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4.13
Recall that the Fourier transform X (@) of a signal x(n) is given by:

=

X (@)= Flx(n)]= Y. x(n)- exp(~ jan)

n=—oo

. ) Il =M <n<M
Therefore from example 4.4.2, the Fourier transform of the signal x(n) = { B
0 otherwise

X(w)=1+2-icos(a)n

n=1

1 0<nM .
The Fourier transform of the signal x1 is given by:
otherwise

X,(@)= Flx ()] = 35 (n)-exp(- mz jon) =3 [exol- j)l

n=—oco

e % ) =Rl )
1- exp(— ]a))
. . 1 -M<n<-1 . |
The Fourier transform of the signal x, (n)= { _1is given by:
0 otherwise
—1 -1 M
X ( ]— Zx2 exp ): Zexp(— ja)n)z Z exp Z exp ]a)
n=—oo n=—M n=—M n=l1
ien Xa(0)=ZRUD). i 50)
1- exp( J a))

Adding the two Fourier transforms X 1(60) and X 2(60) we get:

jo)]

X(@)= X, (0)+ X, (@) = [1 —exp(= jo(M +1))]-[1—exp(j@)]+[exp(j@) —exp(ja(M + 1)) - exp(-

[1 - exp(~ jo)]-[1 - exp(jw)]

_ lexp(jedt)+ exp(= jam )]~ [exp(ja(M +1))+exp(= jo(M +1))]
2~ [exp(j@) + exp(- jo)]

_ 2 cos(wM )—2-cos(w(M +1))
- 2-2. cos((o)



Or equivalently:

4.16
The signal that we have to consider is a"u(n) with Fourier transform ! —, a| <lI.
l—a- exp(— ]a))
e oS rdX (@)
The differentiation in frequency theorem states that if x(n)<> X (@), then n-x(n)< j P
@
—1) F

We want to prove that Md"u(n)H ! ;

nl(l-1) (1-a-exp(- jw))
Let’s process by induction by first proving that the property is true for /=1:

(n+1-1) , n o\ F 1
~ 7 - S
a—1 ¢ uln T () (1—a-expl- j))
Then suppose that the following property holds:
(n+k-1) F 1
n)=——==a"uln)< =X, w

)= P ) =X, o)
And finally, let’s compute x,,,(n):

+k+1)-1) +k) +k

) =D ) D ) K ()= ) 2 )

(kD YT e k k

This result and the differentiation in frequency theorem lead us to the following:



RTLIRSR 1 (.dX, (o) _ 1 a-exp(- jo)

O U R e ey e ey

_ (1-—a-exp(- jw))+a-exp(- jw)
(1-a-exp(~ jw))"

1
= =Xin (a))

(1-a-exp(- jw)™

The property was proven to be true for /=1 then was supposed true for /=k and was proven to be true
for [=k+1, we can then infer that it is true for all L.

(n+l—1)!a,,u(n)i) 1
n!(l — 1)! (1 —-a- exp(— ja)))l

4.17

Recall the Fourier transform, X (@), of a signal x(n) is given by X (@)= F [x : z )-exp(— jan)

(a) The signal to consider is x*(n).

Fleroll= o) expl- )= 3400)-eol- s-a) =X *(-a)

n=—co

= x*(n)> X *(- )

(b) The signal to consider is x*(—n).

Fler(en)l= 3 (- n)-expl- ]an:[zi )-expl- (w)n)j*

B ( i )-exp(~ j(- @)~ n‘))j * o (with n'=-n)
- (ngwx(n') -expl(— ja)n')j* =X * (o)

:x*(—n);X*(a))



(c) The signal to consider is y(n)= x(n) x(n—-1).

Fly(n)] = z em1M=i — x(n—1)]- exp(- jan)
i )-exp(- i )-exp(~ jan)

=iwnm )= 3l expl- jokn+1)
~X(0)- X(@)-expl- jo)
= X(@)-(1-expl- jo)) = ¥(0)

=Y ()= X(a)-(1-exp(- jo))

(d) We have y(n)= Zn:x(k) and therefore x(n)= y(n)— y(n—1) which means that from (c)

k=—oco

F [x(n)] = X(w)=Y(w) - (1-exp(- jw)) or equivalently:

Fly()]= (@)= efp((w) o)
(e) The signal to consider is y(n)=x(2n).
Fly(n)]= Zy -exp(~ i [x(2n)]- exp(~ jan)
= i‘; x(n')- exp(— ]M[%D with n'=2n

Lf-f2)



(f) The signal to consider is y(r)= x(%) .
FDtoll= 3ot el-jan)= 3 ({2 |rexnl- jan)

- gx(n')'exp(— jol2n)  with n':g

4.18
(a) The signal to consider is x, (n) = il 1, % 1, 1}.
X, (@)= Flx,(n)]= > x,(n)-exp(- jan)
)
= Y el jan)
n=-2

= exp(j2a))+ exp(ja))+ 1+ exp(— ja))+ exp(— j2a))

=1+[exp(j@) +exp(~ jo)]+[exp(j2@)+exp(- j2w)]
=1+2-cos(@)+2-cos(2w)

= Xl(al) =1+2-cos(@)+2-cos(2w)



X ()
= nN (%)

o

=

» AAA »

| | | |
-2pi -3pil2  -pi -pi/2 0 pi/2 pi 3pi/2  2pi
[0}

(b) The signal to consider is x2(n)=i], 0, 1, 0O, %, 0, 1, 0O, 1}.

