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Abstract

We study the problem of channel pairing and power allocatics multi-channel multi-hop relay network
to enhance the end-to-end data rate. Both amplify-andgfiatWAF) and decode-and-forward (DF) relaying
strategies are considered. Given fixed power allocatiorhéochannels, we show that channel pairing over
multiple hops can be decomposed into independent pairiolglgms at each relay, and a sorted-SNR channel
pairing strategy is sum-rate optimal, where each relaysgtErincoming and outgoing channels by their SNR
order. For the joint optimization of channel pairing and povallocation under both total and individual
power constraints, we show that the problem can be decoumiedwo subproblems solved separately. This
separation principle is established by observing the edgice between sorting SNRs and sorting channel
gains in the jointly optimal solution. It significantly redes the computational complexity in finding the jointly
optimal solution. It follows that the channel pairing preiv in joint optimization can be again decomposed
into independent pairing problems at each relay based dedschannel gains. The solution for optimizing
power allocation for DF relaying is also provided, as well as asymptotically optimal solution for AF
relaying. Numerical results are provided to demonstratestsuntial performance gain of the jointly optimal
solution over some suboptimal alternatives. It is also oleskthat more gain is obtained from optimal channel
pairing than optimal power allocation through judiciousiyploiting the variation among multiple channels.
Impact of the variation of channel gain, the number of chémyrad the number of hops on the performance

gain is also studied through numerical examples.
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. INTRODUCTION

The emerging next-generation wireless systems adopt a-cmalhnel relaying architecture for broadband
access and coverage improvement [1], [2]. As opposed torawdrand single-channel relay, a multi-channel
relay has access to multiple channels, e.g., differentufsaqy channels or subcarriers in an Orthogonal
Frequency Division Multiplexing (OFDM) system. It may rée=a signal from one channel and transmit a
processed version of the signal on a different channel. mbis-channel relaying capability can be exploited
to choose forwarding channel adaptively for the incomirmggnals, taking advantage of the diverse strength of
different channels.

In this work, we address the general problem of channel seteand power allocation strategies at multi-
channel capable relays to forward data in a multi-hop rafgyietwork. This problem involves two issues: 1)
channel pairing (CP): the pairing of incoming and outgoihgrnels at each relay; 2) power allocation (PA):
the determination of power used to transmit signals on tldsenels. In general, for multi-hop relaying,
there is strong correlation between CP and PA. Intuitividymaximize the source-destination performance,
the choice of CP at each relay would affect the choices of C#ledr relays, which further depends on the
specific PA scheme used. The optimal system performanceresqoint consideration of CP and PA. Our
goal is to maximize the end-to-end data rate in a multi-hdpyieg network.

One may view a CP scheme at each relay as a routing scheme @edbiedthe network router. However,
despite bearing some resemblance, the CP problem differa fhe conventional multi-channel routing
problem: For channel pairing, the total cost of two pairedoming and outgoing links is not additive as
it is typically assumed in the routing case. Furthermore,dbst of each link cannot be independently defined
in CP. The source-destination achievable data rate istdiattay the end-to-end signal-to-noise ratio (SNR),

which is a nonlinear function of the channel gain and powedusn each link.

A. Contributions
In this paper, we present a comprehensive solution for ljoioptimizing CP and PA to maximize the
source-destination data rate in a multi-channel multi-nelpy network. The main results in our work are
summarized as follows:
« Given fixed power allocation, the sorted-SNR CP scheme is/stio be optimal in multi-hop relaying.
Specifically, CP can be separated into individual pairingbfgms at each relay, where the relay matches

the incoming channels to the outgoing channels in the ortl&NRs seen over these channels.
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o The problem of joint CP and PA optimization can be decompasiedtwo separate problems which can
be solved independently: first CP optimization, and then P#inization. The decoupling of CP and
PA optimization significantly reduces the problem searciicepand reduces the complexity of optimal
solution. This separation principle holds for both amphfyd-forward (AF) and decode-and-forward (DF)
relaying strategies, and for either total or individual gowonstraints imposed on the transmitting nodes.

« Injoint CP and PA optimization, the optimal CP is shown to bealpled into per relay CP. The channels
at two consecutive hops are optimally paired according éir tthannel gain order, without the need for
knowledge of power allocation on each channel. This allowspke distributed relay implementation for
optimal operation, as well as easily adapting to the netwoplology changes.

« The solution for PA optimization in a multi-hop setting isoposed for both AF and DF relaying. For DF
relaying, we develop an algorithm through a dual-deconmjoosapproach, where we are able to obtain
the semi-closed-form PA expression. In addition to depictpower distribution across channels at an
individual node, the PA expression allows us to charaaettie interaction among the nodes for power
determination on a multi-hop path. For AF relaying, an asytigally optimal PA solution is provided.

The above results are obtained first for the single-de#imagcenario. We further extend these results to
the multi-destination scenario for sum-rate maximizatismere we show that the last relay should assign
each outgoing channel to a user with the strongest chanimgl gfad the other relays act the same as in the
single-destination scenario.

The separation of joint CP and PA has been established fathdya(.e., single-relay) DF relaying in prior
work under total power constraints f3jnd individual power constraints [4]. It is somewnhat sising that such
separation property is preserved in the general multi-letgyying. In fact, the generalization from the dual-hop
case to the multi-hop case is non-trivial. For the latteradldition to being a function of power allocation,
the pairing at each relay along the hops needs to be optinjaetly, adding an additional dimension for
the optimization problem. Intuitively, to maximize the soerdestination rate, the choice of CP at each relay
would affect the choices of CP at other relays, which alsceddpon the specific power allocation scheme
used. Therefore, it is not apparent that the optimal CP caselsemposed into independent pairing problems
at each relay, or that CP and PA can be separately considgesitles, the two different techniques used
in [3], [4] to show the separation result are complicatedeyllcannot be simply extended and applied to
the multi-hop case. Instead, we develop a new approach dokathe problem that leads to the separation
principle of joint CP and PA foboth AF and DF relaying in a general multi-hop setting, under either total

or individual power constraints. Our approach providesgarius and direct way in proving the separation

1A flaw in the proof was later found in the paper. However, an ienmrespondence with the authors confirmed that, it can be

corrected to show the same result.
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result.

We further provide numerical studies on the performanceiotly optimal CP and PA scheme and compare
it with those of other alternatives for multi-channel mdilop relaying. We will show that, although both CP
and PA improves the performance, the optimal CP is more aktltan the optimal PA. In other words, a major
portion of the gain comes from the optimal CP. In addition, wi# see that uniform PA with optimal CP
achieves near-optimal performance even at moderately3iigfR, for AF relaying. This significantly simplifies
the PA implementation, without the need of centralized dehimformation for either CP or PA. The gain by
the optimal CP widens with a higher level of channel gainatan across channels, or a larger number of
channels, indicating that these factors can be judicioegpjoited through CP. The optimal PA, on the other
hand, is insensitive to these changes. Finally, we will alsow that the gain of jointly optimal CP and PA

becomes more pronounced with an increasing number of hops.

