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Complex Exponential Function
Continuous-time:

x(t) = Aetttd)

’ Recall, Euler's relation: ¢/ = cos6 + jsin 9‘

= A(cos(wt + @) + jsin(wt + ¢))
Acos(wt + ¢) + jAsin(wt + ¢)

’ complex function ‘

Discrete-time:

X[n] _ Aej(QnJr(b)
= A(cos(Qn+ ¢) +jsin(Qn + ¢))

= Acos(2n+ ¢) + jAsin(Qn + ¢)

’ complex function

THE COMPLEX EXPONENTIAL FUNCTION HAS SIMILAR
PROPERTIES TO SINUSOIDS — E.G., PERIODICITY
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Complex Numbers and the Quadratic Equation

» complex numbers are natural solutions to:

aw’+bw+c=0 where b> — 4ac < 0

B —b+Vb% —4ac

v 2a

» we define j £ /—1
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Complex Numbers and Coordinate Systems

Two common types:

1. rectangular: real and imaginary components

2. polar: magnitude and phase components
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Rectangular Coordinates

w= _x _ +j y x,y e RweC
real part imaginary part

Note: x = Re{w} and y = Im{w}

Let wy =x1+J y1 and wo = X2 +J y».

Complex Numbers Review

(xi+jy)+(e+jy)
= (axx)+ (1ty)

imag part

Wlit Wo

real part
wi-wa = (a+jy) (e+jy)
= xxo+xi(j y2) + (U y1)e + (0 »)U y2)
= X+ xye + ey + /vy
= (we—y2)+ xye +xn)

7 7

g
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Rectangular Coordinates
Note:
* .
W =xX1—J
— 2 2
lwi| = /X + yi
and
= ' i v1) =x¢ +yi = |mi[* REAL
wi-wg = (a+Jjy)(a—Jjy)=xg+y = [m|
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real part imag part
wi Xty (Xz—j)/2> -
w2 Xx+jy2 \x2—J )y
_ e tyny2 oen —xiye .
- 2 2 2 2
XNty X5 +Y;
Vv Vv
real part imag part
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Polar Coordinates
_ jo +
w = re reRT0eRweC
Note: r = magnitude and ¢ = phase
Let wy = ne/® and wp = rel®
et wg n and w»p r .
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Wi Wy =

magnitude
phase =
w1

Wo

magnitude

phase

==

magnitude

phase
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rlejel . I’2¢E‘j(92 = (rl rz)ej(el +02)
rnr
0, + 0
0
r e/’ _ er(el — 6,)

relf

rn

r

91 — 02

ne + el = ...

\/(rl cos by £ rycos,)? + (r1sin by £ rasin )2

risinf; £ rpsinf, .
arctan —~
r cos 6y = ry cos b,
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Polar Coordinates

w =ne’n

wi| = |ne® | =|n| | =n-1=n

and
wi - wp = (ne ") (ne? ) =r?=|m[*> REAL
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Complex Plan
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e Relations

Im
C — plane
Yo
Re
. . _ 0o
wo = w0+ J Yo = ro€’
Professor Deepa Kundur (University of Toronto) Complex Numbers Review 11 /12

Complex Numbers Review

Rectangular to Polar Conversion:
n = 4/ Xg + yg
0y = arctan (&>
X0

Polar to Rectangular Conversion:

Xo = rpcosfy

Yo = h sin (90

Zy = Xp —|—j Yo=nh COSHO +er sin 90 =1 (COSQO +jsin 90)

= ¢/% (EULER)

= I’oejro
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