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Gallager Codes for CDMA Applications—Part I:
Generalizations, Constructions, and
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Abstract—We focus on applications of low-rate Gallager “good,” i.e., with maximum-likelihood decoding they achieve
(low-density parity-check) codes in code-division multiple-access arbitrarily small probability of error for rates bounded away
schemes. The codes that we present here achieve good performanc?rom zero. Gallager also proposed a simple yet effective itera-

with relatively short frame-lengths in additive white Gaussian tive d di d for th d E | f cod
noise channels and, perhaps more importantly, in fading channels. Ivé decoding procedure for these codes. For a class of codes

These codes can be decoded with low complexity by using iterative t0 be not just “good” but “very good,” it is required that the
decoding procedures. We present a construction that yields good class contains codes that achieve arbitrarily small probability of

short frame-length Gallager codes. Bounds on the frame-error error for all rates up to channel capacity. Gallager [10] showed
probability for a maximum-likelihood decoder are obtained. that if the row weight of the parity-check matrix for a family of
Index Terms—CDMA, iterative decoding, low-density low-density parity-check codes is fixed, then such codes cannot
parity-check codes. be “very good.”
Zyablov and Pinsker [11] analyzed the error-correcting capa-
I. INTRODUCTION b?lities of Ga_illager ches and also proposed_a simple “bit-flip-
- ) ping” decoding algorithm. MacKay and Neal independently re-
T HE PARADIGM shift in coding theory toward subop-giscovered Gallager codes [12], [13] and proved that Gallager
timal yet effective decoding procedures for powerfubodes are “very good” for a variety of communications chan-
random-like codes, e.g., turbo codes [1], [2], has led to practiGgl|s Extensive simulation results [13] show that Gallager codes
engineering advances. Turbo codes were shown to perfogglpled with iterative decoding achieve excellent performance
very close to the Shannon capacity of a Gaussian chanf§! Gaussian channels.
with an iterative turbo-decoding algorithm [3], and recently |terative decoding is perhaps best understood as decoding on
[4], highly optimized irregular low-density parity-check codeg graph that reflects the code’s structure [8], [14]-[20]. For ex-
have peen shown to come even closer to the Gaussiap.char&rﬁ%e, aTanner graph14] describes the check structure of a
capacity than turbo codes. Remarkably, both families @hde and plays a special role in iterative decoding algorithms.
codes are decoded using the same algorithmstime-product certain instances of iterative decoding have been known for
algorithm. (The sum-product algorithm is also known as thgome time in the artificial intelligence community@ebability
“forward/backward” [5] or “BCJR” [6] and is also related to th ropagation[16] in certain graphical models (see also [8] and
Baum—Welch [7] algorithm. See [8] for a tutorial treatment, 1)).
The excellent performance obtained with a practical decodingpowerful low-rate error-correcting codes that can be decoded
algorithm have made turbo codes extremely attractive in appjith a relatively low complexity are of special interest in
cations, and various integrated circuit solutions have alreagyge-division multiple-access (CDMA) applications. Viterbi's
appeared, e.g., [9], or are in development. classic paper [22] showed that the use of powerful error
Interestingly, the idea of combining long random codegorrecting codes may significantly increase the capacity of a
with an iterative decoding algorithm was already present gipMA system. Developments following similar lines appeared
Gallager’s pioneering work [10], in which he described ang [23]-[25].
analyzed a class of random linear codes characterized by sparsg thjs two-part paper, we present a family of low-rate, short-
parity-check matrices. Gallager showed that these codes gfne Gallager codes that have good performance both in ad-
ditive white Gaussian noise (AWGN) channels and Rayleigh
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distance properties of the constructed subfamilies of Gallagéne such subclass lisw-density parity-checkodes. A typical
codes. Bounds on the frame-error probability for a maximunparity-check matrix for a binary low-density parity-check code
likelihood decoder are derived in Section V. Finally, we preseist a very sparse matrix, i.e., a matrix with a very low density
a discussion of the main results in Section VI. of nonzero matrix elements. This sparsity is precisely the
In Part Il, we focus attention on codes with parameters comproperty that makes effective and fast decoding of these codes
patible with the 1S-95 cellular radio standard. We discuss loyossible.
complexity software and hardware decoder implementation is-One can further restrict the ensemble of linear codes by im-
sues. We also present simulation results for AWGN and fulpyosing certain “uniformity” constraints off, such as the row
interleaved Rayleigh fading channels with and without chann&hd column properties({V, j, ¥} codes). These are the codes
state information (CSI). We use the simulation results for a sirstudied by Gallager [10]. Most codes that we consider have only
plified analysis of the capacity of a single CDMA cell. the row property {N, —, k} codes), which one can view as a
certain generalization of the codes studied by Gallager, though
we still shall refer to them aSallager codesDepending on the
II. NOTATIONS AND DEFINITIONS particular procedure by whicH is generated, it is possible to
consider subfamilies of Gallager codes. We refer the reader to
LetC be abinary lineafN, K, D) code, i.e., a code of block [10] and [13] where several explicit constructions for Gallager
length N, dimensionk’, and minimum Hamming distand®. codes are given and analyzed.

