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Abstract

Rateless coding has recently been the focus of much practical as well as theoretical research. In
this paper we argue that rateless codes find a natural application in non-ergodic channels where the
channel law varies unpredictably. Such unpredictability means that to guarantee reliability block-codes
are limited by worst-case channel variations. However, the dynamic-decoding nature of rateless codes
allows them to adapt opportunistically to the realized channel variations. If the channel state selector is
not malicious, but also not predictable, decoding can occur earlier, producing a rate of communication
that can be much higher than the worst case. Indeed, we argue that the application of fountain codes to
the binary erasure channel can be understood as an example of these ideas – channel ergodicity is not
required. Further, this sort of decoding can be usefully understood as an incremental form of erasure
decoding. We show how to use ideas of erasure decoding to make significant increases in the reliability
function of our scheme.

1 Introduction

Rateless codes are a type of incremental redundancy code 1. They do not operate at a pre-set rate. Rather,

they use very long codewords and select their decoding time dynamically—to match the rate of communica-

tion to empirical channel behavior. When the channel can support a higher rate of communication decoding

occurs sooner. When it is more noisy decoding occurs after a longer delay. The destination decides when

to decode and uses a feedback channel to signal that it is time to terminate transmission. The termination

signal is low-rate and delays and noise on the feedback link can be accommodated [9]. These characteristics

make rateless strategies of great practical utility.

Rateless coding ideas have received much attention of late. In large measure this is due to the low-

complexity encoding and decoding algorithms for LT and Raptor codes [17, 23]. These are rateless codes

designed for binary erasure channels (BECs). Myriad applications from multicasting to layered video coding

for wireless have been proposed based on LT and Raptor codes (see, e.g., [4]). The application of LT and

Raptor codes to noisy channels, such as the binary-symmetric channel (BSC), the additive white Gaussian
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noise (AWGN) binary-input channel, and general symmetric channels is explored in [11, 19]. Through layered

coding, the binary-input constraint for AWGN channels is avoided in [10]. The information theory of rateless

coding for unknown but fixed discrete memoryless channels (DMCs), i.e., the compound channel, is explored

in [24, 8, 27]. In source-coding parallel, rateless coding for various distributed source-coding scenarios with

unknown joint statistics (e.g., Slepian-Wolf and Wyner-Ziv) is explored in [24, 7].

In this paper we extend the application of rateless coding ideas to non-ergodic channels. We develop

rateless strategies for memoryless channels with an arbitrarily varying channel law where channel state

information (CSI) is available at the receiver. At one level, our channel model is equivalent to an arbitrarily

varying channel (AVC). The difference is that while we require communications to be reliable in the face

of any channel variation (as for the AVC), we do not assume that the channel state selector necessarily

tries to jam communications. We operate opportunistically: decoding sooner and realizing a higher rate of

communication when the channel is not malicious. The rate of communication achieved can be designed

to be at least as large as that which can be reliably achieved without feedback. The latter is given by the

capacity of the AVC with receiver CSI [26]. Without feedback the block-length must fixed and the rate

picked small enough to make decoding reliable in the face of worst-case channel variations. In contrast,

feedback enables the code to adapt its rate to actual channel variations.

While we do not put any probabilistic model on the channel variations, our results give insight into

situations where the channel is ergodic but where there is a latency constraint on communication. A latency

constraint may force the completion of communications before the system has seen average channel behavior.

In this case, if the code rate is set to equal the ergodic channel capacity, there will be a probability of outage.

If the coding rate is set equal to that which can be reliably supported under worst-case channel behavior,

the communication rate will often be quite conservative. Rateless codes, while having an unpredictable

decoding time, do not suffer outages and can often be decoded before worst-case block code designs. The

use of incremental redundancy codes in wireless fading channels has been studied in, e.g., [25, 5, 21]. One

message of this paper is that, from an information-theoretic perspective, rateless coding can be considered

as an adaptive coding strategy for a general class of non-ergodic channels.

The outline of the paper is as follows. In Section 2 we define an information rate function to which we

later give an operational meaning—it equals the rate of communication that can be reliably supported by

our scheme. We compare this rate function to the communication rates possible in related communication

contexts. We then build intuition behind our results and the stopping rule we use to determine when to

terminate transmission. In Section 3 we give the basic definitions of our coding scheme and error events.

In Section 4 we combine our stopping rule with a maximum likelihood (ML) decoding rule and show that

the result is a reliable and efficient coding strategy that achieves the rate function defined in Section 2. The

reliability function (error exponent) of ML decoding can be greatly increased by using the feedback link
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to implement an erasure-type decoding rule. In Section 5 we extend our results to erasure decoding. We

conclude in Section 6.

2 Information rate function and stopping rule

The channels we consider in this paper are defined by a finite family W of discrete memoryless channels

W : X → Y where X and Y are the finite input and output alphabets, respectively. Elements of the family

W ∈ W are written as W (y|x, s) where y ∈ Y, x ∈ X , and s ∈ S is the channel state identifying a particular

channel in the family. The transition probabilities corresponding to a sequence of states s = s1 . . . sn are

Wn(y|x, s) =
n∏

i=1

W (yi|xi, si).

The family of channels Wn(·|·, s) : Xn → Yn, s ∈ Sn is denoted as Wn. Elements of this family are

Wn ∈ Wn. We put no probabilistic model or constraint on the state sequence.

We now define an information rate function that we later show has an operational meaning.

Definition 1 Under any input distribution px(x) on X we define the information rate that can be supported

by the channel Wn to be

R(Wn, px) =
1
n

n∑
i=1

I(x ; y |s = si) =
∑

s

Λn(s)I(x ; y |s = s) = I(x ; y |s), (1)

where Λn(s) is the empirical distribution of the state sequence corresponding to Wn. That is, Λn(s) =∑n
i=1 1{si = s} where 1{·} is the indicator function, taking on the value one if the argument is true, and

zero otherwise. The mutual informations I(x ; y |s = si) and I(x ; y |s) are calculated with respect to the

distributions px(x)1{s = si}W (y|x, s) and px(x)Λn(s)W (y|x, s), respectively.

We will find all three equivalent forms of R(Wn, px) given in (1) to be useful in the sequel.

The first thing to note about R(Wn, px) is that because Wn is not known we cannot necessarily pick

px(x) to maximizes R(Wn, px). In general, while for a particular Wn one choice of px(x) may maximize

R(Wn, px), for a different Wn the same px(x) may not. We give an example of this in Section 2.2. In certain

cases one choice will dominate. An example is when all the channels in W are symmetric. For this example

px(x) should be chosen equal to the uniform distribution. A conservative choice is to pick px(x) to maximize

the worst-case R(Wn, px) over all channels Wn ∈ Wn. This choice connects to the AVC, and we we discuss

it further below.

2.1 Relation of R(W n, px) to other rate functions

We now connect (1) to rates that can be achieved in related communication contexts. We first compare

it to the case when both transmitter and receiver have CSI. We then comment on the case when neither
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transmitter nor receiver has CSI. Finally, we compare it to the capacity of the AVC with receiver CSI.

