x[0],...,x[j]). Then the
j-th column distance is defined as

ds = min wt(x[0], ..., x[j]), 34
7 s=(s(0],....s0)) <0 b (34)
s[0]#0
where recall that each channel symbdd] hasn sub-symbols, i.ex[i] = (zo[7],. .., zn—1[i]) andwt®(v) counts the number

of non-zerosub-symboals in the codewordv.
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It is well-known that for any(n, k,m) convolutional coded; < (n — k)(j + 1) + 1 for all j > 0. A special class of
convolutional codes — systematic Strongly-MDS codes -sfyathis bound with equality foj = {0,...,m} [9, Corollary
2.5]. In our setup, since the entire channel packet is ettla@smitted perfectly or erased, it is more convenient foress the
column-distance by counting the number of non-zero symiWis define the column-distandg as the minimum number of

non-zerosymbols in the j+1 truncated codewordx[0], ..., x[j]), i.e.,
d; = min wt(x][0],...,x[j]), 35
p= min W] x[) (35)
s[0]#0

wherewt(v) counts the number of non-zesgmbols in the codewordv.

c

Clearly for any(n, k, m) code, we must have tfat,; > [d—nﬂ Thus for a Strongly-MDS code we have that

. [(n_k)(j; 1)+1W
~[a-mu+y+1]

>1-R)(G+1)]+1 (36)

where the last relation is justified as follows.df= (1 — R)(j + 1) is an integer[v + 1| = v +1 = [v] + 1, and thus the
last step follows with equality. Otherwise, we haje+ 1] > [v] = [v] 4+ 1 and the last step still holds.

To establish P1, consider the intery@) j] and consider two input sequendef)], . .., s[j]) and(s’[0],.. ., s'[j]) with s[0] #
s’[0]. Let the corresponding output B&[0], ..., x[j]) and(x'[0], ..., x’[j]). Note that the output sequences differ in at-legst

symbols since otherwise the output sequefxdé] — x’[0], . .., x[j] — x'[j]) which corresponds t@s[0] —s'[0], . .., s[j] —s[4])
has a Hamming weight less thah while the inputs[0] — s’[0] # 0, which is a contradiction. Thus ifs[0],...,s[j]) is
transmitted, for any sequence &f — 1 erased symbols, there will be at-least one symbol wiefi@], ..., x'[j]) differs from
the received sequence. Thus from (34}))] is recovered uniquely at timg provided that:

N<[1-R)(G+1)] 37)

from which P1 in Lemma 1 immediately follows.

w,  VE
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D ——
B

Period =j + 1

Fig. 8. The periodic erasure channel used in proving P2 inrhan, and indicating the first and last windows of inter&sy and Wz _ 1, respectively.
Grey and white squares resemble erased and unerased syeduastively.

In order to establish property P2, we consider a periodiswgeachannel of period length+ 1 as shown in Fig. 8. In
each period, a burst of lengtB symbols is introduced followed by — B + 1 un-erased symbols. First consider the interval
Wy = [0, 5]. Using the previous part and siné&< (1 — R)(j + 1) we are guaranteed thal0] is recovered at time = j. At
this point we have recovered0] and treat it as a non-erased symbol. We next consider thevahtd’; = [1,; + 1]. There is
a burst of lengthB — 1 spanning the periofll, B] and an additional erasure at tine§j + 1]. By property P1 we can recover
s[1] by timet¢ = j + 1. However sincex[j + 1] is erased, this is equivalent to recoveriig] at time¢ = j. In a similar fashion
by considering the intervald’; £ [i,i + j] for i = {2,..., B — 1} we recovers[2],s[3],...,s[B — 1] at time ;. At this point
all the erased symbols in the first burst have been recovereédhe claim follows.

APPENDIXB
PROOF OFDECODING IN THEOREM 3

We first begin with the following extension of Lemma 1 whicsalers two bursts in the intervl, j].