LetM = N — K, thenC has anM x N parity-check matrix{, In this paper, we restrict ourselves to low-rate, relatively
and every codeword € C satisfies the parity-check equatiorshort-frame Gallager codes for compatibility with typical
c-HY =0. CDMA cellular radio applications. In particular, if the data rate

Suppose a parity-check matred for a codeC exists with is 9600 bits/s and the (traffic) frame duration is 20 ms (as in
the property thatd has some fixed number € Z* of ones 1S-95), then the frame contains 192 bits of data. We assume
[that lie in the Galois field7£(2)] in each column (which we this data frame length as a “target” frame length throughout the
shall callthe column properfyand some fixed numbér € Z+  paper. We may note that 1S-95 stipulates that these data bits
of ones in each rowtlje row property. We then call cod€ are encoded with a rate-1/2 convolutional code to produce the
an{N., j, k} linear code [10]. If ani for C exists with either modulation symbol stream at the rate of 1&2.0* symbols/s
the row property or the column property, then we denote sugthis modulation symbol rate is kept constant across different
codesag.N, —, k}or{N, j, —} codes, respectively, where therate sets in 1S-95).

“blank” is used instead of the corresponding parameter. Simi-
larly, if the code’s minimum distance is unknown (or is not im-
portant), we may denote such code ag Ah K, —) code.

Note that the parameteysand k in the notation{ NV, j, k} [Il. CONSTRUCTIONS FORGALLAGER CODES
characterize a particular parity-check matrix fbrAn equiva-
lent parity-check matrix for the same code does not need to preWe considered various constructions for low-rate Gallager
serve them. The notatiofV, j, k} rather describes the struc-codes, some of which have been investigated previously in [10]
ture of a particular parity-check matrix fGr. and [13].

Example. (7,4,3) Hamming CodéThis is the Hamming code  Gallager describes [10] a construction {a¥, j, k} codes in
with parametersN = 7, K =4, D = 3). One possible parity- which a parity-check matrix consists pblocks with/V/k rows
check matrix is given by in each block, and furthermore, each column in a block having

exactly one nonzero element. This construction can be further

1001 011 modified [10, p. 91] so that the parity-check matrix contains no
H=|01 01 1 10 short cycles. (A cycle itH is a sequence of distinct row-column
0 01 0111 indices(ry, c1), (r2, c2), ..., (rn, c), n €ven, withr; = ro,

co = c3, 73 = 14, €tC., and:, = ¢;, and for each indeg;, ¢;),
Note that H also qualifies as a parity-check matrix for a&he corresponding entry i is nonzero.)

{7, —, 4} code. Initially in [10], the existence of such cycles i prevented
Historically, most studied linear codes have certain “struthe exact error-probability analysis of the iterative decoding
ture,” such as the above (7,4,3) Hamming code. However, soprecedure, and the shorter the cycles are, the sooner the exact
results about ensembles of linear codes are also available. @nelysis breaks down. Hence, an effort was made [10, p. 91]
can obtain aandomlinear code ifH is generated randomly to eliminate them. However, the existence of a relatively small
(with possible constraints). It is known that there exist longumber of short cycles does not appear to be too damaging for

random linear codes that achieve capacity for many commuiterative decoding [13].

cations channels [26], [27]. In our search for good low-rate error-correcting codes, we
Inpractice, however, oneisalso concerned with the complexitywestigated the following constructions.

