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Gallager Codes for CDMA Applications—Part II:
Implementations, Complexity, and System Capacity
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Abstract—We focus our attention on Gallager codes with ~ We will argue that the{1536,—,3}, rate 1/8 Gallager
parameters compatible with the 1S-95 cellular radio standard. We codes of [part I] are good candidates to provide an enhanced
discuss low complexity software and hardware implementations g rqr_protection scheme in CDMA systems. Good performance
of an iterative decoder for {V, —, 3} Gallager codes. We estimate . " . - . .
that by using Gallager codes, a factor of five improvement in in additive white GaUSSIan n0|se (AWGN) gnd fading (?harjnels
the code-division multiple-access system capacity relative to an makes them particularly suitable for mobile communications.
uncoded system can be achieved, equivalent to a factor of two Moreover, one can devise low-complexity decoders for these

improvement relative to state-of-the art orthogonal convolutional codes, an important consideration for hand-held radio units
codes. Simulation results de_zmonstrate_ _the go_od perfor_mance_ of where power consumption is at a premium.
short-frame Gallager codes in the additive white Gaussian noise

and certain fading channels. This paper is organized as follows. In Section I, we give a

_ _ _ brief review of the sum—product decoding algorithm along with
Index Terms—Complexity theory, decoder architecture, infor- 4t of the relevant equations that are used extensively in later
mation rates, low-density parity-check codes. . . . L
sections. In Sections Il and IV, we discuss low complexity im-
plementations of the sum—product decoder both in software and
I. INTRODUCTION in hardware. In Section V, we discuss the computational com-

ODE-DIVISION multiple access (CDMA) is one of theplexity of encoding and iterative decoding for th>36, —, 3},

three most popular approaches (along with time-divisiorr?te 1/8 Gallager codes. In Section VI, we present simulation

multiple access and frequency-division multiple access) for =sults fof Galla_ger codes for the AWGN and fadm.g chgnne!s.
: . . . use simulation results for the AWGN channel in a simpli-
locating the available signal space to multiple users. Inthe IS-

. ied analysis of the single cell capacity of a CDMA system in
CDMA standard, 2 particular type of CDMA callezpread- Section VII, and show that Gallager codes provide a twofold in-

spectrum multiple access used. Briefly, the forward link of : . .
the svstem operates as follows. A binary data sequence is crease in the system capacity relative to state-of-the art orthog-
y P : y d RIBal convolutional codes [4]. Finally, we present the discussion

duced py a data source at the rate of 9.6 kbits/s (in digital SPeEN e results in Section VIII.
transmission), spread by a factor of 128, modulated and trans-
mitted in a communications channel. Spreading is used partly
to combat the multiple-access interference and partly to combat
the channel noise with forward error-correction. To decode Gallager codes, we use the sum—product algorithm
The CDMA System Capacity depends toa |arge degree on {ﬁé [6], a version of which was described in the Original work
efficiency of the error-control code. In the forward link, 1S-99f Gallager [7], and which is sometimes referred to as “belief
uses a rate 1/2 convolutional code for error-protection. propagation” [8], [9]. The sum—product algorithm operates by
A much larger portion of the total bandwidth expansion caPASSing messages along the edges of a bipartite factor graph
be allocated to error-control coding. Better codes will increaskC] that describes the conditional joint probability mass func-
the system capacity [1], [2]. However, other factors, such as t@h of the codeword symbols given the received channel output.
decoding complexity, may negate the positive effect. T.he sum—prodgct algorlthm |S.knqwn by various names in spe-
cial cases and in different application areas. For example, in the
special case when the factor graph represents a trellis or hidden
Markov model, the sum—product algorithm is known (in coding)

__ Paperapproved by W. E. Ryan, the Editor for Modulation, Coding, and Equajs the BCJR algorithm [11] or (in signal processing) as the for-
ization of the IEEE Communications Society. Manuscript received February 16, d/back dal ithm [1.21: i .. .. ; |
1999; revised May 20, 1999 and August 31, 1999. This work was supporteoWﬁar ackward algorithm [12]; in statistics, it is an integral part

part by the Natural Sciences and Engineering Research Council, Canada. Tithe Baum—Welch algorithm. For a tutorial treatment of factor
paper was presented in part at the 1997 Canadian Workshop on Informaﬁaphs the sum—product algorithm and applications see [10]_

Theory, Toronto, ON, Canada, June 1997, at the 1998 Information Theory Wo K 131 qi I d i fth d
shop, Killarney, Ireland, June 1998, and at the Ninth International Symposi@cKay [13] gives an excellent description of the sum—product

on Personal, Indoor and Mobile Communications (PIMRC'98), Boston, MAalgorithm that is used to decode Gallager codes, and we adopt
September 1998. his notation here.
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tipodal signaling, the decoder starts by quantizing the channel

output, forming the hard-decision vectgrwhoseith compo-

nent is

_ |0, if 4, <0
YiT 1, otherwise.