If both transmitter and receiver have CSI they can condition the code in use on the current value of the

state. The system would use a state-dependent input distribution px|s(x|s). The conditional distribution of

x should be chosen to equal the capacity-achieving input for the channel indexed by state s. The information

capacity of a channel Wn ∈ Wn with channel state information at the transmitter (CSIT—receiver channel

state information is assumed) equals

CCSIT(Wn) = max
px|s

I(x ; y |s), (2)

where now the mutual information is calculated with respect to px|s(x|s)Λn(s)W (y|x, s). Each term I(x ; y |s =

s) can be designed to be at least as large as each of the corresponding terms in (1). Therefore, a higher rate

of communication can be achieved when state information is also known at the transmitter. The operational

meaning of CCSIT(Wn) will parallel the operational meaning of R(Wn, px) for channels with CSIT.

Next consider the case when neither transmitter nor receiver has channel CSI. In this case a decoder that

is not tuned to the channel in use would have to be used. We are currently extending our results to this

situation. By combining the universal decoding ideas for rateless coding over compound channels developed

in [8] with decoding rules designed for AVCs we can build reliable and variable-length codes for this situation.

Finally, consider the AVC with decoder CSI. The capacity of this AVC is calculated by Stambler in [26].

As is discussed in [16], the basic insight into Stambler’s channel is that its capacity equals the capacity of the

equivalent AVC W̃ : X × S → Y × S defined by W̃ (y, s|x, s′) = W (y|x, s) if s′ = s, and W̃ (y, s|x, s′) = 0 if

s′ 6= s. Using this idea Stambler shows that the channel’s deterministic code capacity for average probability

of error is

CAVC(W) = max
px

min
s∈S

I(x ; y |s = s), (3)

i.e., it is equal to the capacity of the compound DMC over the family W(·|·, s) : X → Y, s ∈ S. The input

distribution that maximizes (3) is denoted px,AVC(x).

If we use the px,AVC(x) that maximizes (3) in (1), the resulting R(Wn, px,AVC) will always be at least as

great as (3):

R(Wn, px,AVC) =
∑

s

Λn(s)I(x ; y |s = s) ≥ min
s∈S

I(x ; y |s = s). (4)

Equality is achieved, e.g., by the distribution Λn(s) that puts all its weight on the worst-case state. In other

words, Λn(s) = 1{s = arg mins I(x ; y |s = s)}. The worst-case state is not necessarily unique. The example

given in Section 2.2 illustrates this. If the channel state selector sometimes picks a non-worst-case state, the

realized rate will be strictly greater than (3).

It is important to note that while the capacity of Stambler’s channel equals that of a particular compound

DMC, operationally the channel is not a compound channel. If it were, a standard training-based scheme

would work. We would use a known training sequence to estimate the channel at the decoder, feed back that
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estimate (or some quantized version thereof), and follow up with a feedback-free block code to communicate

the data. By using a long-enough training sequence, the unknown channel law could be learned to any desired

degree of accuracy. Then, in a second phase, data could be communicated at a rate arbitrarily close to the

capacity of the underlying channel. The cost of channel estimation (in channel uses) would be amortized

over the subsequent (very long) data transmission phase. It would not, therefore, effect the achievable rate.

It would, however, effect the exponent. This training plus block-coding scheme is variable-length and works

for any compound DMC when feedback is available. However, it fails in the current context since the channel

is not stationary. Therefore channel estimates that are derived during training do not predict future channel

behavior. In the scheme’s follow-on block code, unless the transmission rate is below (3) we cannot guarantee

reliability. In contrast, the coding strategy proposed in this paper adapts the rate of communication during

data transmission to match the rate that the channel can support.

2.2 Example: A family of three channels

In this section we compare R(Wn, px), CCSIT(Wn) and CAVC(W) for an illustrative family W consisting

of three channels—two binary asymmetric channels (BACs) and a BSC. The first channel in the family

is the (higher-capacity) BAC defined by Pr[y = 1|x = 0] = 0.45 and Pr[y = 0|x = 1] = 0.001. The

capacity of this channel is 0.357 bits per symbol. The second channel is the (lower-capacity) BAC defined

by Pr[y = 1|x = 0] = 0.03 and Pr[y = 0|x = 1] = 0.45. The capacity of this channel is 0.279 bits per symbol.

The third channel is the BSC that has a cross-over probability equal to 0.2. The capacity of this channel is

0.278 bits per symbol.

In Figure 1 we plot the mutual informations I(x ; y |s = s0) induced across each channel by the spectrum

of possible choices of px(x). The capacity-achieving input distributions are specified by Pr[x = 0] = 0.405,

Pr[x = 0] = 0.565, and Pr[x = 0] = 0.5, respectively. The input distribution px,AVC(x) that achieves the AVC

capacity, maximizing (3), is specified by Pr[x = 0] = 0.525, giving CAVC(W) = 0.2774 bits per symbol. For

this family px,AVC(x) does not achieve the capacity of any of the channels individually. On the plot we label

two capacity-achieving input distributions, px,AVC(x) and px,opt(x). The latter is an “optimistic” choice. It

achieves the highest throughput that can supported under any state sequence if the channel selector always

chooses the highest capacity channel (the BAC with capacity 0.357).

To illustrate our results we specify an empirical state distribution Λn(s). We compare R(Wn, px) for two

choices of px(x) to CCSIT(Wn) and CAVC(W). The empirical distribution of the state sequence is given by

Λn(1) = λ, Λn(2) = 0.5(1− λ) and Λn(3) = 0.5(1− λ) where 0 ≤ λ ≤ 1. The three states correspond to the

higher-capacity BAC, the lower-capacity BAC, and the BSC, respectively. In Figure 2 we plot CCSIT(Wn)

and CAVC(W) as a function of λ. We also plot R(Wn, px,AVC) and R(Wn, px,opt).

The example illustrates two main points. The first is that feedback increases the reliably attainable
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Figure 1: The mutual information induced across each channel in W by different choices of px(x). The

capacity-achieving input distributions are indicated for the higher-capacity BAC, px,opt(x), and for the AVC

with decoder side information defined by the same family of channels, px,AVC(x).

throughput of the channel. Additionally, it illustrates the fact that a single input distribution does not

necessarily dominate for all choices of λ. To see the first point note that R(Wn, px,AVC) ≥ CAVC(W), with

equality only when λ = 0. When λ = 0 no symbols go through the higher-capacity BAC, half go through

the lower-capacity BAC, and half through the BSC. Referring to Figure 1 we see that under px,AVC(x) these

latter two channels can both support the same rate, which equals CAVC(W). This means that for any λ > 0

the rate achieved is strictly larger than the worst case. This is true for any state distribution Λn(s) such

that Λn(1) 6= 0.

Next we see that one input distribution does not dominate. From Figure 1 we can infer that px(x) =

px,AVC(x) is the uniquely best worst-case choice. For all other choices of px(x) there is a Wn that leads to

a lower R(Wn, px). However, for many channels Wn the rate function R(Wn, px,AVC) is exceeded by other

choices of px(x). As one example, in the figure we plot R(Wn, px,opt) which is larger than R(Wn, px,AVC) for

λ > 0.5. Since px,AVC(x) leads to the largest worst-case capacity, but the rate it can support is below that

which can be supported by other choices of px(x) for certain channels, no single input distribution dominates.