B. Related Work

For an OFDM system as a typical example of multi-channelesyst the concept of CP was first introduced
independently in [5] and [6] for a dual-hop AF relaying systehere heuristic algorithms for pairing based on
the order of channel quality were proposed. For relayindpouit the direct source-destination link available,
[5] used integer programming to find the optimal pairing tmaiximizes the sum SNR. From a system-design
perspective, the sorted-SNR CP scheme was proposed ind&jas shown optimal for the noise-free relaying
case, under the assumption of uniform power allocation.

These works sparked interests for more research in this Brélae absence of the direct source-destination
link, for the practical case of noisy-relay, by using thepey of L-superadditivity of the rate function, the
authors of [7] proved that the sorted-SNR CP still remaingnogd for sum-rate maximization in dual-hop
AF relaying OFDM system. Subsequently, it was further pdoive[8], through a different approach, that the
sorted-SNR CP scheme is optimal for both AF and DF relayinthénsame setup. When the direct source-
destination link is available, [9] presented two subopti@BR schemes. For the same setup, a low complexity
optimal CP scheme was later established in [10] for dualAlBpelaying, and the effect of direct path on the
optimal pairing was characterized. In addition, it was shaw [10] that, under certain conditions on relay
power amplification, among all possible linear processintha relay, the channel pairing is optimal.

The related problem of optimal PA for a dual-hop OFDM systeas studied by many [11], [12], [13] for
different relay strategies and power constraints. The lprotof jointly optimizing CP and PA was studied
in a dual-hop OFDM system for AF and DF relaying in [14] and][X®&spectively, where the direct source-
destination link was assumed available. The joint optitigzaproblems were formulated as mixed integer

programs and solved in the Lagrangian dual domain. Exaghafity under arbitrary number of channels was
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not established. Instead, by adopting the time-sharingnaegt [16] in their systems, the proposed solutions
were shown to be optimal in the limiting case as the numbertahoels approaches infinity.

Without the direct source-destination link, jointly optzimg CP and PA for DF relaying in a dual-hop
OFDM system was investigated in [3] and [4], where [3] asstiragotal power constraint shared between
the source and the relay, and [4] considered individual paeastraints separately imposed on the source
and the relay. In both cases, two-step separate CP and PAeshweere proposed and then proved to achieve
the jointly optimal solution. For this dual-hop setup, itssshown that the optimal CP scheme is the one that
maps the channels solely based on their channel gains indepeof the optimal PA solution.

Similar studies on the problem of CP and PAdual-hop AF relaying ormulti-hop relaying have been
scarce. The authors of [17] proposed an adaptive PA algoiithmaximize the end-to-end rate under the total
power constraint in a multi-hop OFDM relaying system. Formailar network with DF relaying, [18] studied
the problem of joint power and time allocation under the lb@gn total power constraint to maximize the
end-to-end rate. Furthermore, in [17], the idea of using €Ritther enhance the performance was mentioned
in addition to PA. However, no claim was provided on the oplity of the pairing scheme under the influence

of PA. The optimal joint CP and PA solution remained unknown.

C. Organization

The rest of this paper is organized as follows. In Sectionwié, present the system model and joint
optimization formulation. In Section Ill, given a fixed PAlstion, we provide the optimal CP scheme based
on the sorted SNR for both AF and DF strategies. The joinnagttion problem of CP and PA is considered
in Section IV, where the separation principle between CPRAdptimization is established. The optimal PA
solution is then discussed in Section V for multi-hop retayiinder both total and individual power constraints.
In Section VI, we further extend the joint optimization areparation results to the multi-destination scenario.

The numerical study are provided in Section VII, and finally monclude the paper in Section VIII.

II. SYSTEM MODEL AND PROBLEM STATEMENT

We mainly focus on am/-hop relay network where a source node communicates withstindéion node
via (M — 1) intermediate relay nodes as illustrated in Fig. 1. Extemgm the multi-destination scenario
turns out to be direct and is presented in Section VI. For distaad communication between the nodes,
the frequency bandwidth is split into multiple subbandsdata transmission. A practical system with such
an approach is the OFDM system where the bandwidth is divided N equal-bandwidth channels. We
denote byh,, ,, form = 1,--- M andn = 1,--- , N, the channel response on channebver hopm.

The additive noise at hop: is modeled as an i.i.d. zero mean Gaussian random varialtevaiiances2,.
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. A 2 . . . .
We definea,, , = ”f;—;‘ as thenormalized channel gain against the noise power over chamnef hop

m. In the rest of presentation, we simply refer to it as chamga@h without causing confusion. We make
the common assumption that the full knowledge of global detigains is available at a central controller,
which determines the optimal CP and @AVe further assume that the destination is out of the trassion
zone of the source, and therefore, there is no direct trazssom link. ForA/-hop relaying, a transmission
from source to destination occupi@$ equal time slots, one for each hop. In theh slot,m =1,--- , M,

the mth node (the source node ifi = 1, otherwise the(m — 1)th relay node) transmits a data block to
the (m + 1)th node (the destination nodeqf = M, otherwise thenth relay node) on each channel. Our
study is constrained to half-duplex transmissions, whieeerélay nodes cannot send and receive at the same
time on the same frequency. However, the transmission &drdiit data blocks in different hops may occur

concurrently, depending on the scheduling pattern forizpeguse of spectrum.

hop 1 hop 2 hopM
§ L /
- |
/] - \
source relay 1 relay (M-1) destination

Fig. 1. lllustration of multi-channel multi-hop relayingetwork with channel pairing.

A. Relaying Strategies

We consider two types of relaying strategies: AF and DF. Inréleying, a relay amplifies the data received
from an incoming channel and directly forwards it to the nexdle over an outgoing channel. In DF relaying, a
relay attempts to decode the received data from the prewiods over each incoming channel and forwards a
version of the decoded data on an outgoing channel to thenoebet. We consider the simple repetition-coding
based DF relaying [19], [20], where the relay is requiredutlyfdecode the incoming message, re-encodes

it with repetition coding, and forwards it to the intendedeiver.

B. Channel Pairing

The relay conducts CP, matching each incoming channel witbuagoing channel. As different channels
exhibit various quality, a judicious CP scheme can potéptiead to significant improvement in system

spectral efficiency.

“However, we show later that, for joint CP and PA optimizatitine CP solution requires only local channel informatioreath
relay, and given the proposed CP solution, a uniform PA sehwithout using channel information is near optimal even atlenately
high SNR for AF relaying.
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We denote pattP; = (c¢(1,4),--- ,¢(M,7)), wherec(m, i) specifies the index of the channel at hapthat
belongs to patlP;. For exampleP; = (3,4, 2) indicates that pattP; consists of the third channel at hap
the fourth channel at hop, and the second channel at hapOnce channel pairing is determined at all the

relays, the totalV disjoint pathsPy,--- , Py can be identified from the source to the destination.

C. Power Allocation

Denote the power allocated to channelover hopm by P, ,. The SNR obtained on this channel is
represented by, , = P namn. FOr each pathp;, let 5, ; 2 Ym,e(m,i) Fepresent the SNR seen over hap
on this path.