of the decoding algorithm. An arbitrary random linear code Construction 1:(This construction is similar to the one

may have decoding complexity that is too high for mostonsidered by MacKay [13].) We generatddl randomly,

practical purposes, hence, one can consider a subclass of livgign column Hamming weight 3, and with row Hamming

codes for which effective decoding algorithms can be devisesleight as uniform as possible. The following is an example
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of a parity-check matrix generated by this construction [witNow ¢ — 1 blocks of the parity-check matri¥f are formed
parameterss, 2, —), {8, 3, 4}]: by a random permutation of the columns of the top block. Let
s = M mod N/k. The bottom part of the matrik is formed
by permuting the columns of the firstrows of H.1
The values ofA/ and NV in Construction 2 were restricted
S0 as to be compatible with the desired code paramekers (
192 and the code rat&® = 1/8). This restriction causes the
bottom part ofH to contain fewer rows than the top part. The
ramifications of this fact turn out to be very important for the
code performance. We will further discuss this issue later in this
We found that the performance of rate-1/2 and rate-1/4 codzggtion.
of relatively short block lengths of 512 bits obtained by this con- We compared the performances of Constructions 1A and 2.
struction is similar to that reported in [10] and [13]. If the blockn these constructions, the code ratesnd information block
length is decreased to 384 bits (to achieve an 1S-95 compatitstegthsK were assumed to be 1/8 and 192 bits, respectively. It
K = 192, rate-1/2 code), we observed a deterioration in th& worth noting that Construction 2 produces parity-check ma-
code’s performance. Hence, our search did not yield codes witiges whose columns contain either 2 or 3 ones. (To be exact, for
desired characteristics using this construction. codes with parametef® = 1344, N = 1536, andk = 3, the
Construction 1A: We modified Construction 1 so that no twoparity-check matrix will contain 960 weight-3 columns and 576
columns have an overlap greater than 1, thereby eliminating ayeight-2 columns.) In this, Construction 2 differs (as it turns
cles of length 4 inH. The process of short cycle breaking iut, significantly) from both Constructions 1 and 1A. The per-
shown below. Elements enclosed in the boxes in the top matiptmance improvement that Construction 2 yields is shown in
are the corners of a cycle. Fig. 1.
Originally, we arrived at Construction 2 in an attempt to re-

OO R O
= O = OO
== =0 OO
[=a el el
O O O
SO = == O
O == OO
O O kO

1 0 0 11010 duce the possibility of linear dependencies among rows bl
0 0 0 1 1 1 01 introducing the top block off in a systematic-like form. Since
1 1 0 0 0 1 0 1 the codes that we consider are low rate, parity check matrices for
1 0 1 00 1 10 these codes are almost square (and sparse). We generated parity
check matrices randomly, so we argued that, as the number of
0 10010 rows in H increases in order to achieve the desired low code
0 010 0 1 rate, it is more and more likely that any new rows that are being
added toH are linear combinations of rows already present in
1 H, and hence, the effective code rate is greater than the target
T o 0 110 10 rate. It is p055|_ble, of course,_but r_lot easy to verify if all rows in
H are linearly independent since it requires the rank determina-
0 0 1 1 0 1 tion of H.
11 0 001 0 1 Hovyevgr, the real reason 'for the good perfqrmance of the
10 L 00110 combination Constructlon 2—|terat|ye decoder, lies (though we
cannot prove this at the moment) in the “weak” parity-check
0 0 1 00 1 0 structure of the code,i.e., each column oH contains either
two or three nonzero elements (we will say later [Part 1] that
0 0 1 0 01 1) each “site” is connected to two or three checks).

An example of the parity-check matriéd obtained by this
Note that in the matrix in (1), weannotbreak all short cycles construction (withV =9 andM = 7) is shown below.

because the density of the matrix is high; however, breaking all
such cycles is possible for low-density matrices. We obtained a 111000000
slight improvement in performance=0.5 dB) compared with 0o o1 11000
Construction 1 for all code rates (1/2, 1/4, and 1/8) but rate-1/8 000000111
codes (that, we hoped, could work fiar = 192) were still poor. 00 1001100
After considerable experimental work, we discovered a con- 10001000 1
struction similar to that in [10, Fig. 2.1], which we shall call 0101000710
Construction 2.
Construction 2: Let £ = 3 be a divisor of V. The first row 1001 1 0 00O
of the parity-check matriX/ containsk ones in the firsk posi- )

tions and zeros in all other positions. Each of the d‘éﬂf -1 INote that Construction 2 may be derived from the construction by Gallager
rows is obtained by cyclic shifting of the immediately precedinfgr {. j, k} codes [10] by deleting some rows &f.