Finally we point out that for λ = 0, CCSIT(Wn) > CAVC(W). This is because px,AVC(x) is not capacity-

achieving for either the low-capacity BAC nor for the BSC.
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Figure 2: The communication rates of different coding scenarios as a function of the distribution of the state

sequence. A fraction λ of the symbols go through the higher capacity BAC, a fraction 0.5(1−λ) through the

lower-capacity BAC, and the remaining fraction 0.5(1−λ) through the BSC. The first communication scenario

is when both encoder and decoder have channel state information, CCSIT(Wn). The second is when only the

decoder has channel state information (plotted both for optimistic, px,opt(x), and conservative, px,AVC(x),

choices of input distribution). The third is the capacity of the arbitrarily varying channel, CAVC(W).

2.3 Stopping rule for the BEC and beyond

The coding strategies we develop are most naturally understood by considering rateless coding over the

binary erasure channel. In this case the encoding and decoding rules have simple interpretations. Say that

each parity bit transmitted is a random linear combination of the information bits. Then, each parity that

is not erased define one equation in the log M information bits, where M is the (fixed) number of messages.

Roughly, when the number of parities received exceeds the number of information bits, this set of equations

is invertible and decoding is possible. If the channel erasure probability is not known a priori, then how long

one must wait for decoding, i.e., the effective block length, is also not known. With high likelihood the set

of equations will be invertible, and so transmission can stop, at first time n that

log M ≤ (1− α)
n∑

i=1

[
1− 1{yi = ε}

]
, (5)
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where yi is the observation at time i and yi = ε indicates that the ith bit has been erased. The constant

0 < α < 1 makes sure that decoding doesn’t occur until the number of parities received unerased equals the

number of information bits, and then allows for a few extra so that with high probability the set of equations

is invertible.

Now consider a non-ergodic erasure channel where the erasure pattern does not follow any stationary

probabilistic model. If parities are generated independently and according to the same rule (e.g., random

linear combinations), each is equally likely to be useful to the decoder. Thus, the rate at which the decoder

accumulates parities in not important. Rather, it is simply the total number of parities received that should

determine whether the set of equations is invertible. Therefore the stopping rule (5) is still a good one for

non-ergodic erasure channels. It was this observation that motivated our work in this paper that extends

this setting to more general families of non-ergodic channels.

When transmitting over the BEC the receiver causally acquires channel state information. Parities

received erased have gone through a channel with erasure probability one, and those received unerased have

gone through a noiseless channel. This perspective leads us to rewrite (5) as

log M ≤ (1− α)
n∑

i=1

I(x ; y |s = si), (6)

where the ith state si indexes the channel in use at time i and and I(x ; y |s = si) is the mutual information

induced across the channel in use at time i by the chosen input distribution px(x). As discussed above,

since the transmitter does not know the state of the channel, the input is not a function of the state so

px|s(x|s) = px(x). For the BEC the input distribution px(x) should be uniform. If the BEC is in the erasing

state at time i then I(x ; y |s = si) = 0, while it equals one if the channel is noiseless. Substituting these

values into (6) leads to the equivalent expression (5).

The expression (6) is not specific to erasure channels. We show that for any family of discrete memoryless

channel laws a good choice of stopping time n (i.e., one that achieves a communication rate approximately

equal to R(Wn, px)) is the first n such that (6) is satisfied. This n is well defined for any set of channels

because mutual information is positive—the right-hand-side of (6) is monotonically increasing in n and

therefore such an n exists.

If we group the time indices in (6) that correspond to a single state we get the equivalent stopping rule

log M ≤ (1− α)
∑

s

n Λn(s)I(x ; y |s = s). (7)

As before, Λn(s) is the empirical distribution (type) of s. Therefore nΛn(s) is the number of symbols that

have passed through the channel indexed by s = s. Since decoding did not occur at time n− 1 the stopping

rule also implies that

log M > (1− α)
∑

s

(n− 1) Λn−1(s)I(x ; y |s = s).
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Figure 3: Block diagram of communication system, and decoding algorithm. The operations carried out by

the decoder are enclosed within the dotted region.

Incorporating the empirical distributions Λn(s) and Λn−1(s) into the conditional mutual information terms

gives

(1− α)
n− 1

n
R(Wn−1, px) =

n− 1
n

(1− α)I(x̃ ; ỹ |s̃) <
log M

n
≤ (1− α)I(x ; y |s) = (1− α)R(Wn, px), (8)

where the mutual informations are calculated with respect to the joint distributions px̃,ỹ ,s̃(x, y, s) =

px(x)Λn−1(s)W (y|x, s) and px,y ,s(x, y, s) = px(x)Λn(s)W (y|x, s), respectively.

As a simple example of the decoding rule (7) consider a family W of BSCs, each defined by a cross-over

probability ps where s ∈ S. For this family px(x) uniform is optimal as it is capacity-achieving for each

channel in the family. The decoding rule (7) tells us to decode at the first n such that

log M

n
≤ (1− α)

[
1−

∑
s

Λn(s)HB(ps)

]
, (9)

where HB(·) is the binary entropy function. By selecting α > 0 small enough, the rate of communication

can be made arbitrarily close to the average capacity of the family of channels.

2.4 Discussion

The rate adaptive strategies we propose offer no benefit in the case of an AVC. In that setting the state

selector is malicious (it is a jammer) and it would pick the state sequence to give an equality in (4). This is

why block coding sufficed in previous papers that considered arbitrarily varying channel laws with feedback
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(see, e.g., [1] and [3]). However, in situations where the channel varies arbitrarily, but not necessarily

maliciously, our approach will dominate. In the following sections we show that codes exist that are robust

to worst-case variations and adapt in an opportunistic manner—decoding in less time when the channel is

good, and taking more time to decode when the channel is bad.

The rate-adaptive coding philosophy we advocate has been proposed as a means of dealing with the chal-

lenge of fluctuating channel conditions in wireless applications. In that context a number of researchers have

considered the use of incremental redundancy coding in wireless environments. Those papers have mainly

focused on the Gaussian channel with fading. They consider both the information-theoretic performance of

hybrid-ARQ in the Gaussian collision channel [5], and the analysis of incremental transmission performance

of various families of codes. As a small sampling of the latter, in [18, 20] punctured turbo codes are con-

sidered, while LDPC ensembles are considered in [21] and [25] where the latter also considers Raptor codes.

Another work related in spirit is [22] where the authors generalize a scheme of Horstein’s [15] to specify

a feedback-dependent coding strategy for a binary channel with arbitrary noise sequence. The rate of the

scheme approaches 1−HB(pemp) where pemp is the empirical distribution of the noise sequence. Comparison

with (9) shows that when specialized to an analogous case, the gain from having channel state information

at the decoder is through the concavity of entropy since 1−
∑

s Λn(s)HB(ps) ≥ 1−HB(
∑

s Λn(s)ps).

3 Code definitions, feedback, and error events

In this section we formally define rateless codes, the feedback channel, and the error events. In terms of the

feedback link, we assume the availability of a noiseless feedback channel with input and output alphabets

Z. Rateless codes use the feedback channel only for very simple signaling, effectively just to inform the

transmitter when to stop sending. For simplicity of exposition we assume the feedback channel is available

after each channel use. However, in application it needs be available for use only much more rarely (see

Section 4.4).