Let P; = (P 1), > Pare(ars)) b€ the PA vector for all channels along pah The source-destination
equivalent SNR of pattP; is denoted byysp(P;, P;). For AF relaying, it is given by [21],

M -1
AE(P,P,) = (H <1+ ! ) —1> , 1)

m—1 TYmii

and, in Section V, we will also use its upper bound [21],

Mo -1
7@5(%?0%(2 ) | ©

m=1 :Ym,i

whose approximation gap vanishes as the SNR becomes lasg®H-relaying, we have

¥50(Pi, Pi) = min  Fpi . (3)
m=1,-,M
We consider two types of power constraints:
a) Total power constraint:: The power assignmett,, ,,, form =1--- M andn = 1--- N, must satisfy
the following aggregated power constraint

M N
> Pun="P. 4)

m=1n=1

b) Individual power constraint:: The power assignmemnt,, ,, for n = 1,--- , N, needs to satisfy the

power constraint of the individual node, i.e.,

N
me,n: mt > mzla"'7Ma (5)
n=1

where P,,; denotes the maximum allowable power at nede
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D. Objective

Our goal is to design a jointly optimal CP and PA strategy toimée the source-destination rate under

multi-hop relaying. The source-destination rate achiedredugh pathP; is given by

1
Rsp(Pi, P;) = ol logs (1 + vsp(Pi, Py)),

whereFy is the spatial reuse factor. In multi-hop relaying that\@aconcurrent transmissionk; takes value
betweer2 and M (since Fs > 2 under the half-duplex assumption). The sum rate of all pdéisrmines the
total source-destination rate of the system, denoteft;as.e.,
N
Ry = Rsp(P;,Py). (6)
i=1
It is a function of both{P;} and {P;}, which should be jointly optimized:

max R; (7)
{P:} AP}

subjectto (4) or (5)
PZEO, Z:1a7N7 (8)

where = signifies element-wise inequality.

1. OPTIMAL MULTI-HOP CHANNEL PAIRING UNDER FIXED POWERALLOCATION

In this section, we first consider the case when PA is fixed arehgIn this case, the optimization problem

in (7) can be re-written as

max Z Rsp(P;, Py), 9

and the optimal CRP;} is a function of{P;}. To simplify the notation, in this section we rewrifésp(7;)
and~ysp(P;) and drop their dependency d; with the understanding thgtP;} is fixed. In the following,
we solve (9) to obtain the optimal CP scheme under this fixediB& emphasize that here the generalization
from the dual-hop case to the multi-hop case is non-triviglitively, there is no obvious way to decouple
the sequence of pairings at &ll/ — 1) relays. Indeed, thequivalent incoming channel from a source to a
relay and theequivalent outgoing channel from that relay to the destination depenti@v the channels are
paired over multiple hops. However, we will show that theimjpt CP solution over multiple hops can in
fact be decomposed intgl/ — 1) independent CP problems, where the mapping of incoming aitgbing
channels at each relay is only based on the sorted SNR ov&z tttannels, and therefore can be performed
individually per hop.

In the following, we first establish the optimality of the sm-SNR CP scheme for the caseMf= 3 and
N = 2, and then we extend the result to arbitrdryy and N.
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711 Y21 Y31

(

source 2 relayl 7?2 relay2 732 (estination

,P1(2) 732(2)

Fig. 2. Three-hop relay with two channels.

A. Optimal Channel Pairing for Three-Hop Relaying

1) Two-channel case (N = 2): We first consider a three-hop relaying network with two ctesnas
depicted in Fig. 2. Without loss of generality, we assumenaledl exhibits equal or larger SNR than channel
2 over all the three hops.e.,

Ym,1 > Ym,25 for m = 1,2,3. (10)

The optimal CP scheme for this case is given in Proposition 1.
Proposition 1. For M = 3 and N = 2, the solution to (9) is the sorted-SNR CP scheme performed on
each relayj.e, {P’} = {(1,1,1),(2,2,2)} under condition (10).
Proof: The proof essentially exams possible path selections aodssthat the sorted-SNR per relay
provides the highest source-destination sum rate for bdthaAd DF relaying. See Appendix A for details.
[
2) Multi-channel case (IV > 2): Here, we provide an argument to extend the result in Prdpaosit to a
system with an arbitrary number of channels.
Proposition 2: For M = 3 and N > 2, the solution to (9) is the sorted-SNR CP scheme performed on
each relay.

Proof: Suppose the optimal pairing does not follow the pairing aflsorted SNR. There is at least one
relay (say, Relay) that has two pairs of incoming and outgoing channels thatais-matched according to
their SNR. That is, there exist two channe|sand i, over hop2, and two channelg; and j, over hop3
that are respectively paired with each other while, < 2, and~vs;, > 73 j,. Note that these two channel
pairs belong to two disjoint source-destination paths taet be regarded as a 2-channel relay system. From
Proposition 1, we know that pairing channé{swith j, and iy, with j; at relay2 achieves a higher rate
than the existing pairing over these two paths. Hence, bychimg to this new pairing while keeping the
other paths the same, we could increase the total rate. ©hisaclicts our assumption on the optimality of
a non-sorted SNR CP scheme. Hence, there is no better schamedrted-SNR CP to obtain the maximum

sum rate. |
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B. Optimal Channel Pairing for Multi-hop Relaying

Building on Proposition 2, we next extend the result $shop relaying to a relaying network with an
arbitrary number of hopsM > 3) in the following proposition.

Proposition 3: The solution to (9) is the sorted-SNR CP scheme individupdlyformed at each relay.

Proof: We prove by induction. It is shown in Proposition 2 that theted-SNR CP is optimal fof/ = 3.
Suppose the claim holds fdZ < L. Now considetM = L+1 as shown in Fig. 3(a). Let., ,, be the received
SNR from the source to relai — 1 over thenth incoming channel of that relay. We establidhequivalent
channels between the source and rdlay 1, with SNR over the:th channel asy, ,,. Then, the(L + 1)-hop
relaying network can be converted to a 3-hop network, witheguivalent relay whose incoming channels
have SNR{~.,} and outgoing channels remain the same as those of felayl, as shown in Fig. 3(b).
Hence, from Proposition 2, the optimal CP is the one wHegg ,,} and{~;,,} are sorted and paired at this
equivalent relay, andyy, ,} and{vz+1,} are sorted and paired at reldy Note that the sorted-SNR pairing
at relay L is independent of how the channels are paired at the otheysel

Next, ignore relayl. and replace it by equivalent channels from relay 1 to the destination. We now have
a L-hop network. From the induction hypothesis, the sortedRSI\P is optimal. In particular, the incoming
and outgoing channels at each of reldys, ..., L — 2 are sorted by their SNR and paired. Since the SNRs
{7eqn} at the equivalent relay are computed by applying (1) or (3rdhesesorted and paired channels
from the source to relay, — 1, it is not difficult to see tha{y;_; ,} and{~.,»} are ordered in the same way.
Therefore, sorting and pairinfy.,»} and{vz,} at the equivalent relay is the same as sorting and pairing
{v-1n} and{yr,} at relay L — 1. Thus, we conclude that at each of relay - , L, the incoming and
outgoing channels are sorted and paired in order of their.SNR [ |

The significance of Proposition 3 is that the optimal CP &dérhop relaying is decoupled into\/ — 1)
individual pairing schemes at each relay, each solely basethe SNR of incoming and outgoing channels.
This decoupling not only reduces the pairing complexityt @iso reveals the distributed nature of optimal
CP among multiple relays, thus allowing simple implemeatathat can easily adapt to network topology
changes.