row byk positions to the right until columi contains a one. 2MacKay has experimented extensively with similar parity-check matrices
’ for Gallager codes [13]. Most recently, analysis and optimizations for irregular

These rIOWS form theop part of the parity-check matrik. The low-density parity-check codes with sum—product decoding have appeared in
dimensions of the top part & areN/kx N.Lett = |kM/N|. [4]and [28].
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FER

1 1.5 2 2.5 3 35 4 45 5 55
Eb/No (dB)

Fig. 1. Performance comparison of Constructions 1A and 2 for rate-1/8, block length 1536 Gallager codes. Construction 1A (dashed line). ICRiistiicttio
line). Both curves are simulation results obtained by using the iterative sum—product decoding algorithm.

Note that in some instances the required block ledgtimay Gallager codes (for the remainder of this paper, whenever we
not be a multiple of:. We bypass this difficulty by generatingrefer to the{ N, —, 3} ensemble of codes, we will assume that
H with a slightly greater number of columns that is a multipléhey are produced by Construction 2) can also be bounded by

of k& and then simply deleting extra columnskh (3) since these blocks have a structure identical uith 7, 3}
Gallager codes. The proof of Gallager [10, p. 13] of the above
IV. {N, —, 3} GALLAGER CODES MINIMUM HAMMING proposition can be appliethutatis mutandigo compute the
DISTANCE AND USEFUL BOUNDS number of sequences with certain Hamming weight that are or-

In this section, we analyze distance properties of rate-lt pgonal to the bottom block afl — R)N — 2N/k checks in
' y prop n{N, —, 3} code, thereby yielding the following result.

Gallager codes obtained by Construction 2. As before, we par- .

tition the parity-check matrix{ for the Construction 2 into nuFrr?l;:r]r\?ln(clj)o 'gf 2'2;5 eorf(l: e_s if)jv\; ei_g%i\lfﬂ/ g np?jr\l;t’y-ffwgikcs&t;;e

three blocks, where the upper two blocks #f have dimen- that satisfies the parity-checks is bounded by

sion N/k x N each, and the bottom block df has dimen-

sions[(1 — R)N — 2N/k] x N. Gallager [10, p. 13] derived N,

the following bound on the number of sequences with a giv {f“ (3)}

Hamming distance that are orthogonal to each block dbr

an{N, j, k} code. — RN[u(s)+ (k—1) In 2]+ 77(3)} (6)
For each code in aq XV, j, k} ensemble, the numbé¥, ()

of sequences of weighthat satisfies any block a¥/k parity-  wheres, u(s), ¢ (s) are the same as in (4) and (&)= 3 and
checks is bounded by

< 2 exp {%[u(s) +(k—=2)1In 2 — sp'(s)]

N N n(s)=In[(1+ RN (1 - es)kRN] . @
Yo < i _ _ I
M { s (3)} =GP () + (k= 1) In 2 = sp(s)] (3) The probability that a randomly chosen weidhtequence
h of length V satisfies either one of the top complete blocks or
where

the last incomplete block of parity-checks¥s (1)/ (%)), where
N (1) is bounded by either (3) (denotelit’, wherec stands for

o —k s\ k _ 8Y\k \
nls) = iln 2@+ e+ (A=) ) completg or (6) (denote itV;, where: stands foincompletg.
W(s) = #(s) (5) Since the random permutations used to generate the second and
ds third blocks ofH are independent of each other, we can write

ands is an arbitrary real parameter. 3
The number of sequences of a certain Hamming weight that P(l) = [Nf(l)]Q[Nli(l)] <N>
are orthogonal to the top two blocks &f for the {N, —, 3} l
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for the probability that a randomly chosen binaWtuple of
weight! satisfiesall of the parity checks. Then, we obtain the o¥
following result.

Overthe ensemble ¢V, —, 3} codes obtained by Construc-
tion 2, the aveage? number of codewords of (eve€nhweight!
is given by

-0.02

I-0.04f
N —2 ) ] m
M- (7)) mrorwion ®
The Stirling approximation gives the following bound on

(2 [29, p. 530]: ~0.08y
[ZWNA(l—A)]fl/QeXp NH()) — ; < N =015 o§1 oiz oés 054 0.5
12NA(1-)) NA : I ’ '

)

Fig. 2. (a) FunctionB(\) obtained by direct enumeration of sequences

where. is l/N andH()\) is the natural entropy function [expressions (12) and (13)] and (b) functidh (A) obtained by bounding
: techniques of expressions (3) and (6).