Lemma 3. In the interval [0, j] suppose that there are two erasure bursts spanning thevalef0, B; — 1] and [r,r +
By —1]. A (n, k, m) Strongly-MDS convolutional code with rafe = %, can recover all the erased®; + B> source symbols
s[0],...,s[B1 — 1],s[r],...,s[r + B2 — 1] by timet = j provided that

By

r<s and B+ By <(1-R)(j+1) (38)

foranyj =0,1,...,m.
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Fig. 9. The periodic erasure channel used in proving Lemman@, indicating the first and last windows of interedty, and Wz _4, respectively. Grey
and white squares resemble erased and unerased symbastitasp

Proof: Consider a periodic erasure channel of period leggth as shown in Fig. 9. In each period, the channel introduces
an erasure burst of lengtB; symbols followed by another burst of lengiy, symbols starting: symbols from the start of
the first burst and the rest of the period is not erased. In teegeriod starting at time = 0, the two bursts of lengttB;
and B; span the intervalf), B; — 1] and[r,r + By — 1] respectively, flR.

We consider the intervald; = [i,i+ j — 1] for i = {0,1,..., By — 1}. In each such interval, the total number of erasures
equalsB; + B2 < (1 — R)(j+ 1). Thus as in the proof of property P2 in Lemma 1, we can recsj@rs|1],...,s[B; — 1]
by time j sincex[j + 1],x[j + 2],...,x[j + B1 — 1] are erased.

For the second burst we consider the interfali] of length j — r + 1. At this point all the source symbols in the first
burst have been recovered and only a totaBgferasures remain. The property P2 in Lemma 1 can be used tedovering
s[r],...,s[r + Bz — 1] by time j since,

ng(l—R)(]—f—l)—Bl
<A-R)G+1)-QA-R)r
—(I-R)(j—r+1)<dj,. (39)

where the second step uses (38) and the last step followg (3&). At this point all the erased symbols in the first period
have been recovered by timeand the claim follows.
|
We now proceed to prove Theorem 3. For any given erasurerpattewhich the channel introduces a burst of lendgth
and one isolated erasure in a sliding window of lengfih+ B, the decoder can recover all symbols with a delay/'abut
one. We divide these patterns into two main categories. énfitist case the erasure burst is followed by an isolated exasu
whereas in the second case an isolated erasure preceedashesdurst.

A. Erasure Burst followed by an Isolated Erasure

Without loss of generality assume that the channel intredwamn erasure burst in the intery@l B — 1] and that the isolated
erasure occurs at time> B. Since the associated isolated erasure follows the erdmust from Def. 1 it must occur in
the interval[B,T + B — 1]. This implies that the intervgT, —1] is free of any erasure so that there is only one burst and
isolated erasure in the intervgd T, T + B — 1], which is of length2T + B. Since the memory of the code equdls any
erased symbols before< —T" will not affect the decoder. Thus we assume that there areasuees before = 0.

We further consider two cases as stated below.

Burst and Isolated Erasures Recovered Simultaneously: In this case, the burst and the isolated erasures are closglen
such that all thev[] symbols are recovered simultaneously. This case is idltestrin Fig. 10(a). The isolated erasure happens
at timet where B <t < ===A. The recovery of the erased symbols proceeds as follows:

B+1
1) Recover{v[0],...,v[B — 1], v][t]} at timeT = A — 1 using the(v + u + s,v) Strongly-MDS code&C;2 in the interval
[0,A—1].
2) Recover{u[0],...,u[B —1],uft]} attimer = A,...,A+ B —1 andr =t + A respectively from the associated parity
checksq]].
To justify the recovery ofv|[0],...,v[B — 1], v[t] in the first step we consider the available parity check€efin the
interval [0, A — 1]. We first note that the interfering symbal$] in this interval are not erased and can be cancelled out from
q[] to recover the parity checks;[-]. We apply Lemma 3 withB; = B, Bo =1, r =tandR = Rjp andj = A — 1.

B A—B—-1

Note thatt < ﬁ A also satisfies < 1 since Ry = from (23) Thus the first condition in (38) in Lemma 3is
satisfied. Furthermore note th@t— ng)(j T 1) = B+ 1 and thus the second condition in (38) in Lemma 3 is also sadisfi
Thus Lemma 3 applies and the recoveryvdf], ..., v[B — 1], v[¢] at time A — 1 follows.