Remark: We point out that the existing result of optimal CP strategrydual-hop relaying is not sufficient
for the induction to prove Proposition 3. Notice that, in fireof, an)M -hop network (/ > 3) was transformed
into an equivalen8-hop network. Reducing &hop network to a dual-hop network would require combining
relay nodes with either the source or the destination to famequivalent node and equivalent channel gain.
The dual-hop result can only be applied to pairing with ¢éqeivalent channels, but is not sufficient to show
the actual physical channel should follow the same pairtrategy. Therefore, Proposition 2 is necessary as

the basis to prove the generdf-hop case.
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YL+1,1
/
l
\
y | " YL,N L+1,N T
source ' relay 1 relay L41 relay L destination
equivalent relay
(a)
\ Veg,1 VL1 YL+1,1
] [
/ \
Yeq,N . YL,N L+1,N K i
source equivalent relay L destination

relay

(b)

Fig. 3. Converting an (L+1)-hop relaying to an equivaleridd relyaing. (a) An (L+1)-hop relaying network; (b) An egalent

3-hop relaying network.

In addition, in [7], the L-superadditivity property [22] issed to show that the sorted-SNR CP is optimal
in dual-hop AF relaying for sum-rate maximization. Thatifghe source-destination rate over each path can
be shown to be L-superadditive, it follows that sorted-SN&ipg is optimal. However, L-superadditivity
does not hold for the rate function in general multi-hop y&lg, where the source-destination rate is a higher
dimensional function defined adR™ with respect toy; ,,, - -+ ,vas,n, for a givenn. Thus, a similar proof for

the optimality of sorted-SNR in the dual-hop case is notlabéé to the general multi-hop case.

IV. JOINTLY OPTIMAL CHANNEL PAIRING AND POWERALLOCATION: A SEPARATION PRINCIPLE

So far, given a fixed PA scheme, we have found that the optirfat¢heme for (9) is SNR based, which
depends on the transmission power allocated to each chaiieatext present the solution for (7) by jointly
optimizing CP and PA.

The apparent coupling of CP and PA makes a direct exhaustiecls for the jointly optimal solution
prohibitively complex. Instead, we will show that the joimptimization problem can be decoupled into two
separate CP and PA subproblems. Specifically, we provehbabintly optimal solution is obtained by pairing
channels based on the order of theiannel gains (normalized against the noise power), followed by optimal
PA over the paired channels. This separation principle hidd a variety of scenarios, including AF and DF
relaying under either total or individual power constraint

Our argument for the separation principle is briefly sumeetias follows. We first show that, at a global
optimum, the channel with a higher channel gain exhibitsrgelaSNR. This relation reveals that the SNR-

based ordering of channels is the same as the one based aretgam. Hence, we conclude that the sorted
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CP scheme based on channel gain is optimal when PA is alsmiapd.

A. Ordering Equivalence at Optimality

Let;, ,, be the received SNR under the optimal PA soluf{@, } for hopm and channekh. For both total
and individual power constraints, the following propasitiestablishes the equivalence between channel-gain
ordering and SNR-based ordering at the optimality.

Proposition 4: In the optimal CP and PA solution for (7), at each hop, the okamwith better channel
gain also provides a higher received SNE, am,; > a,; implies vy, > ~;, 5, form = 1,--- M;
i,7 €{1,---,N}, andi # j.

Proof: We first provide a proof for a multi-hop system consistingwb tchannels. We then explain how
it can be extended to a system with an arbitrary number of redlan

a) N =2: We prove the proposition by contradiction. LBt and P, represent the two disjoint source-
destination paths corresponding to the optimal CP schemssi@er any hopn along these paths. Without
loss of generality, let channglbelong toP,, channel belong toP;, anda,, 1 > a,, 2. Suppose at optimality
Vi1 < Vim2 1-€, Py oam2 > Py a1, Wwhere Py | and P;, , are the power allocated to channéland?2,
respectively. Let?,,; = Py, | + P, 5.

Consider the following alternate allocation of power bedswehanneld and2 over hopm

- am,2 * - am,l *
Pm71 = —Pm’2, Pm72 = — m,l' (11)
am,1 am,2

We further swap the two channels so that charnbklongs to patt?; and channe® belongs to patiPs.
Since Pm,lam,l = P}, 0am2 and pm72am72 = P} 1am, the above procedure of power re-allocation and
channel swapping does not change the end-to-end rate.

am’Q am,l *

pm,1+pm,2:—(Pmt_ Ttb,l)+— m,1

am,1 m,
Um,2 (am1)? = (am2)? .

= 2 Py + i
Um,1 A, 10m,2

2 2

a a — a a

< m72Pmt+( m,l) ( m,2) m,2 Pmt (12)
Um,1 A, 10m,2 Qm,1 + am,2

= I'mt,

where inequality (12) is obtained from our assumption tHgt, a,, 1 < By, sam,2, Which can be rewritten as
Pra < —2m2_p o, and thata,, 1 > a., 2. This contradicts our initial assumption that the origif& is

A, 1+ Am 2

globally optimal.
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b) N > 2: A similar proof by contradiction as it was used in SectiorAR for Proposition 2 can be
applied to generalize the above resultNo> 2. For an N-channel relay system wittv' > 2, suppose the
optimal CP scheme follows the pairing rule of the sorted C&MHaonly on SNR gain and not channel gain.
As a result, there is at least one hop over which, between haormels, the channel with better channel gain
demonstrates a lower SNR. These two channels essentiddipngéo the two source-destination paths that
can be considered as2achannel relay system. From the above, we know that by jusippimg these two
channels and applying the alternate allocation of powefd i),(the sum power is reduced while maintaining
the same rate. This leads to a contradiction of our earlyraggan on the optimality of the sorted CP not

being conducted based on the channel gain. |

B. Separation Principle
Proposition 5: The joint optimization of CP and PA in (7) can be separated the following two steps:
1) Obtain the optimal CRP; }. The optimal CRHP;} is independent of P} } and is performed individually
at each relay in the order of sorted channel gain.

2) Obtain the optimal PAP} under the optimal CRP; }:
N

{P;} = argmax »  Rsp(P;,P;) subject to (4) or (5) (13)
P} =

Proof: From Proposition 3, with optimal PAP;}, the sorted-SNR CP gives the optimig;}. From
Proposition 4, at optimality, the sorted-SNR CP is equivate sorting channel gains, which does not require
the knowledge of{P}}. The optimal{P}} then can be obtained under the optimal CP, and we have the
separation principle. [ |

Decoupling the CP strategy from PA strategy significantjuees the problem search space. In addition, the
optimal CP strategy in the presence of multiple hops is &rrtfecoupled into independent sorting problems
at each hop, which only depends on the channel gain on theningoand outgoing channels. The complexity
of the optimal CP strategy for each hop is that of sorting deagain, which isO(N log N). Therefore, the
total complexity of the joint CP and PA optimization (M N log N) in addition to the complexity of PA

optimization.

