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Let f € Flzy,...,x,] be a polynomial in n variables over an arbitrary field F', in which the
degree of f as a polynomial in x; is at most d, for 1 < i < n. We say that f has “degree
bounded by d.”

Proposition: Let f € F[zy,...,x,] have degree bounded by d and let S C F be a set of
d + 1 distinct elements of F. If f(sq,...,s,) = 0 for all n-tuples (s1,...,$,) in S™, then
f=0,1ie., fisidentically the zero polynomial.

Proof: We proceed by induction on n, the number of variables. Recall that a univariate
polynomial of degree at most d over F' can have at most d zeros; this establishes the truth
of the proposition for n = 1.

Suppose, for some n > 1, that the proposition is true for all polynomials of degree bounded
by d in Flxy,...,x,]. Let f € Flxy,..., 2,41 have degree bounded by d, written as

d
f(xh s 7xn+1) = Z fi<x1a S 7xn)m:1+17
i=0
where f; € Flxy,...,x,| are polynomials of degree bounded by d. Suppose that f(si,...,Sn41) =
0 for all (sq,...,8,.1) € S™". Then, in particular, each polynomial f(si,...,8p, Tpy1) in
Tpe1 (fixing (s1,...,s,)) has at least d + 1 zeros, and hence must identically be the zero

polynomial. This implies that f;(z1,...,2,) = 0 for all (sq,...,s,) € S™. By assumption,
each such f; must be identically the zero polynomial, which implies that f is identically the
zero polynomial.

Thus if the proposition is true for n > 1 variables, it is also true for n + 1 variables. Since
the proposition is true if n = 1, by induction it follows that the proposition is true for all
n > 1. |

Corollary: Let f € Flxy,...,z,] be a polynomial of degree bounded by d. If f is not
identically the zero polynomial, and if F' has more than d elements, then f(sy,...,s,) # 0
for some (s1,...,s,) € F"™.



In particular, if F' is a finite field of ¢ elements, then f must evaluate to a nonzero value in

Fym, where m is the smallest value such that ¢™ > d.

Notes: The corollary is referred to as the “Sparse Zeros Lemma” in [1], in which the authors
cite [2], [3] (see also [4]), and [5]. The terminology “Zippel’s Lemma” follows from [6], where
a version of the proposition (first?) appeared.
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