To justify the recovery ofu[0],...,u[B — 1], u[t]}, recall thatq[i] = u[i — A] + p1[¢]. Since all thev|-] symbols have
been recovered in step (1), the associated parity chpek$ can be computed and cancelled by the decoder to recover the
u[-] symbols as claimed.

As a final remark we note that all the erased symbols are reedvier the above erasure pattern.

8We use[v] and |v] to denote the ceil and floor of a real numher
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(d) Isolated Erasure followed by Burst: Isolated and BunstsHres Recovered Separatety= [BAJFJ -1

Fig. 10. Various erasure patterns of the Charliietodes in the decoding analysis. The erasures are shadedaxey, the parity check symbols used to

recover thev[-] symbols are marked using diagonal stripes whereas they mduéick symbols involved in the recovery of ti:] symbols are marked using
horizontal stripes.

Burst and Isolated Erasures Recovered Separately: In this case, there is a sufficiently large gap between thettamnd
the isolated erasures so that the] symbols of the erasure burst are recovered before the ésbtasure takes place. This

casfe Iils illustrated in Fig. 10(b). The isolated erasure bappt timef > BBAH. The recovery of the erased symbols proceeds
as follows:

1) Recover{v[0],...,v[B —1]} by timer = {BBAJFJ — 1 using the(v + u + s, v) Strongly-MDS codeC;, in the interval
[0, 7].

2) Recover{u[0],...,u[t — A — 1]} from q[A],...,q[t — 1] respectively by cancelling the interfering [-] symbols.

3) Recoverv[t] by timer =¢+ T — A + 1 using the(v + s,v) Strongly-MDS cod€&’; in the interval[t,t + T — A + 1].

4) Recover{u[t — A +1],...,u[B —1],uft]} from q[t +1],...,q[B + A — 1], q[t + A] by cancelling the interfering []
symbols.

To justify the recovery ofv[0],...,v[B — 1]} in the first step above, we consider the available parity kfi@t Ci2 in

the interval[0, 7]. Note that the interferingi[-] symbols in this interval are not erased and can be cancelledtam q[] to
recover the underlying parity checks [-]. Furthermore,

(1 =Rp2)(t+1)>(1— Ri2) (%A) =B (40)

where we substituted (23) fd®;2. Thus using property P2 in Lemma 1 we recover¥f@, ..., v[B — 1] by time r as stated.
To justify step (2) above note thajfi] = u[i — A] + p1[i] and the interferingp,[i] are only functions ofv[-] symbols that
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have either been recovered in step (1) or are not erasedsfityj(8) we consider the intervai, ¢t + 7 — A + 1] and consider
the parity checks of; in this interval. Note that using (24) we have:

(1-R)(T-A+2)>1 (41)

holds and hence using property P2 in Lemma 1 we rece{@rby timet + T — A + 1. To justify step (4), note that once
v[t] is recovered in step (3), the parity chegkgt + 1],...,p1[B + A],p1[t + A] can be computed and cancelled from the
associatedy[-] symbols, and the claim follows.

As a final remark, we note that whenti [A, A + B — 1] the symbolu[t — A] which is erased in the first burst, cannot be
recovered as its repeated copy at titnis also erased. This is the only symbol that cannot be reedvierthe above erasure
pattern.

B. Isolated Erasure followed by an Erasure Burst

We assume without loss of generality that the isolated eealsappens at time zero and that the burst erasure happens at
time ¢t > 0. Since the isolated erasure precedes the erasure burstipiv$ that the erasure burst must begin in the interval
t € [1,T] from Def. 1. This implies that there cannot be any erasur&éniterval[—T, —1] since the interva]-T, T+ B — 1]
must have only one isolated erasure and one erasure bursé Bie memory of the code equdls any erased symbol before
time ¢t = —T will not affect the decoder. Thus in what follows we assurmat there are no erasures before tithe

This class of patterns is sub-divided into two cases diszlibglow.

Isolated and Burst Erasures Recovered Simultaneoudly: In this case the burst erasure and the isolated erasurecme cl
enough so that all the[-] symbols are simultaneously recovered. This case is iltesdrin Fig. 10(c). The burst erasure begins
at timet < BAH. The recovery of the erased symbols proceeds as follows:

1) Recover{v[0],v[t],...,Vv[t + B — 1]} using the(v + u + s,v) Strongly-MDS cod€ s, in the interval[0, A — 1].