V. OPTIMAL POWER ALLOCATION FOR MULTI-HOP RELAYING

So far we have obtained the optimal CP at all relays. We nedttfie optimal PA solution for a given CP
scheme as in (13). With the channels paired at each relagytem can be viewed as a regular multi-hop
system. Without loss of generality, we assume the chaniire$ g& each hop are in descending order according

to their channel index,e., a,,,1 > am2 > -+ > am,n, for m =1,--- , M. From Proposition 5, the channels
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with the same index are paired, and a path with the optimal @Rists of all the same channel indéx,,
PF = (i,--- ,4). In the following, we consider the PA optimization probleor total power and individual

power constraints separately.

A. Total Power Constraint

The optimal PA solution with a total power constraint for altinbop relaying OFDM system was obtained
in [17]. The results can be directly applied here. We briefatesthe solution for completeness.

The PA optimization problem in (13) with a total power coagit has the classical water-filling solution

1 117"
PZ-*:[—— ] fori=1,---,N, 14
A Gegy

where [x]* = max(z,0). The Lagrange multipliei is chosen such that the power constraint in (4) is met,
anda.,,; is an equivalent channel gain over the path
For DF relaying, the equivalent channel gain, denoted%{é, is given by [17]

Mo -1
ag§:<z ) , i=1,---,N. (15)

a .
m=1 m,1

In other words, the equivalent channel gaimistimes the harmonic mean of the channel gain over each hop.
It is obtained following the fact that, to maximize the sadestination rate on one path, the total power
allocated to the path must be shared among the channelssopatti such that all channels exhibit the same
SNR. The power allocated to each transmitting node on @tls given by

P

P .= i . (16)
" i et o

m’,i

For AF relaying, the exact expression for equivalent chbgai on pathP is difficult to obtain. However,

its upper bound approximation can be expressed as [17]

Moy -2
aéfl‘%(z: m) , t=1,--- N. 17)

m=1

In this case, the equivalent channel amplitude (normalagainst noise standard deviation)Astimes the
harmonic mean of the channel amplitude over each hop. Itt@irdd using the upper bound approximation
of equivalent SNR in (2) over a path. The power allocated thasansmitting node on patR;’ is given by

_ B

VO St T

The PA solution in (14) requires global channel gain infotioraand therefore needs to be implemented in

*
m,i

: (18)

a centralized fashion.
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B. Individual Power Constraint

For DF relaying, the source-destination sum rate in (6) ceduo
N

1
oF _ L .
o F Zlmif??,Mlog?(l * Prntmn)- (19)
Maximizing (19) over{P,,} under individual power constraints in (5) can be cast inte fbllowing
optimization problem using a set of auxiliary variables- [ry,--- ,ry]":
max— Z Tn (20)

subjectto i) 7, <logy(1+ Punamp), m=1,--- M, n=1,--- N;

N
me,ngpmh m:l,---,M;
n=1

i) P =0,
where P £ [Pmn]mxn. Since the objective function is linear, and all the coristsaare convex, the
optimization problem in (20) is convex. For such a probledate3’s condition holds [23], and the duality
gap is zero. Thus, (20) can be solved in the Lagrangian duak@o Since the spatial reuse factBy is a
constant, we drop it for simplicity without affecting thetpization problem. Consider the Lagrange function
for (20),

M
ﬁ P r, l"-'a Zrn ZZNmn n_10g2(1+Pm,nam,n))_ Z)\m (ZPmn_ mt) (21)

n=1m=1 =1
wherep £ [fmnlaxn With u,., being the Lagrange multiplier corresponding to constréinin (20), and
A=A, -, )T with )\, being the Lagrange multiplier associated with power camstrin (i7) in (20).

The dual function is given by
g(A p) = Hrl’%xﬁ(P, r, i, A) (22)
subjectto P > 0.
Optimizing (21) overr for given P, p and A yields
> tmn=1, for n=1,-- N. (23)

Substituting this intol(P, r, u, A), we obtain

M
‘C P r /J/7 Z Z //fm n10g2 1 + Pm nlm n) )\um,n) + Z )\mpmt (24)

n=1m=1 m=1
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It is clear that the dual functiog(w, A) obtained by maximizing (24) can be decomposed iMad/

subproblems

N M M
g, A) = Z Z Gmn(Hmn, Am) + Z Am Pt
m=1

n=1m=1
with
G (s Am) = 12X Lonn (P, fom,ms Am) (25)
subjectto P, >0
where

cmn(Pm,na Nm,na )\m) = Nm,n 10g2(1 + Pm,nam,n) - )\mpm,na

form=1,--- ,M;n=1,---,N. By applying KKT conditions [23] to (25), the optimal powellceation

P .. as a function ofu,, , and\,,, is derived as

m,n?
+
* Hm,n 1
P .= - 26
o= [ - | 26)
forn=1,--- ,Nandm =1,--- | M, where),, is chosen to meet the power constraint in (20).

Finally, the optimization problem in (20) is equivalent teetdual problem

min g(p, A) (27)
7.

subjectto p = 0, = 0;

M
Z,umm:l, for n=1,---, N.
m=1

This dual problem can be efficiently solved by using ginejected subgradient method [24]. Analogous to a
common subgradient method, a sequence of Lagrange merigipi generated which converges to the optimal
A* and p* minimizing g(w, A). This convergence is achieved provided that a suitable Spis chosen at
each iteration [24]. The difference between projected ardhal subgradient methods lies in having an extra
constraintz,ﬂv{:1 wmn = 1. To satisfy this constraint, at each iteration, the pr@dcsubgradient method
projects the columns ofs (obtained by subgradient method) onto a unit space to a#aset of feasible
multipliers. At each iteration, a subgradientgifu, A) at the current values qi,, , and\,, is required. Let
[6,,,0,]" denote the subgradient, whefig = [0,,, ., .0, |7 and@x = [0,,,--- ,0,,]". It is obtained
from (24) as

Ou,, ., = log, (1 + P;,k17nam7n) , (28)

form=1,--- ,M andn=1,--- ,N, and

N
0)\m = Pm,n - § P;:L,ny
n=1
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form =1,.-., M, whereP}, , is obtained from (26).
For completeness, we summarize the projected subgradgoritam for solving the dual problem:
1) Initialize A© and p(®.
2) Given )\57? anduﬁzn, obtain the optimal values afy, . in (26) for all m andn.

3) UpdateA® through

)\5711+1) _ )\5711) N V&l) +7
form=1,--- M. Similarly, updateuﬁ,ll)m followed by unitary space projectiare.,
< (141)
1+1) Hm.n
i) = v ()T (29)
Zj:l J,n
where
+
At =)y = O P | (30)
form=1,.---,M;andn=1,---,N. uy) andz/,(f) are the step sizes at tlihn iteration for multipliers
w and \, respectively.
4) Letl =1+ 1; repeat from Step 2 until convergence.
With the optimal\* and u*, the optimal power solutio®* is determined as in (26).e., form=1,--- M
andn=1,---, N,
117
' aXs  Gmn

wherey;, ,, satisfies the constraint (23), and at the same tjmig, and A}, are chosen so that the individual
power constraints in constrait) of (20) are met.