The class of variable-length codes considered in this paper are specified by a finite message set M =

{1, 2, . . . ,M}, a sequence of encoding functions:

f = {fn : M×Zn−1 → X}1≤n≤N , (10)

and a sequence of decoding functions:

g = {gn : Yn × Sn ×Zn−1 →M∪ {0}}1≤n≤N . (11)

We use codes with a maximum block length N . Since most applications will have a maximum delay con-

straint, a maximum block length is a natural constraint. From a theoretical viewpoint a maximum block
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length makes it easy to show a deterministic code exists. The definition of the decoding functions (11)

indicates that the channel state is causally observed at the decoder.

We first consider protocols that use the feedback channel exclusively to signal the source whether trans-

mission should continue or should cease. This requires a binary feedback signal Z = {ACK, NAK}. As long

as the destination outputs the 0 symbol the NAK symbol is fed back and transmission continues. At the

first n such that gn(yn) = m̂ 6= 0, an ACK is sent back, and transmission terminates. The realized rate is

log M/n. For compactness, we denote the codeword transmitted up to time n, i.e., the concatenation of

f0(m), f1(m, z1), . . . fn−1(m, zn−1) as fn(m). Note that we do not indicate the dependence of fn on zn−1

since decoding at time n implies that the destination has not ACKed the source until time n.

At each time n the decoding region of the mth codeword is Rn(m) = g−1
n (m) ⊆ |Y|n where m ∈

{1, 2, . . . M}. Different decoding regions are disjoint, Rn(m) ∩Rn(m̃) = ∅ for m 6= m̃. The zeroth decoding

region Rn(0) = {y s.t. y /∈ ∪m∈MRn(m)}. If y ∈ ∪m∈MRn(m), then gn(y) = m̂ 6= 0, and we send the ACK

message. If y ∈ Rn(0), then gn(y) = 0, and the destination waits for the next decoding opportunity before

revisiting the decision whether to decode. A core difference between ML and this decoding rule is that in

the former ∪m∈MRn(m) = |Y|n while for this rule it need not be.

We now give definitions of a random code, akin to those of Csiszár and Körner [6, pg. 209], appropriately

modified for the current context. We use C(f, g) to indicate the family of pairs of mappings as defined by (10)

and (11). A random code is a random variable taking values in this family. If this random variable, (f , g),

has distribution Q, then for any decoding time n ≤ N and channel Wn ∈ Wn, a random code defines a

channel Tn : M→M∪ {0} by

Tn(m̃|m) =
∑
(f,g)

Q(f, g)Wn(g−1
n (m̃)|fn(m)).

If message m ∈M were transmitted and the channel Wn ∈ Wn were realized, then because decoding regions

are disjoint the probability of erroneous decoding at time n is

em(Wn, Q) =

 1− Tn(0|m)− Tn(m|m) if n < N,

1− TN (m|m) if n = N.

Note that decisions to continue transmitting, which occur whenever y ∈ Rn(0), are not counted as errors.

The major difference from the definitions given in [6] is that there is now a set of check times. Therefore,

the stopping time t is not known a priori. The error probability is a function both of the stopping time and
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the resulting decision

em,tot(WN , Q) = Pr[((y1 /∈ R1(m) ∪R1(0)) ∩ t = 1) ∪ . . . ∪ (yN /∈ RN (m) ∩ t = N)|WN ,m = m]

≤
N−1∑
n=1

Pr[(yn /∈ Rn(m) ∪Rn(0)) ∩ t = n|WN ,m = m] + Pr[(yN /∈ RN (m)) ∩ t = n|WN ,m = m]

=
N∑

n=1

em(Wn, Q) Pr[t = n|WN ,m = m]. (12)

To ensure reliability we consider the worst case state sequence. Furthermore, in this paper we consider

the average error probability criterion

e(WN , Q) = max
W N∈WN

1
M

∑
m∈M

em,tot(WN , Q).

Because the decoding time is not pre-set, the realized rate is unknown a priori and may be random. We

define the average rate in terms of the random stopping time t as

R =
log M

E [t|sN ]
, (13)

where the expectation is taken both with respect to the behavior of the mixture of channels defined by the

state sequence and, in the case of a randomized code, with respect to the code ensemble.

4 Incremental transmission and ML decoding

In this section we prove the following result:

Theorem 1 Let W denote a family of channels indexed by s ∈ S, a finite set, and let px(x) be a distribution

on X such that mins0 I(x , y |s = s0) > 0, where the mutual information is defined by the joint distribution

px(x)1(s = s0)W (y|x, s). Then, for every 0 < α < 1 and for every εmax > 0 there exists a deterministic

code of size M and maximum block-length N > 0 such that for all WN ∈ WN decoding occurs at some time

n ≤ N such that

1. the realized rate is bounded as

(1− α)
n− 1

n
R(Wn−1, px) ≤

log M

n
< (1− α)R(Wn, px).

where si is the state of the channel during the ith channel use, R(·, ·) is defined in (1), and

2. for all m ∈ {1, 2, . . . M},

em,tot(WN , Q) ≤ εmax.
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Remark: The assumptions that mins0 I(x ; y |s = s0) > 0 implies that transmission need never exceed a

maximum block length N . Together with the finiteness of S this make it simple to show the existence of a

good deterministic code.

Remark: When there is a single capacity-achieving input distribution for all the channels in W we can

get R(Wn, px) = CCSIT(Wn), and we have a capacity result—no higher rate of communication is possible.

This follows in a straightforward manner since the capacity of each of the constituent channels is achieved.

Variable-length strategies are still important since we do not know ahead of time the fraction of time each

channel will be in use, and thus cannot set a block-length. The BSC example of (9) is an example of this

situation.

4.1 Decoding rule

We now specify our decoding rule by defining the decision regions Rn(m) =. Recall that s, y, and xm are,

respectively, the state sequence, the observation, and the mth codewords, up to time n.

Definition 2 For any 0 ≤ α ≤ 1 the decoding regions {Rn(m)} are defined in the following way:

If log M > (1− α)
∑n

i=1 I(x ; y |s = si) then Rn(m) = ∅ for m ∈M and Rn(0) = Yn,

else Rn(m) =
{
y
∣∣∣Wn(y|xm, s) ≥ Wn(y|xm̃, s) for all m̃ 6= m

}
.

(14)

Note that we suppress the dependence of Rn(m) on the state sequence s.

The decoding rule of (14) is the stopping rule of (6) combined with ML decoding. As discussed in

Section 2 since the channel state is observed at the receiver, the receiver can calculate the rate the channel

can support through time n. Until the communication rate is somewhat below this amount (the margin is

controlled by α), the destination will not decode. Once the information rate is sufficiently low, it decodes

using maximum likelihood.

4.2 Randomized coding performance

We now show that the decoder defined in (14) can give an arbitrarily small error probability for any state

sequence. We calculate the random coding error probability using Gallager’s ML decoding bounds [13]. The

analysis is akin to Gallager’s for parallel channels [13, pg. 149]. However, in the current setting we do not

know a priori how many symbols will be transmitted along each channel. The code ensemble (defined by Q)

that we use is the standard ensemble consisting of length-N codewords generated independently and in an

i.i.d. manner according to some px(x).