2) Recover{u[0],u[t],...,u[t+ B — 1]} attimer = A, t+ A,...,t+ B+ A — 1 respectively from the associated parity

checksq[].

To justify step (1) we note that the interfering-] symbols inq[-] in the interval[0, A — 1] are not erased and can be
cancelled to recovep,[-]. We apply Lemma 3 to codé;, in the interval[0, A — 1] using B; = B, B. = B andr = t. Note
that by assumption onand from (23) we have that

A 1
"< B+1 11— Rio
and thus the first condition in (38) holds. Furthermore fr@8)(we also have thatl — R12)A = B + 1 and thus the second
condition in (38) also holds. Thus Lemma 3 guarantees thevegg of {v[0], v[¢],...,v[t + B — 1]} by timeT = A — 1.

To justify step (2), note that there are no further erasumethe interval[A, A + ¢t + B — 1]. Since all the erases|]
symbols are recovered in step (1), the decoder can compie, p1[¢i + A],...,p1[¢ + B + A — 1] and subtract them from
the corresponding|-] symbols to recoven|[0], u[é],...,u[i + B — 1], respectively with a delay oA < T.

As a final remark we note that all the erased symbols are felbpvered in this erasure pattern.

Isolated and Burst Erasures Recovered Separately: In this case the gap between the isolated erasure and thecbassre
is sufficiently large so that[0] is recovered before the burst erasure begins. This cadesgated in Fig. 10(d). In this case

we have that > BAH. The recovery of the erased symbols proceeds as follows:

1) Recover the symbot[0] by time r = [BAHL— 1 using the(v + u + s,v) Strongly-MDS code;; in the intervall0, 7].
2) Recover the symbolelt],...,v[t + B — 1] by timet + A — 1 using the(v + u + s, v) Strongly-MDS cod€eC;» in the
interval [t,t + A —1].
3) Recovew[t],...,u[t+B—1] fromq[t+A4],...,q[t+ B+ A—1] respectively by cancelling the associated-] symbols.
To justify the above steps note the interfering] symbols inq[-] for ¢ € [0, A — 1] are not erased and can be cancelled out

to recoverp; [-]. In step (1), it suffices to use P1 in Lemma 1 and show t@t is recovered by time = [AW — 1. Note

B+1
that

(42)

A J—
B+1
where we substitute (23) faR,2 above. Since by assumption env]0] is the only symbol erased in the intervil 7] it
follows thatv[0] is recovered by this time.

To justify step (2), consider the intervil, ¢ + A — 1] and recall that the erasure burst spans + B — 1]. Furthermore
even thoughv[0] has been recovered in step (1) and its effect can be canaaliedhe symbol[0] appears inq[A] and
may contribute to one additional erasure wher A. In this case, we assume that a total®f+ 1 erasures occur in the

(1 =Ry2)(t+1)> (1 - Ri2) 1 (43)
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above stated interval. We use Lemma 3 applied to the ¢gavith B; = B and B, = 1, in order to show the recovery of
v[t],...,v[t + B — 1]. Note that the first condition in (38) is satisfied since

B B
B+1 1—Rp

is satisfied and the second condition is satisfied as welegihec- R12)A = B + 1. By time ¢t + A — 1, the decoder has
recovered all the erased-] symbols. If instead we hatl> A thenu[0] can be recovered at time= A and there remain

A-t<A (44)

only B erasures in the intervat,t + A — 1], so the recovery o¥[t],...,v[t + B — 1] again follows.
Finally to recover thai[-] symbols in the intervajt, t + A — 1], we compute the parity check symbgig[-] in the interval
[t+ A, t+ B+ A—1], subtract them from the correspondigf] symbols, and recovau]t],...,u[t + B — 1] respectively as

stated in step (4).

As a final remark we note that the symhdD] my not be recovered if its repeated copy at tilhds erased as part of the
erasure burst. Thus we may have one unrecovered symboldalibve erasure pattern.

This completes the proof of the decoder in Theorem 3.
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