The expression of’;, ,, in (31) provides some insight on the structure of the optifalfor multi-hop
DF relaying: For a giveru, the power allocation across channels at each node is dhdilly determined
following a scaled version of the water-filling approachdzasn the channel gain. The scales are determined
jointly among different hops to satisfy the condition @fin (23). It essentially requires the received SNR
¥m,n @t each hop of the same path to be equal.

We now consider the PA problem for AF relaying. Unlike DF, tiehievable source-destination sum rate
for AF is not generally concave i\°,, ,, }. Therefore, we have a non-convex optimization problem toated
as

I (o pt) : @)

m=1

1 N
IHPE)LXE nZ:l logy, | 1+

N
subjectt0 i) Y Py < Py, m=1,-- M
n=1

ii) P = 0.

DRAFT



TO APPEAR IN IEEE TRANSACTION ON SIGNAL PROCESSING 18

To find the PA solution we resort to an upper bound of the sum ira{32). Based on (2), an upper-bound
approximation for theM/-hop source-destination sum rate is given by
. LN M 1 -1
RY — P nzz:llogz 1+ <m2::1 T’nam’n) : (33)
This upper bound becomes tight as the channel gain over each channel increases. Therefore, the PA
solution obtained using (33) is asymptotically optimal.
Lemma 1: R;” in (33) is concave with respect P, ,,}.
Proof: The proof follows from the concavity of (2) with respect {&,, ,}, which can be shown by
considering its Hessian matrix. The details are given in &jjix B. |
Given Lemma 1, the optimization dfP,, .} to maximize R, is a convex optimization problem, and we
can solve it in the Lagrangian dual domain using KKT condsid23]. Although a closed-form or semi-
closed-form solution fo P, ,,} is difficult to obtain in this case, we can solve it numerigalla standard

convex optimization tools.

VI. EXTENSION TOMULTIPLE-DESTINATION CASE

The system model we consider so far assumes a single pairuofes@nd destination communicating
through M-hop relaying. In this section, we show that the results @nfihevious sections can be extended to
a multi-hop multi-destination relaying network for sunteranaximization.

Specifically, we consider a single source node communigatiith X users throughV/-hop relaying via
(M — 1) common relay node. In this multi-destination system, the last relay conduc® as well as
channel-user assignment. In channel-user assignmentelédne partitions theNV outgoing channels intd<
subsets, assigning one for each user for data forwardingnaxmize the end-to-end sum-rate &f users,
the joint optimization now involves CP, channel-user assignt, and PA. Despite the correlation between CP
and channel-user assignment, we show that the results dositigle source-destination case can be directly
extended to the multi-destination case. To see this, wecedhiat all users share the comm@W — 1)-
hop relay channels and the channel-user assignment isrpedoat the last relay for thé/th hop. Given
a channel-user assignment, this multi-destination systembe viewed equivalently as a single-destination
system, and the results of optimal CP and PA in the previoasoses apply. To optimize the channel-user

assignment, it is not difficult to see that, for any given jparin the first(M — 1) hops, at the last relay,

3While this model is appropriate to a downlink scenario, tesutt and proposed solution is applicable to the uplink aderby
swapping the role of source and destination nodes, whergitba power constraint concerns the source nodes only inster their

total transmission power.
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assigning each outgoing channel to a user who has the sgbdgannel gain among alt’ users maximizes
the end-to-end rate. This result is summarized in the fotigwproposition.
Proposition 6: For a M-hop K-user relaying network described above, the jointly optiswution of CP,
channel-user assignment, and PA that maximizes the eaddasum-rate is obtained via two steps:
1) Channel-user assignment: In the last hop,(the— 1)th relay assigns itéth outgoing channel to a user
exhibiting the strongest channel gain amadiigusers over that channel;
2) CP and PA: Under the channel-user assignment from steply @he jointly optimal CP and PA
solution of the single source-destination case.
We note that the above result for the multi-destination agenholds for both DF and AF relaying, and

for total and individual power constraints.

VII. NUMERICAL RESULTS

In this section, we provide simulation examples to evalwaté compare the performance of the optimal
joint CP and PA scheme with that of suboptimal CP and PA atires. We study different factors that affect
the performance gap under these schemes.

Besides the jointly optimized CP and PA scheme, the follgvginboptimal schemes are used for comparison:
1) Uniform PA with CP: the optimal sorted channel gain based CP is first perfordseeach transmitting node,

the power is uniformly allocated on each subcarrier. In taldj for total power constraint, the total power is

also uniformly allocated to each transmitting node. Thenaffor individual power constraint,, ,, = P;;f;
and for total power constraint;,, ,, = %; 2) Opt. PA without CP: only power allocation is optimized but
no pairing,i.e., the same incoming and outgoing channels are assuméeghi8rm PA without CP: the same
incoming and outgoing channels are assumed, then uniforrasPif the case 1 is used.

We use an OFDM system as an example of a multi-channel syatahrefer each subcarrier as a channel in
this case. For the multi-hop setup, equal distance is asstno@ hop to hop, and is denoted Hy. No direct
link between source and destination is available. The ajpaguse factor is set tb; = 3 (i.e., interference is
assumed negligible three hops away). We asslime 4, unless it is otherwise specified. Artap frequency-
selective fading channel is assumed for each hop. We definavinage SNR as the average received SNR
over each subcarrier at each receiving node under unifonwvepallocation. Specifically, it is defined for

A Pdre

different power constraint as follows: under the total pos@nstraint, SNR,q = NSz wherea denotes the

pathloss exponent anef the noise variance; under the individual power constr8iRag 2 P"]Q;ﬁa

A. Impact of the average SNR

We compare the the performance of various CP and PA schendifesent average SNR levels. Fig. 4

shows the normalized source-to-destination per-sulerarate vs. the average SNR, for DF relaying under
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the total power constraint. The number of channels is s€Y te 64. We observe that joint optimization of
CP and PA provides significant performance improvement tiverother schemes. In particular, compared
with uniform PA without CP, the optimal CP alone provides 4gin, and subsequently optimally allocating
power provides an additional 1.5-2dB gain. Interestiniglig evident that channel pairing alone provides more
performance gain than power allocation alone does.

Fig. 5 plots the normalized source-to-destination peecauier rate vs. the average SNR for AF relaying
under the total power constraint. AgaiN, = 64 is used. For schemes with PA optimization, the upper-bound
R, in (33) is used to obtain the PA solution. The actual teobtained (as in the objective function in (32))
with such PA solution provides a lower bound on the rate urideroptimal PA. In Fig. 5, for the jointly
optimal CP and PA scheme and optimal PA without CP scheme,lotébpth upper bound and lower bound
of the rate for the optimal PA solution. We see that these taonds become tighter as the average SNR
increases, due to the improving accuracy of approximafiyh The PA solution derived using;” becomes
near optimal.