From (8) and (9), we can derive the following bound on the

number of weight sequences in aphV, —, 3} code: 2 ; : , !
m S C()\7 N) exp[_NB()\)] (10) 1.8F ,,,,,,,,, ............... e ................

where j : ; 1
NY=Z[27NX1— - - : S

C(\, N) 2[ T NA(1 — A)] exp N A=) 21.2 : ; ,: |
B(\) =2H(\) — (1 — R)u(s) P | | | ‘ l

and\ = [/N. ; : ‘.

One can obtain useful bounds on certain code parameters %47 L =y
from the behavior of the functioB®(\). In particular, suppose Q2 e T
B()\) has a zero crossing at= g, and suppose fok < Aq, 0 ; i ; i
B()\) > 0. Then, assuming that the bound (10) is tight/V 0 0-1 0z . 03 0.4 05

is the typical minimum distance of the ensemble &f, —, £}

codes, since for large enougdh the probability that a code con-Fig. 3. ExponentB:(A) in the upper bound on the average number of
tains a nonzero codeword of weight less thgiV tends to zero, c°dewords of Hamming weiglitin an{ N, —. 3} code.

Later in this section, using the special structuréiothat arises

whenk = 3, we derive a “tighter” functionB(\) by enumer- ) o . ;
ating the sequences orthogonalHodirectly. and a graph oB3(\) is shown in Fig. 3. Sinc@, () is always

In (7), 7(s) is dependent oV. We can remove the depen_positive, the contribution froraxp[— N Bo(A)] to the bound on

dence by splitting the bound (10) into two parts and observir{g(l) in (11) can be neglected for largeé.

that only one part gives a significant contribution to the bound. It can be seen from Fig. 2 [curye (b)] that functiﬂﬂ()_\).as-
Let us introduce the following functions: sumes negative values in the neighborhood of the origin. How-
' ever, for largeV, an averagd N, —, 3} code does not contain
ni(s) =3R1In[l + exp(s)] very low weight codewords. To show this, we shall obtain a

m2(s) = 3R In[1 — exp(s)] tighter bound onV(!) compared with (10). For relatively small

_ values of N (such asV = 1536), it is possible to compute the
Bi(A) =2H(A) = (1-Ru(s) = 20-R) In 243X —m  mperof sequences that are orthogonal to the parity-check ma-

A graph of the functionB; () is shown in Fig. 2 [curve (b)],

and trix H by using combinatorial techniques.

By(A) =2H(A) — (1—=R)u(s) — 2(1—R) In 2+ 3As — 7. Again, we consider the top two complete blocks and the last
incomplete block ofH separately.

Then Theorem 1: The numberV{ (1) of sequences of even weight

5 [ < 2N/3that satisfy all the parity checks in any complete block
N(D) < O N{exp[-NB(V)] +exp[-NB:(W]}. (1) /3/parity CheCE’S oy YEOMP

3We count the number of occurrences of codewords of given weight in a code N/3

from the ensemble, and then average the number over all codes in the ensemble. Nf(l) - 31/2 < / ) . (12)
4Note that in Construction 2, the all-one codeword is in the code du@) to 1/2

and can be generated by summing up the rows of the top blogk.dfence, .

any codeword irC has to have an even weight to be orthogonal to the all-one Proof: Because of the structure of top block, every word

codeword. of even weight! that satisfies the top block can be obtained
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by taking an arbitrary binaryv /3-tuple v with weight!/2, re- We computed (14) foN = 1536 using Mathematica [30]. In

placing each zero component with the sequence 000 and eaddter to relate this approach to previous results, we introduced

nonzero component with one of the sequerd@dd, 101, 110}. the functionB(A) which is now defined as

E.ac_h dlstm.ct/ gives rise to 82 words, and since there a(N/Qg) BO\) = —1/N In N

distinct weight?/2, N/3-tuplesv, a total of N{ (1) = 3¥/2(}73) o

sequences satisfy the parity checks in the top block. The othiereN () is given by (14) (and sV (1) = exp[-NB(N))).