The decoding time n defined by (14) is not a function of the statistical behavior of the channel. Rather,

it is only a function of the empirical state sequence. This means that for a given state sequence sN the
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decoding time n ≤ N is deterministic. In other words Pr[t = n|WN ,m = m] equals one for one of the terms

in (12) and zero for the rest. We start with Gallager’s bound on blocks (before he uses the memoryless

character of the channel). Assuming decoding happens at some time n, Gallager’s bound [13, pg. 135] is:

em,tot(WN , Q) ≤ (M − 1)ρ
∑
y

[∑
x

px(x)Wn(y|x, s)1/(1+ρ)
]1+ρ

.

where em,tot(WN , Q) = em(Wn, Q) for the time n such that Pr[t = n|WN ,m = m] = 1. The parameter

ρ ∈ [0, 1] is Gallager’s Chernoff parameter. Since the channel is memoryless the expression simplifies as

em,tot(WN , Q) ≤ (M − 1)ρ
n∏

i=1

[∑
yi

[∑
xi

px(xi)W (yi|xi, si)1/(1+ρ)
]1+ρ]

= (M − 1)ρ
∏
s∈S

[∑
y

[∑
x

px(x)W (y|x, s)1/(1+ρ)
]1+ρ]nΛn(s)

(15)

≤ exp
{
− n

[
−
∑

s

Λn(s) log
∑

y

[∑
x

px(x)W (y|x, s)1/(1+ρ)
]1+ρ

− ρ log M/n
]}

= exp
{
− n

[∑
s

Λ(s)Es(ρ, px)− ρ log M/n
]}

, (16)

where Es(ρ, px) is the same as Gallager’s Eo(ρ, px) function. We have changed the subscript to denote the

particular channel dependence. Note that the random coding performance in (16) is no longer a function

of the particular state sequence s, but rather its type Λn(s). This is because all permutations of a given

codeword are equally likely under an i.i.d. generating distribution.

The decoding rule constrains the decoding time to be such that n > log M/(1−α)
∑

s Λn(s)I(x ; y |s = s)

where we recall that Λn(s) is the type of the state sequence up to time n. Using this in (16) and maximizing

over ρ to get the tightest bound gives

em,tot(WN , Q) ≤ exp

{
−n max

ρ∈[0,1]

[∑
s

Λn(s)[Es(ρ, px)− ρ(1− α)I(x ; y |s = s)]
]}

. (17)

Each of the terms [Es(ρ, px)−ρ(1−α)I(x ; y |s = s)] in (17) is non-negative for ρ small enough (see discussion

of (5.6.28) of [13]). Therefore, the argument of the exponent in (17) is negative and we can upper bound the

error probability by using a second application of the lower bound on decoding time n. Defining

I(Λ) =
∑

s

Λ(s)I(x ; y |s = s), (18)

where the dependence of I(Λ) on px(x) and W (y|x, s) is understood from the context, gives

em,tot(WN , Q) ≤ exp

{
− log M

(1− α)I(Λn)
max

ρ∈[0,1]

[∑
s

Λn(s)[Es(ρ, px)− ρ(1− α)I(x ; y |s = s)]
]}

.

At this point, the analysis looks the same as if the channel states had been generated according to the

distribution ps(s) = Λn(s). Of course, if the state sequence really had been generated according to ps(s),
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then the channel would be ergodic, and block coding would suffice. The bound holds for all empirical state

distributions, some yielding lower error probabilities than others.

The error probability em,tot(WN , Q) is only a function of the type Λn(s), and not of the actual state

sequence. We bound the error probability by maximizing over all state distributions (not necessarily types).

Since the resulting bound holds for all m ∈M, it also holds for the average giving

e(WN , Q) ≤ max
Λ

exp

{
− log M

(1− α)I(Λ)
max

ρ∈[0,1]

[∑
s

Λ(s)[Es(ρ, px)− ρ(1− α)I(x ; y |s = s)]
]}

. (19)

The argument of the exponent is negative and therefore it is monotonically decreasing in M . To guarantee

that we meet some target error probability εmax uniformly over all possible state sequences, we choose the

codebook size |M| = M∗ large enough that

e(WN , Q) ≤ max
Λ

exp

{
− log M∗

(1− α)I(Λ)
max

ρ∈[0,1]

[∑
s

Λ(s)[Es(ρ, px)− ρ(1− α)I(x ; y |s = s)]
]}

< εmax. (20)

We now determine the maximum block length N . The mixture of channels Λ(s) that results in the longest

decoding time is just the channel with the lowest mutual information under px(x), i.e., mins0∈S I(x , y |s = s0).

This is the rate that the compound channel defined by W can support under input distribution px . If

maximized over px , this would be the capacity of the compound channel [6]. With M∗ constrained as

in (20), we must select the maximum code-length N to satisfy

N =

⌈
log M∗

(1− α) mins0∈S I(x ; y |s = s0)

⌉
. (21)

This choice ensures that the message is eventually decoded, regardless of the state sequence. And, by the

choice of M∗ in (20), the probability of error is less than εmax.

4.3 Deterministic coding performance

In this section we specify a deterministic coding strategy. We have thus far bounded the worst-case average

error probability over the ensemble of codes defined by the i.i.d. input distribution px(x). Unlike the case

of a fixed channel, we cannot argue that at least one code in the ensemble has performance equal to the

ensemble average for all state sequences. While one code may be good for a given state sequence it might

not be good for another (and there are exponentially many possible state sequences—|W|N ).

One way to address this issue is to have a set of codebooks and, for each message, to pick a codebook

to use randomly so that the probability of hitting a bad codebook for the realized state sequence is small.

Implementing this choice requires a source of common randomness at encoder and decoder. One approach

is to distribute a random seed with the codebook that informs the encoder and decoder which codebook to

use for each data block. Distributing a seed with the codebook does not work for AVCs. This is because
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the jammer would learn the seed. It would then condition its jamming signal on the codebook in use. One

way to address this problem is to send a prefix code with the seed prior to data transmission (the jammer

is assumed not to actively listen to and adapt to the transmission).

In our context the state selector is not malicious, so the seed could be distributed with the codebook.

However, if a sequence of messages is to be sent, the size of the random seed would have to increase in

proportion to the number of messages. If there is no bound on the number of messages we might use the

code to send, we cannot bound the amount of randomness we would have to distribute a priori. An alternate

approach is to distribute the seeds sequentially, on a per-message basis. We do this in a way that does not

diminish the data communication rate.

We first use a “de-randomization” technique of Ahlswede to show that to get the ensemble performance

over an arbitrarily varying channel one need not randomize over all block-codes in the ensemble. Rather,

one can randomize uniformly over a much smaller set. Setting up the choice of which code to use to transmit

each message will then require much less randomness. Ahlswede’s de-randomization technique is based on

the fact that as long as the ensemble error probability is suitably small, the error performances of the codes

in the ensemble concentrate about the mean. A derivation of his result is given in [6, Lemma 6.8]. We

restate the result here:

Lemma 1 (Ahlswede) Let WN be a finite family of channels and Q a probability distribution on C(f, g).