Comparing the performance of different CP and PA schemewrstio Fig. 5, it is seen that similarly as
in the DF case, joint optimization of CP and PA provides reslde improvement over the other schemes.
The gain mainly comes from choosing CP optimally, which jfegs around2dB gain over no CP schemes.
We further observe that, with optimal CP, the gap betweeim@gbtand uniform PA vanishes at higher SNR,
indicating that uniform PA achieves the optimal performaat a moderately high SNR range (around 15dB).
Interestingly, this is not the case for the schemibout CP. The intuition behinds this is the following: At
relatively high SNR, it is known that the water-filling PA stibn in (14) approaches a uniform allocation.
Thus, the total power is approximately equally distributedlifferent paths. The power on each pdth is
then further assigned optimally to each channel on the patbrding to (18), which is typically not uniform.
The exception is when each hop exhibits a similar channel. gdiis is more likely to occur as a result of
channel pairing, where channels with the same rank, moedylikith similar strength, are paired with each
other. Therefore, with CP, the optimal PA approaches to fotmiallocation at a faster rate with increasing
SNR “. This interesting observation suggests that, because patORoderately high SNR, we are able to
reduce the centralized PA solution to a simple uniform PAclthiequires no global channel information
without losing much optimality. Note that the same argungtpplicable to DF relaying, but the optimal PA
approaches to a uniform allocation at a much slower rate tiainfor AF, which can be shown by comparing
(16) and (18). The range of SNR values under consideratibmoismall to see the same effect in Fig. 4.

Under individual power constraints, the performance caispa of CP and PA schemes are given in

“Note that, for water-filling PA, as SNR» oo, it approaches to a uniform allocation in all schemes withwithout CP. The

difference is the rate at which PA approaches to a uniforwcation.
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Fig. 4. Normalized rate vs. the average SNR for DF OFDM relgywith M = 4 and N = 64 under total power constraint.
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Fig. 5. Normalized rate vs. the average SNR for AF OFDM relgywith M = 4 and N = 64 under total power constraint.

Figs. 6 and 7 for DF and AF relaying, respectively. We assuvne 16. These figures further demonstrate
the significant improvement by jointly optimizing CP and Réhere most of the gain comes from optimal
CP. In addition, under AF relaying, we again observe a np#mal performance by uniform PA with CP
at moderately high SNR. This suggests that, under indiVigoaer constraints, the optimal PA is close to
a uniform allocation at high SNR as well when CP is adopteds Potentially simplifies greatly the PA

implementation to achieve the optimal performance.
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Fig. 6. Normalized rate vs. the average SNR for DF OFDM relgywith M/ = 4 and N = 16 under individual power constraint.
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Fig. 7. Normalized rate vs. the average SNR for AF OFDM relgywith M/ = 4 and N = 16 under individual power constraint.

B. Impact of the Variation of Channel Gain

In this experiment, we show how the level of channel gainaten acrossV channels affects the perfor-
mance of various CP and PA schemes. Towards this goal, weaserthe number of taps of the time-domain
frequency-selective channelg,, the maximum delay of the frequency-selective channel)s Tinireases the
level of variation of the corresponding frequency respoRggs. 8 and 9 plot the normalized per-subcarrier rate
vs. the number of taps of the frequency-selective chanmeDfoand AF relaying, respectively. The number

of subcarriers is set t&v = 64 and SNR,g = 12dB. As we see, the performance gap between the schemes
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with optimal CP and without CP increases as the level of chlgain variation increases. This demonstrates
that the optimal CP schemes benefit from an increased levaiarinel diversity, which is utilized effectively

through the channel pairing. On the other hand, the relgaia of optimal PA to uniform PA is insensitive

to such change and remains constant.
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Fig. 8. Normalized rate vs. number of taps for DF OFDM relgywith M = 4, N

constraint.

5 20 25 30
No. of Taps

%o |
=}
5 0.55/"‘/ﬁ |
g E. © © O
F S U R S S o >
-
& 045 J
2
o O. * *
©
T 035 —o— Opt joint PA and CP, UB
< -0 -Opt joint PA and CP, LB
0.3~ —»— Uniform PA w/ CP I
——Opt PA w/o CP, UB
0.25 -©-OptPAWOCP,LB ||
—#— Uniform PA w/o CP
0275 10 15 20 25 30
No. of Taps

= 64, and SNR,y = 12dB under total power

Fig. 9. Normalized rate vs. number of taps for AF OFDM relayimith M/ = 4, N = 64, and SNR,g = 12dB under total power

constraint.
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C. Impact of the Number of Channels

In this experiment, we examine the effect of the number ohaleés, under the same level of channel gain
variation across channels, on the performance of variouar@PPA schemes. For different, the subcarrier
spacing i.e., bandwidth of each channel) is fixed. In order to set the san® & channel gain variation in
frequency, we keep the maximum delay of the time-domainueegy-selective channel unchanged. Figs. 10
and 11 demonstrate the normalized per-subcarrier rateresgyect taV for DF and AF relaying, respectively.
The average SNR is set to SNR= 12dB. We observes that the gap between the two sets of schentes, w
and without CP, widens as the number of channels increasesrelason behind this observation is that, as
more channels becomes available, they can be exploited judigously for pairing, and therefore, more

gain is achieved by CP. The different PA schemes are nottsenti the change oiV.
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Fig. 10. Normalized rate vs. number of channels for DF OFDMyieg with M = 4 and SNRyy = 12dB under total power

constraint.

D. Impact of the Number of Hops

In this experiment, we study how the number of hops affe@gptirformance of various CP and PA schemes.
For this purpose, we increase the number of hops while kgepia distance between each hop unchanged.
Figs. 12 and 13 illustrate the normalized per-subcarrier va. the number of hops with total power constraint
for DF and AF relaying, respectively. We s&t= 64 and SNRyq = 12dB. As expected, for all schemes, the
normalized per-subcarrier rate decreases as the numbepsfihcreases. For DF, this is because on average
the minimum rate among all hops decreases as the number sfihcgeases; for AF, the rate decreases due

to noise amplification over hops. Comparing different scegmve observe that the performance of the jointly
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Fig. 11. Normalized rate vs. number of channels for AF OFDNayieg with M/ = 4 and SNRyy = 12dB under total power

constraint.

optimized CP and PA scheme has the slowest decay rate, apeitieemance of the schemes with CP decay
is slower than those without CP. In other words, the gain dinogd CP and PA is more pronounced as the

number of hops increases. A multiple-fold gain is obsernted higher number of hops.
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Fig. 12. Normalized rate vs. number of hops for DF OFDM reigywith N = 64 and SNRyg = 12dB under total power constraint.
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Fig. 13. Normalized rate vs. number of hops for AF OFDM refgywith N = 64 and SNRyy = 12dB under total power constraint.