blocks are obtained by applying a permutatiorto the top ~ The graph ofB()) is shown in Fig. 2 [curve (a)]. As we

block; hence, there is a one-to-one correspondence Wia- observe from Fig. 2, the functioB(}) is indeed positive in

tween words that satisfy the top block and words that satis#je neighborhood of the origin. The large discrepancy in the

any other complete block. m heighborhood of the origin (and almost identical values as one
Theorem 2: Let s be the number of rows in the last, incomimoves away from the origin) between the boundiyriA) and

plete block of the parity-check matrik, s > 0. Then, the its tighter counterpart is due to the fact that approximations in-

number Ni(1) of sequences of even weight< N — s that troduced by applying the Chernoff bound in (3) and (6) tend
satisfy the incomplete block of parity-checks is to be close to the exact values for sequences of large Hamming

) weight but diverge apart for sequences of low Hamming weight.
min[l/2, 5] . . . )
i s\ (N —3s It is also interesting to compare the average number of code
Ni(l) = Z 3 <L> < 1—2 ) 13) \words of weight for the codes obtained by Construction 2 and a
i=max(0, (I—{N—3s})/2] random code with the same parametdts< 1/8, N = 1536).
B We computed the number of sequences for the former class of
Proof: Without loss of generality, any word that satisfiegodes by using expressions (12)—(14), and used [10, eq. (2.1)]
the last (incomplete) block hals components constrained byto compute the expected number of weiglsequences in the
parity-check equations anél — 3s unconstrained components Jatter code. The result is shown in Fig. 4.
By arguments identical to those used in the proof of Theorem 1,As one can observe from the figure, the minimum distance
there are3’(}) ways to choose the constrained components for typical codes obtained by Construction 2 is about half of the
have weight2i; these can be combined freely with the uncominimum distance for a random linear code with the same pa-
strained components. A word of weighis obtained if the un- rameters. This is the price one has to pay for the availability of
constrained component has wei¢ht2i, which can be achieved |ow-complexity decoding algorithms for the low-density Gal-
in (7%) ways. lager codes. (Compare this with the observation of Gallager in
If lis greater thadV — 3s, then the first term in (13) accounts[10, Fig. 2.4]. The figure shows the minimum distance ratios for
for a sequence that has all ones in the “free” part plus additiorfelv typical {V, j, ¥} codes and the random code.)
ones in the parity-checked part. Hence, the lower limit of the
sum in (13) ismax|0, (I — {N — 3s})/2]. On the other hand, V. AVERAGE PROBABILITY OF MAXIMUM -LIKELIHOOD
the weight of the parity-checked part cannot excedince if DECODING ERROR
© = s, all parity-checks are filled. Hence, the upper limit of the

sum in (13) isminf/2, s]. In total, there are In this section, we derive upper bounds on the average (over

the ensemble of codes) probability of maximum-likelihood de-

‘ min[l/2, s] /s\ [N — 3s coding error for short framéN, —, 3} Gallager codes.

Ni() = Z 3”< ) < [ — 9 ) One of the most used techniques for obtaining an upper bound
i=max[0, (I— (N—3s})/2] T on the error probability is by using the union bound [31], [32].
words of weightl < N — s that satisfy the last incommeteGallggerderived in [10] bounds onthe error_propabilitythat may
block. m De tighter than the union bound, but require simultaneous op-
timization of several independent parameters. Generally, these
bounds are not easily applicable in the analysi§ &t —, 3}
Gallager codes.

P = N.u(l) /<N> Let us consider a Gaussian noise channel with the noise vari-

l ancec? and=1 antipodal signaling. If the Hamming distance

whereN, (1) is given by either (12) or (13). Since random perI_J_etween two code sequenced ishen _the square_zd Euclidean
mutations used to obtain the second and third blockd aire  distance between these sequencesl.id-or any linear block

chosen independently, the number of codewords of even weiGREe: the block-error probability is bounded by

t

The probability that a random sequence of weighkt /25
and length/V satisfies any of the blocks df is

I < N/2inan{N, —, 3} code, averaged over the ensemble of 1 XN
{N, —, 3} codes, is P. < 3 N() erfc (\/1/202)
N _92 ‘ I=dmin
No = () wrorviol (14) where
. 2 o
whereN{ (1) and N (l) are given by (12) and (13). erfc(x) = ﬁ/ e Y dy

5In the bounds that follow, most significant contributions come from IoweN Iis th b f cod f itihi is th
weight codewords, so we restrict our computations to codewords of weight <Y (1) 1S the number of code sequences of weight,..; is the

N/2. code minimum Hamming distance, andis the block length.
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Fig. 4. Expected number of weighsequences in: (a) a code obtained by Construction 2 and (b) a random linear code. Both curves are for rate-1/8, block length
N = 1536 codes. Horizontal axis: normalized sequence welght I/ N. Vertical axis:log,, (N (1)) (refer to (14) in the text). Note that both curves are shown
as zeros if the computed number of sequences does not exceed 1.