Then for any εmax and L satisfying

ε > 2 log(1 + e(WN , Q)), L >
2
ε
[log |M|+ log |WN |] (22)

there exist L codes (f [l], g[l]) ∈ C(f, g) for l = 1, . . . , L, such that

1
L

L∑
l=1

em,tot(WN , f [l], g[l]) < ε for all m ∈M, WN ∈ WN , (23)

where em,tot(WN , f [l], g[l]) is defined as em,tot(WN , Q), but now for the particular code specified by f [l] and

g[l], rather than for the ensemble Q.

To use Lemma 1 we first note that e(WN , Q) ≤ εmax by (20). Turning to the number of bits of randomness

that need to be shared between encoder and decoder to choose from the L codebooks, we have

log L > log
2
ε
(log |M|+ N log |W|)

≥ log
2
ε

(
log M∗ +

log M∗ log |W|
(1− α) mins0∈S I(x ; y |s = s0)

)
= γ log log M∗.

where N = log M∗/(1 − α) mins0∈S I(x ; y |s = s0) from (21), and γ is a constant in terms of ε and

mins0∈S I(x ; y |s = s0). This tells us that we need not share more than γ log log M∗ nats between encoder
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Figure 4: Common randomness can be established by using Stambler’s block code to transmit the seed to

the decoder. A randomized variable-length strategy can then be used to make data transmission robust to

channel variations.

and decoder to achieve the random coding results. In other words, there exist exp{γ log log M∗} codebooks

such that if we uniformly choose one of these codebook to use for each transmission, the error probability is

upper bounded by ε for all m ∈M.

The easiest way to establish the required common randomness at encoder and decoder is for the decoder

to generate the random choice on its own. It could then use the noiseless feedback link to communicate

that choice to the encoder. If the feedback channel cannot support this, or we don’t want to use it for this

purpose, we describe an alternative strategy based on prefixing the data transmission with a short message

indicating which codebook to use.

Ahlswede originally developed the type of prefixing strategy we use to show that the average-error

deterministic-coding capacity of an AVC is either zero or it equals the random coding capacity of the channel

(see, e.g. [6, Theorem 6.11, pg. 214]). Applied to our context, the encoder first uses Stambler’s feedback-free

coding scheme to transmit a seed of γ log log M nats to the decoder. The rate of this code is set to be just

below CAVC(W). Since by the assumptions of Theorem 1 this rate is positive, we can successfully commu-

nicate the seed. Furthermore, in terms of the codebook size M , the amount of time it takes to transmit the

common seed scales as

Nseed =
γ log log M

CAVC(W)
.

However, by the decoding rule (14), the time to transmit the data through any mixture of channels scales as

log M . Thus the fraction of time spent sending the seed scales as log log M/ log M , which goes to zero with

increasing M . Therefore, communicating the seed can be made to have a negligible effect on the overall rate,

regardless of the state sequence. Following the prefix, the source transmits the data using the variable-length

coding scheme implemented with the codebook indexed by the transmitted seed. This two-stage strategy is

diagrammed in Figure 4.

4.4 Sparse Check Times

To this point we have assumed that the feedback channel is available after every channel use. We now show

that analogous results hold even when the feedback channel is available only much more rarely. Instead
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Figure 5: Decoding opportunities for a binary input alphabet and codebook size M = 215. In this ex-

ample, the fractional rate decrement per decoding opportunity α = 1/3. The possible realized rates

Rn1 , Rn2 , . . . Rn12 and corresponding decoding opportunities are shown. In both cases the spacing of de-

coding opportunities becomes increasingly sparse as the rate drops, or as M is increased.

of checking the decoding rule (14) after each channel use, we check it only at a sparse set of times. We

enumerate these decoding opportunities in ascending order as n1 < n2 < . . . < nK , where nK = N .

A set of check times that works for any family of channels W and ensures communication efficiency (1−α)

is defined by setting

nk = (1− α)k−1 log M

min{|X |, |Y|}
. (24)

An example of this choice is given in Figure 5. Note that decoding at time n1 will only occur if the set W

includes a noiseless channel. Since many families of channels will not include a noiseless channel the first

check can often be delayed. For the choice of check times (24) we solve for the total number of check times

by substituting the definition for nK = N into (21) and solving for K, which gives

K =

⌈
log min{|X|,|Y|}

mins0∈S I(x;y |s=s0)

log(1− α)

⌉
. (25)

5 Incremental transmission and erasure decoding

In the last section we used a state-dependent stopping time and a ML decoding rule to show reliable

communication can be achieved at a rate close to R(Wn, px). The stopping time n was chosen only as

a function of the state sequence and not as a function of the stochastic behavior of the channel. In this

section we build upon the erasure decoding ideas of Forney [12] to give a paired stopping and decoding rule

that is both state and channel-behavior dependent. The result is an improved error exponent.
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In [12] Forney shows that when feedback is available an error exponent that far exceeds the sphere packing

bound can be achieved if only the average block-length of the code is constrained—as opposed to the fixed

block-length constraint of block coding. The sphere packing bound upper bounds the error exponent of block

coding. It therefore bounds the reliability function of the scheme presented in Section 4 where the block

length is the transmission duration n. To improve the reliability function of our scheme we want to apply

these ideas to our setting.

In [12] the improvement in error exponent is made possible through the use of erasure decoding. In a

nutshell, erasure decoding wraps an algorithm that attempts to detect errors (and asks for a retransmission

if one is detected) around a regular block code. Information is first transmitted using the block code. The

decoder calculates the likelihoods of each codeword. If the ML codeword is not enough more likely than

the rest of the codewords (a threshold parameter controls what is meant by “enough”), instead of decoding

the message, the decoder uses the feedback channel to request a retransmission. Implementing the erasure-

decoding rule requires the communication of a single ACK/NAK bit. The decision not to decode is termed an

erasure because after retransmission the decoder ignores the first block of received data, i.e., the decoder

treats it as erased. In general, the design threshold controls the trade off between the probability of erasure

and the probability of decoding error.

As an example, consider the BEC decoding rule given in (5). If the set of parity equations is not invertible,

then there are at least two codewords that both have (equal) positive conditional probabilities (conditioned

on the observations). In such a case an erasure decoding rule would request a retransmission. In reality, of

course, we would use an incremental-erasure decoding rule that would simple wait for a few more parities to

arrive before again trying to decode. However, as long as the probability of erasure can be made to decrease

to zero as the block length is increased (which can be achieved, e.g., by any positive erasure exponent),

the average number of transmitted blocks converges to one which implies that the average communication

rate approaches that of the underlying block code. Therefore, ignoring previous blocks during (the rare)

retransmissions does not noticeably effect the average rate.

The code structure is nearly the same as specified in Section 3. The only change to the protocol is that

instead of only telling the sender whether to continue transmitting or to stop, the feedback message can also

indicate a request for a retransmission. (These ideas can be combined with the rare check times discussed

in Section 4.4.)