X, (@)= Flt,()]= > x, (n)- expl— jan)

- g (n)- exp(— jam)

= exp(j4w) + exp(j2w) + 1+ exp(— j2w)+exp(— j4w)
=1+ [exp(jZa)) +exp(— j2a))] + [exp(j4a)) +exp(— j4a))]
=1+2-cos(2w)+2-cos(4w)

=X, (w)=1+2-cos(2w)+2-cos(4w)

Xo(e)

| | | | | |
-2pi  -3pi/2  -pi -pi/2 0 pi/2 pi 3pi/2  2pi
®



(c) The signal to consider is x,(n)=1{, 0, 0, 1, 0, 0, L 0, 0,1 0, 0 1j.

X,(@)= Flx, ()] = 3 x,(n)- expl- jan)

n=—oo

- z (1) exp(— jam)

= exp(j6a)) + exp(j3a)) +1+ exp(— j3a)) + exp(— j6a))
=1+ [exp(j3a))+ exp(— j3a))]+ [exp(j6a)) + exp(— j6a))]
=1+2-cos(3w)+2 - cos(6w)

= X, (w)=1+2-cos(3w)+2-cos(6w)

Il Il Il Il Il Il Il Il Il
-2pi  -3pi/2  -pi -pi/l2 0 pi/2 pi 3pi/l2  2pi
[}

(d)
From the results obtained in (a), (b) and (c), it becomes obvious that X, (w), X 2(a)) and X 3(60) are
related by the following equalities:

X,(®)=X,2w) and X,(w)=X,(3w)

(e) Suppose x, (n)= x(kj zf;e z , then we can write:
0 otherwise



Al S o expi-jon)= 32 o 2] - exol- o)

n=—co n
n:—oo,;e Z

x(n')-exp(= jolkn'))  with n=kn'

—o0

Il
<M8

n

x(n')-exp(- j(ka)n)

1l
NgE

=<
It
|
8

Il
=
L3

4.23

UPDATE: So this is my take (to take with some precaution maybe) on the question asked during the
“review”” session, hopefully it makes sense and helps understand the problem a little bit better.

From the hint at the end of the problem, let’s write Yy, (n)= x(n)sl (n) with
s;(n)={.. 1, 0, 1, 0, 1, 0, 1, 0, 1,...} which is equivalent to:

8, (n)= ié‘(n —mTy )= i5(n —2m) ( T, corresponds to the interval between two impulses i.e., in

m=—co m=—oo

that case Ty =2)

Taking the Fourier transform we get Yl(a)): X (w)* S, (w) where S, (a))zzT—” i5(a)—m-a)s) with

S m=—co

Wy o therefore Yl(a)) is a repetition of the signal X(w) with period # which means that
S

Y, (@)% X (@).
Graphically it may be easier to understand so here it is:



-Pi/4 | Pi/4
S1(w)

-2Pi Pi 0 Pi 2Pi
Yi(w)

-2Pi Pi 0 Pi 2Pi

x(n) ifn even ) . Sy
(a) We have y, (n) = _ which we can rewrite considering (b) and (c) as:
0 otherwise

n

0 otherwise

Therefore the resulting Fourier transform becomes:



(b) From problem 4.17 (e) we know that -

(c) From problem 4.17 (f) we know that _






54

(f) The Fourier transform of the signal y(n)= 1 [x(n) —x(n- 2)] is

2
Y(w)= % . [X (0)- X (w)-exp(—2j a))] = % : [X (w)-(1—exp(-2j a)))] and the corresponding filter is
()= 142 =1 -expl-210) = et jo) S, f -7
Therefore |H (a))| = |sin(a))| and 6(w)= —(a)— %)

[H(o)l

0.9- 4
0.8 4
0.7+ B
0.6+ 1
0.5- 1
0.4+ q
0.3F 1
0.2+ E
0.11 q
0 ! | | |

-2pi -3pi/2  pi -pi/2 0 pi/2 pi 3pi/2  2pi
[0}

1.5+

0.5+

6(w)
o

0.5+

-1.5+

Il Il Il Il Il Il Il Il Il
2pi  -3pil2  pi pil2 0  pi/i2  pi 3pil2  2pi
(0]



(1) The Fourier transform of the signal y(rn)= x(n—4) is ¥(w)=exp(- j4w)- X (@) and the

Y(w)

corresponding filter is H(w)=——% = exp(- j4w)

X (w)
[H(@)=1 and 6(0)= 4w

Therefore




5.11
The Fourier transform of the signal y(n)= x(n)+x(n—M) is Y(w)= X (@) +exp(- jMw)- X (w) and
the corresponding filter is

H(w)=M= 1+exp(— jMa))=exp(—j%a)j-{exp(j%a)j+exp(—j%a)ﬂ

X(w)
= exp(— Jj % a)j 2 cos(% a)j

Therefore |H (a))| = ‘2 . cos(% a)j and O(w)= —% w

T

Because H (w) is function of a cosine, it equals 0 when %a) =2k +1) 5 with ke Z or

o P ez
M

5.65
(a) We are given the signal y(n)= x(n)—0.95x(n —6) that has the Z-transform:

z[y()]=Y(z)= X (2)-(1-0.95z°).

Therefore the corresponding filter becomes H(z) = ;((Z)) =1-0.95z"° that is equivalent to:
<
6
z°—0.95
H (Z ) = Z—6

1
There exists a zero for this filter for z® =0.95 or z =(0.95)s .exp( j %), ke Z

There also exists a pole for z° =0 i.e. z=0 is a 6™ order pole for this filter.



o

1
r=(0.95)s

(c) The inverse system corresponds to:

6
%

H. =——
mv(Z) Zﬁ _095

1 2
This time, there exists a pole for this filter for z° = 0.95 or z =(0.95)s -exp( jTﬂkJ, ke Z

There also exists a zero for z° =0 i.e. z =0 is a 6™ order zero for this filter.

1
r=(0.95)s