VIIl. CONCLUSION

In this paper, we have studied the problem of jointly optingzspectrum and power allocation to maximize
the source-to-destination sum rate for a multi-chamehop relaying network. For fixed power allocation,
we have shown that the general CP problem over multiple hap$e decomposed intd/ — 1) independent
CP problems at each relay, where the sorted-SNR CP schemgtiisab We then proved that a jointly
optimal solution for the CP and PA problems can be achieveddmpmposing the original problem into two
separate CP and PA problems solved independently. It felliat the CP problem in the joint optimization
can be again decomposed into independent CP problems atrelagh The solution obtained through the
separate optimization bears considerably lower commutaticomplexity compared with exhaustive-method
alternatives. The separation principle is shown to holdfeariety of scenarios including AF and DF relaying
strategies under either total or individual power constgiFor all these scenarios, the optimal CP scheme
maps the incoming and outgoing channels at each relay danga their channel gain order, independent of
the optimal PA solution. The solution for PA optimizationden the individual power constraints is derived
for both AF and DF relaying. Finally, we show that the aboveutts can be directly extended to the multi-
destination scenario for sum-rate maximization. Signifiggins in data rate were demonstrated by employing
jointly optimal CP and PA in multi-channel multi-hop relagi. It was also observed that more gain is obtained

from optimal CP than optimal PA through judiciously expilog variation among multiple channels.
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APPENDIX A
PROOF OFPROPOSITION1

Atrelay 1, there are two ways to pair the channels: (1) chanhatsd2 over hopl are matched with channels
1 and2 over hop2, respectively; (2) channelsand2 over hopl are matched with channe?sand1 over hop
2, respectively. These two ways of pairing lead to the follogviwo sets of disjoint paths from the source to
the destination{P"} = {(1,1,¢(3,1)),(2,2,¢(3,2))} and {P?} = {(1,2,¢(3,1)),(2,1,¢(3,2))}, where
the superscripj in {Pzgj)} indicates a different set of path selection.

By considering theequivalent channels from the source to the second relay, using theirexisptimality
result for dual-hop relaying [8], it is easy to see th&},1) = 1 and¢(3,2) = 2 are optimal for{Pi(l)}.

Furthermore, we only need to show
logy (1 + VSD(Pfl))> + log, (1 + vsD <P§1)>) >
logy (1 + vsp <P£2)>> + log, (1 + vsp <P§2)>> , (34)

for the case of(3,1) = 1 and¢(3,2) = 2 for both {Pi(l)} and {731.(2)}, since the case aof(3,1) = 2 and
¢(3,2) =1 for {PZ-(Q)} can be similarly proven. Inequality (34) for the AF and DFagghg cases are separately

proven as follows:
a) AF Relaying: By inserting (1) into inequality (34) we need to show

(1@ -0 1+ @ -n7) =

(1+ @7 -17) (1+ @ -7, (35)
where
gl) _ <1+L> <1+L> <1+L>7
V1,1 V2,1 V3,1
gl) - (1+L> <1+i> <1_|_i>7
V1,2 72,2 V3,2
§2) _ <1+L> <1+L> <1+L>7
V1,1 72,2 V3,1
f)_<1+i> <1+i> <1+i>. (36)
71,2 V2,1 V3,2
The following lemma is used to prove (35)
Lemma 2: With condition (10), we have
@ -1@ —1) < @ - 1)@ - 1). (37)
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Proof: By substituting (36) in the following term and expandingvite have

@ -1@ -1 - @ -n@’ -1

= QP +qY -V - (38)
1 1 1
= <1+— <1—|——> (H——) +
71,1 V2,2 V3,1
(1) (1) (14 2) -
71,2 V2,1 73,2
1 1 1
<1+_) <1+_) (1+_) -
71,1 V2,1 73,1
(HL) (HL) <1+L>
71,2 V2,2 73,2
_ <L _ L) y (39)
V2,1 72,2
() () - () ()]
73,2 71,2 V3,1 V1,1
0

where we have used the fact th@f)Qg) = 9@&2) to arrive at (38). From condition (10), the first product

term in (39) is negative and the second product term is pesitind therefore we obtain the last inequality.

[ |
Consider the subtraction of the RHS from the LHS of (35),

LHS of (35) - RHS of (35)
= (@Y -7+ @ -+ @ - - 1) -

A

(@7 -n7 4@ -0+ @~y @ -7

B
> AQY - 1)@y -1 - BEP - 1)@ - 1) (40)
_ g) n an B ng) B 22)
(D) () (e D) (e ) (1))

72,2 V2,1 71,2 73,2 71,1 V3,1

> 0, (41)

where the inequality (40) holds because of Lemma 2, and tbetifeat ng) —1>0, fori =1,2 and
j =1,2,3; and the inequality (41) holds because of condition (10).
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b) DF Relaying: Inserting (3) into inequality (34), we need to show
(1 +min(y1,1,72,1,73,1)) (1 + min(y1.2,72,2,73,2)) =

(1 4+ min(y1,1,72,2,73,1)) (1 + min(y1.2,72.1,73,2)) - (42)

We can verify (42) by enumerating all possible relations agmg,, ,, for all m = 1,2,3 andn = 1,2,
subject to condition (10). For example, when; < v21 < 3.1, 71,2 < 722 <732, 12,2 < 71,1 < 73,2, and

73,2 < ¥2,1, (42) reduces to

(T 4+, +712) = (T +922)(1 +71,2)-

The above inequality clearly holds based on the assumpfi¢n;g} relations. Inequality (42) can be similarly

verified for all other{~; ;} relations. The details are omitted for brevity.

APPENDIX B

PROOF OFLEMMA 1

Let R,, denote the end-to-end data rate on pattwe haveR,, = Fi logy (1 +7,),n=1,---, N, where

M 1 -1
= S 43
o (S @)
Then R;‘p = ZnN:1 R,. To shOWR;Jp is concave in{ P, ,}, it suffices to show that eacR,, is concave in

{P,.n}. The concavity proof of?,, follows the concavity ofy,, due to the composition rules which preserve

concavity [23]. For simplicity, we drop the subscriptfrom notations in (43). In the following we prove that

v(P) is concave inP, whereP = [Py, --- , Py/]7. The second-order partial derivatives¢fP) are given by
_ —2 -3
0*y(P) -2 (if: 1 ) L2 (% 1 ) (44)
2 . p3 . P. 2 p4 . P.
an aJPJ' i=1 a;i b aij i=1 a; b
and
24Py 1 2 (o1
= for k # j. 45
OP,0P,  a;P? arP? (; aiPZ) ’ 7 (43)

Hence, the Hessian matrix2+y(P) can be expressed as

Moo\ Mo 1 1
A2~(P) — _9 di 2qq” 46
v(P) (Zai})i> ( (ZGZP) 1ag<a1P13, ’GMPE\Z)JF aq ) (46)

i=1 =1

whereq = [q1,- -, qu]” with ¢, = m = 1,---, M, anddiag(x) denotes the diagonal matrix with

_1
am P2

diagonal elements being the elements in vestoifo prove concavity, we need to sha’~(P) =< 0. For

any vectorv = [vy,--- ,vp]7, we have
Mo —3 Moy Mo Mo 2
T A2 D 2 %
A~y (P = 2 — . _t
v 7( )V <Z CLZPZ> <Z CLZPZ> Z (IZ'P-?’UZ + (Z aZP2>
i=1 i=1 i=1 ? i=1 g
< 0

DRAFT



TO APPEAR IN IEEE TRANSACTION ON SIGNAL PROCESSING 30

where the inequality is obtained by using the Cauchy-Sctawiaequality (e”e)(c”c) > (e’'c)? for two

L Therefore A2y (P) < 0.

vectorse = [e1,--- ,ep]” andc = [c1,- -+ ,cepr]”, with e; = ——= and¢; = —

a; P; \a; P3’

:
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