Theorem 2 Let W denote a family of channels indexed by s ∈ S, a finite set, and let px(x) be a distribution

on X such that mins0 I(x ; y |s = s0) > 0, where the mutual information is defined by the joint distribution

px(x)1(s = s0)W (y|x, s). Then, for every 0 < α < 1 and ε′ > 0 there exists a randomized code of size M

such that for all W∞ ∈ W∞
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1. the expected communication rate is bounded as

log M

E [t|s∞]
≥ (1− α)

1 + ε′
R(W t1−1, px)

where t1 is defined as the first time such that log M < (1 − α)
∑t1

i=1 I(x ; y |s = si) with si being the

state of the channel during the ith channel use, R(Wn, px) is defined in (1), and

2. the probability of error is upper bounded by

max
Λ

exp

{
− log M

(1− α)I(Λ)

[
max
β≥1

∑
s

Λ(s)[Es,f (β, px)− β(1− α)I(x ; y |s = s)]− δ

]}

for all δ > 0 where

Es,f (β, px) =
∑

y

∑
x

px(x)W (y|x, s)

[
log W (y|x, s)− log

(∑
x′

px(x′)W (y|x′, s)1/β
)β
]
,

and I(Λ) is defined in (18).

5.1 Bounding the expected decoding time

As in Section 4, the destination’s first potential stopping time is the first n such that log M < (1 −

α)
∑n

i=1 I(x ; y |s = si). At that point, instead of necessarily decoding, the destination tries to detect whether

the channel noise has been atypically large. If it has been, the destination requests a retransmission. When

this occurs, transmission starts anew and the decoder ignores the previous block. Any state sequence s∞

determines a set of possible stopping times t1 < t2 < t3 < . . . These ti are defined as the minimal times such

that log M < (1− α)
∑tk

i=tk−1+1 I(x ; y |s = si) for all k = 1, 2, . . ., where t0 = 0.

The question of when transmission ends depends both on the state sequence (which specifies the ti) and

the channel noise (which determines whether retransmissions occur after each ti). We bound the expected

decoding time E [t|s∞] as

E [t|s∞] = t1 + Pr
[
retrans|st1

1

] (
(t2 − t1) + Pr

[
retrans|st2

t1+1

](
(t3 − t2) + . . . (26)

≤ t1 + ε
(
(t2 − t1) + ε

(
(t3 − t2) + . . . (27)

≤ t1 + ε
(
N + ε

(
N + . . . (28)

= t1 +
ε

1− ε
N. (29)

The expected end-of-transmission time in (26) is parameterized by the state sequence and is defined both in

terms of the state-dependent decoding times t1 < t2 < . . ., and the probability of retransmission following
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each possible decoding time. To get (27) we will show that the probability of retransmission can be upper

bounded by any ε > 0 regardless of the state sequence stk
tk−1+1. In (28) we use the fact that since the

channel is assumed to have a positive worst-case capacity, the duration of each transmission tk − tk−1 < N

were the maximum block length N is bounded as in (21). The definition of t1 tells us that log M ≥

(1− α)
∑t1−1

i=1 I(x ; y |s = si) = (1− α)(t1 − 1)R(W t1−1, px). Using this together with (28) in (29) gives

E [t|s∞] ≤ log M

(1− α)R(W t1−1, px)
+ 1 +

ε

1− ε

log M

(1− α) mins I(x ; y |s = s)

≤ log M

(1− α)R(W t1−1, px)

[
1 +

(1− α) maxs I(x ; y |s = s)
log M

+
ε

1− ε

maxs I(x ; y |s = s)
mins I(x ; y |s = s)

]
, (30)

since R(W t1−1, px) ≤ maxs I(x ; y |s = s). We will show that we can pick ε > 0 as small as desired, so with

log M picked suitably large, the average rate

log M

E [t|s∞]
≥ (1− α)R(W t1−1, px)

1 + ε′
,

where (1 + ε′) is the term within the square brackets in (30), and so ε′ can be made as small as desired.

Our analysis combines a state-dependent erasure decoding analysis for the first decoding time with

a worst-case analysis for the follow-on transmissions. A natural question to ask is why we ignore the

accumulated information of earlier blocks at later decoding times. The answer is that as we will choose

system parameters to make retransmissions exceptionally rare, ignoring that information does not have a

significant impact on the bound on E [t|s∞], and the difficulty of the analysis is eased considerably.

5.2 Bounding the reliability function

We now specify our decoding rule.

Definition 3 For any 0 < α < 1 and θ > 0 the decoding regions {Rn(m)} are defined as follows.

If log M > (1− α)
∑n

i=1 I(x ; y |s = si) then Rn(m) = ∅ for m ∈M and Rn(0) = Yn,

else Rn(m) =
{
y
∣∣∣ W n(y|xm, s)P

m̃ 6=m W n(y|xm̃, s) ≥ exp{nθ}
}

for m ∈M.
(31)

Recall that Rn(0) = {y s.t. y /∈ ∪m∈MRn(m)}.

This is Forney’s decoding rule [12] with the addition of state-dependence. Forney shows that the decoding

regions implied by this rule give the optimal trade off (in a Neyman-Pearson sense) between the probabilities

of error and erasure. When θ > 0 at most one codeword satisfies the rule. Choosing θ negative leads to list

decoding.

Say decoding occurs at time n. We define E1 to be the event that the observation y is not in Rn(m),

where xm is the first n symbols of the transmitted codeword. The probability of this event upper bounds

21



the probability of erasure (i.e., the probability that a retransmission is requested).

Pr[E1|s] =
∑
m

∑
y/∈Rn(m)

Wn(y|xm, s) Pr[xm]. (32)

An error occurs if y ∈ Rn(m) and codeword xm̃ was transmitted where m̃ 6= m. We define this event as

E2, the probability of which is parameterized by the state sequence up to that time:

Pr[E2|s] =
∑
m

∑
y∈Rn(m)

∑
m̃6=m

Wn(y|xm̃, s) Pr[xm̃]. (33)

We now bound Pr[E1|s] and Pr[E2|s] for a random coding ensemble. We can following Forney’s derivation

until the point where we use the memoryless property of the channel. In particular, picking the codewords

in an independent and identically distributed manner, where each symbol of each codeword is selected i.i.d.

from px(x), we get the following bound (see [12] pg. 219) on the average moment generating function h(−γ)

(averaged over the ensemble of codebooks):

hm(−γ|s) ≤ exp{ρnR}
{∑

y

[∑
x

pn
x (x)Wn(y|x, s)1−γ

][∑
x

pn
x (x)Wn(y|x, s)γ/ρ

]ρ}
, 0 ≤ γ ≤ ρ ≤ 1, (34)

where the rate R = log M/n. At the first decoding opportunity, n = t1, at the second, n = t2−t1, at the kth,

n = tk − tk−1. The only modification of Forney’s results thus far is the conditioning on the state sequence.