Now averaging over all codes inthéV, —, 3} ensemble, we and an iterative decoder that attempts to trace the good max-

obtain the following expression: imume-likelihood performance of the code. Hence, our analysis
N of {NV, —, 3} Gallager codes shows that the “underlying” codes
5 1 have good maximum-likelihood performance, and in Part I, we
P. < =Y N(Qerfe (\/1/20? 15 9 P ' ’
T2 ; (Der ( /20 ) (15) will observe their good performance using iterative decoding.

whereN (1) is the average number of codewords of weibint
the ensemble of N, —, 3} codes.

The graph of the bound on the average-error probability isIn this paper, we studied short frame Gallager codes that
shown in Fig. 5 (forV (1) we used the exact estimates obtainecould be used as error-correcting codes for digital speech trans-
in Theorems 1 and 2 anbl, /Ny = 1/(2Ro?)). mission in CDMA systems. A major feature that distinguishes

The upper bound on the block-error probability for Gallagghe proposed scheme from similar applications of error-control
codes in Fig. 5 has two distinct types of behavior. Two differesbding in CDMA systems is the use of a suboptimal, yet highly
exponents apparently dominate the behavior of the upper bowgifictive iterative decoding algorithm. In this paper, we studied
for low and medium-to-high signal-to-noise ratios (SNRs). Theome of the theoretical properties of short frame Gallager
two factors that determine these two types of behavior are tbedes. In Part Il, we will investigate the actual performance of
nearest neighbor multiplicity and the minimum Hamming digterative decoders for this class of Gallager codes.
tance. From the upper bound in Fig. 5, we may conclude thatWe discovered a class of low-rate Gallager codes, namely,
{N, —, 3} Gallager codes have low average nearest neighbdr36, —, 3} codes, that, as we will see in Part II, exhibit strong
multiplicity, and hence, we observe a sharp dropoff in the framperformance in AWGN and fading channels for short frame-
error rate for lower SNR. As the SNR increases, the minimulangths. This class of low-rate Gallager codes maintains ex-
Hamming distance becomes the dominant factor, and we aellent performance even for short user data frames (192 bits),
serve that the bound becomes less steep since the typical maimd hence, the delays associated with encoding and decoding of
imum Hamming distance fof V, —, 3} codes is not particu- these codes are consistent with data delays in CDMA systems
larly good compared with the random code. used for digital speech transmission.

It is interesting to observe that in actual simulations for Gal- We have attempted to correct the impression that one might
lager codes (Part Il), the block-error rate exhibits a type of bebtain from [10] and [13] that only long frame-length Gallager
havior similar to the theoretical findings, albeit the error rateodes may be of interest. In this paper, we attempted to show
are greater due to the suboptimal character of the iterative deat short-frame Gallager codes may indeed be a focus of prac-
coder. One could think of high performance iterative decodirtigal interest when one considers the entire range of factors in-
as consisting of two essential parts: a good underlying codelved in the realization of an error-correcting scheme, such

VI. CONCLUSIONS
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Fig. 5. Upper bound on the maximume-likelihood block error rate versus SNRIfi#6, —, 3} Gallager codes.

as encoding/decoding delays, implementation complexity, and9]
error-correcting capabilities.

We investigated the distance properties of the ensemble &0]
{N, —, 3} Gallager codes and computed average upper boundsi]
on the number of codewords with a certain Hamming weight
in this ensemble. We applied these bounds in derivations of av-
erage upper bounds on the frame error rates for a maximunt2]
likelihood decoder and showed that the resulting error proba-
bility bounds are small enough so that one could expect gooﬂ3]
performance for these codes even with suboptimal decoding
schemes. This is shown in Part Il where simulation results foF4]
iterative decoding of NV, —, 3} Gallager codes are presented. [15]
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