The moment generating function is related to the probabilities of erasure and error as, respectively,

Pr[E1|s] = exp{nθγ}(1/M)
∑
m

hm(−γ|s), (35)

Pr[E2|s] = exp{nθ(1− γ)}(1/M)
∑
m

hm(−γ|s). (36)

The derivation continues by extending Forney’s analysis to a time-varying channel model where the

number of uses of each of the channels is determined by the empirical distribution of the state sequence. We

use the memoryless property of the channel and the i.i.d. nature of the input distribution to express (34) as

hm(−γ|s) ≤ exp{ρnR}
n∏

i=1

{∑
yi

[∑
xi

px(xi)W (yi|xi, si)1−γ
][∑

xi

px(xi)W (yi|xi, si)γ/ρ
]ρ}

,

= exp{ρnR}
∏
s∈S

∏
i s.t. si=s

{∑
yi

[∑
xi

px(xi)W (yi|xi, si)1−γ
][∑

xi

px(xi)W (yi|xi, si)γ/ρ
]ρ}

,

= exp{ρnR}
∏
s∈S

{∑
y

[∑
x

px(x)W (y|x, s)1−γ
][∑

x

px(xi)W (y|x, s)γ/ρ
]ρ}nΛn(s)

,

= exp{ρnR} exp
{
− n

∑
s

Λn(s)Es(γ, ρ, px)
}

. (37)

As before Λn(s) is the fraction of the n symbols observed across channel W (y|x, s), and

Es(γ, ρ, px) = − log
∑

y

[∑
x

px(x)W (y|x, s)1−γ
][∑

x

px(x)W (y|x, s)γ/ρ
]ρ

.
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Substituting (37) into (35) and (36) gives

Pr[E1|s] ≤ exp
{
− n

(∑
s

Λn(s)Es(γ, ρ, px)− ρR− γθ
)}

, (38)

Pr[E2|s] ≤ exp
{
− n

(∑
s

Λn(s)Es(γ, ρ, px)− ρR + (1− γ)θ
)}

= Pr[E1|s] exp{−nθ}. (39)

The right-hand-side of (39) indicates that as θ is selected larger, the probability of error Pr[E2|s] becomes

exponentially smaller than the probability of erasure Pr[E1|s]. The tightest bounds are derived by maximizing

the exponents over 0 ≤ γ ≤ ρ ≤ 1, giving the erasure and error exponents:

Eera(R, θ,Λ, px) = max
0≤γ≤ρ≤1

∑
s

Λ(s)Es(γ, ρ, px)− ρR− γθ

Eerr(R, θ,Λ, px) = max
0≤γ≤ρ≤1

∑
s

Λ(s)Es(γ, ρ, px)− ρR + (1− γ)θ.

We solve for θ and express the error exponent in terms of the erasure exponent:

Eerr(R, θ,Λ, px) = max
0≤γ≤ρ≤1

1
γ

∑
s

Λ(s)Es(γ, ρ, px)−
ρ

γ
R− 1− γ

γ
Eera(R, θ,Λ, px).

As the erasure exponent Eera(R, θ,Λ, px) approaches zero, the maximum error exponent Eerr(R, θ,Λ, px) is

achieved for a fixed R by letting γ and ρ both go to zero at the constant ratio β = ρ/γ ≥ 1. Since both γ

and Es(γ, ρ, px) are going to zero, L’Hôpital’s rule gives the resulting function Es,f (β, px) for each channel

individually (see [12], pg. 213):

Es,f (β, px) = lim
β→0

1
γ

Es(γ, ρ, px)

=
∑

y

∑
x

px(x)W (y|x, s)

[
log W (y|x, s)− log

(∑
x′

p(x′)W (y|x′, s)1/β
)β
]
. (40)

The same derivation holds in the current context except that now the maximization over β must take into

account the empirical state distribution as

Ef (R,Λ, px) = max
β≥1

∑
s

Λ(s)Es,f (β, px)− βR, (41)

By the decoding rule the decoding rate at the first decoding opportunity t1 is bounded as R = log M/n >

(1− α)R(W t1−1, px) = (1− α)I(Λt1−1). For any state distribution Λ(s) and any δ > 0 we choose θ = θΛ as

a function of Λ(s) to get

Eerr((1− α)I(Λ), θΛ,Λ, px) = Ef ((1− α)I(Λ),Λ, px)− δ,

which gives

Eera((1− α)I(Λ), θΛ,Λ, px) > 0.
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To ensure that retransmissions are sufficiently rare we choose the codebook to be large enough. To

determine this choice we maximize the probability of E1 over all state distributions and choose M > M∗

where M∗ is large enough that for any ε > 0,

Pr[E1] ≤ max
Λ

exp
{
− log M∗

(1− α)I(Λ)
Eera((1− α)I(Λ), θΛ,Λ, px)

}
< ε. (42)

We use (42) to bound the probability of retransmission in (27), giving a bound on the expected decoding

time. This leads to the bound on the average rate of communication.

The error probability is upper bounded by

Pr[E2] ≤ max
Λ

exp
{
− log M∗

(1− α)I(Λ)
[Ef ((1− α)I(Λ),Λ, px)− δ]

}
(43)

for any state sequence, thereby proving Theorem 2. The smallest error exponent is bounded by

min
Λ

Ef ((1− α)I(Λ),Λ, px).

5.3 Discussion

The improvement in the reliability function (error exponent) of erasure decoding as compared ML decoding

can be seen by examining (41). In particular, consider the slope of the reliability function as we let α → 0.

This limit corresponds to R approaching
∑

s Λ(s)I(x ; y |s = s). In this limit the exponent Ef (R,Λ, px)

approaches zero at slope at least −1 (since β ≥ 1). This is a huge improvement over the behavior of ML

decoding. For the ML decoding rule presented in Section 4 the slope of the reliability function as α → 0

would generally be zero.

The larger error exponent impacts the choice of M . If have a target probability of error that we want to

achieve, and the choice of M∗ specified by (42) isn’t large enough to get (43) to meet that target, we can

increase M further until it does. Since the error exponent of the erasure-decoding scheme is much larger

than that of ML decoding, a much smaller codebook size M will be required to meet the target.

We emphasize that in this paper feedback is used in a very limited ways. In both this section and in

Section 4 we use feedback to implement variable-length coding. The initial objective is to adjust the rate

of communication to adapt to the non-ergodic nature of the channel. The result is a state-dependent rate

function and an arbitrarily small probability of decoding error. However, the ML decoding rule of Section 4

does not take into account the stochastic behavior of the channel. Its error probability is determined by the

likelihood that the channel behaves atypically. Therefore, as a secondary objective, in this section we further

use the feedback to improve upon the reliability function of the ML scheme. By using erasure decoding in

the place of ML, the code can often detect atypical channel behavior and avoid decoding at those times.

Instead it requests a retransmission. The result is a coding strategy with a much higher reliability function.
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6 Conclusions

In this paper we show that rateless codes find a natural application in achieving reliable and efficient com-

munication over a non-ergodic channel. We examined the special case of systems with receiver channel state

information. We specified two decoding rules: one based on ML decoding and one that gave an improved

reliability function by using erasure decoding in the place of ML.

An extension of this work that we are now pursuing is to channels without decoder CSI. As discussed in

Section 2, to make this extension we combine decoders appropriate for AVCs without CSI with variable-length

decoding rules.

In this paper we use variable-length transmission to implement variable-rate communication. When the

channel state information is arbitrary and known non-causally by the transmitter, but not by the receiver,

variable-rate transmission can be implemented with a fixed block length. This problem is closely related to

the arbitrarily varying version of the Gel’fand-Pinsker problem [14] as studied in [2] by Ahlswede. As long as

the worst-case capacity is positive, the encoder can signal to the decoder its observed state type. It can then

follow up with a codebook whose rate depends on the type of the state sequence. As in [2], the decoding

rule would also be tuned to the type of the state sequence.
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