Next, usingGF(2) arithmetic, the syndrome = y - H' is
formed. If the syndrome evaluates to the zero vector, the decoder row of H. Then
produces as its output; otherwise, it tries to find an error-pat-

1819

edges at that site, in accordance with the general
sum—product rule [10].

« Check-to-site propagation (Horizontal Stefjhe
decoder runs oveR°(i) and Q* (i) row-wise and
computes the entries dt°(¢ + 1) and R'(: + 1)
(hence the name “horizontal step”). LBtk ) be the
set of column indices of nonzero elements inktie

0 (s _
tern that has the same syndromeyasror this purpose, the ma(t+1) =
decoder performs a number of algorithmically identical steps Z Pzl =0, {xv: ' € E(k)\I})
callediterations This process is described next. {2 CE(R\}

With the parity-check matri¥{ we associate a sequence of > H g i+ 1) ©)
four real “message matrices (i), Q* (i), R°(i) and R*(4), VBN
wherei > 0 is the iteration index. Matrice®”/*(i + 1) and and
R%Y(i 4+ 1) are computed fron®/*(:) and R%/*(4). The el- L
ements of these matrices represent the messages passed back mali+1) =
and forth between the symbol vertices and the check vertices S Palz =1, {zp: ' € B(B)\I})
in the corresponding factor graph. Following [5] and [6], let {zy:V €E(R\I}
us call each received codeword symbosite, and a row of % H ay (i + 1) ()
the parity-check matri¥{ a check MatricesQ°(i) and Q* (i) VBN

storesite

-to-checknessages and matricB8(i) andR! (i) store

check-to-sitenessages.

Let ¢2,(4), qi, (1), % (é), r},(¢) andhy, denote the elements
of matricesQ°(i), Q*(i), R°(i), R*(i) and H, respectively.
Elementsgy, (i), g1, (), 7{,(¢) andri, (i) may assume nonzero
values only ifh;; = 1. SinceH is sparse, so are the message ma-
trices. (Note that the subscriptienotes here the row index of an

element

notation.

and is different from the parametdn the {N, j, &}

)

The algorithm itself consists of the following steps [13].

1) Initialization. For each site (code symbadl)of the re-
ceived sequencg we initialize p; to the likelihood that
the noise vector has a one in positibfi.e., it “flips” the
transmitted bit), ang to the likelihood that the noise
vector has a zero in positidn Elementsg?;(0), ¢;,(0),

0
Tk

(0), andry,(0) are initialized to 1 ifh,; = 1, other-

wise, to 0.
2) lteration.

 Site-to-check propagation (Vertical Stefhe al-
gorithm runs over the matriceB’(:) and R! (%)
column-wise and computes elements¥(i + 1)
and@* (i + 1) (hence the name “vertical step”). Let
s(1) be the set of row indices of nonzero elements
in [th column ofH. Then

au(i+1) =wap! [ mad) 1)
K Es(D\k

and

G+ 1) = yuap; H 7o (2) (2)
K es(D\k

where E(k)\! denotes the seE(k) with the ele-
ment{!/} excluded and’(-) is the probability of ob-
serving thekth component of the syndronzegiven
the site values; = 0/1 and{x: I’ € E(k)\I} (this
probability is either 0 or 1). In factor graph termi-
nology, a check-to-site message passed on a given
factor graph edge is computed at the check as the
product of messages arriving on ather edges at
that check, multiplied with a local indicator func-
tion P, and then marginalized for the variable asso-
ciated with the given edge, all in accordance with
the general sum—product rule [10].

3) Termination After the vertical and horizontal steps, the

posterior probabilitieg) andg; are computed as follows:

@ =p [] @ (5)
kEs(l)
and
g =pr [[ . (6)
kCs(l)

If ¢ > g thenn; = 0O, otherwisen; = 1. Leti be

the tentative noise vector produced by the algorithn. If
has the same syndrome ®@sthe decoder stops, reveals
n = n and outputx = ¥y + n; otherwise it proceeds
with the next iteration step. An upper limit is placed on
the number of iterations and a decoder failure is declared
when this upper limit is reached without convergence to
the given syndrome.

An example of iterative decoding is shown in Fig. 1 where a

wheres(1)\k denotes the sef(l) with the element block of 256 bits (an 8 32 binary image) was encoded with a
{k} excluded, andy, is a normalizing factor such rate 1/2 code (so the block length is 512) and transmitted over
that ¢, + g5, = 1. In factor graph terminology, a noisy Gaussian channel with noise leveFaf/ Ny = 1.5 dB.

a site-to-check message passed on a given facldre iterations are arranged column-wise in Fig. 1, with only
graph edge, is computed at a site as the normahformation bits shown. The first image in the top-left corner
ized product of messages arriving on allher corresponds to the received codeword and the final image in the
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Fig. 1. Instance of iterative decoding: iterations increase from top to bottom (@) (b)
and from left to right.

list entries

Fig. 2. (a) Forward pass. (b) Backward pass. Forward—backward passes for
computing (1)—(4). Symbols A, B, C, D correspond to quantiti$ andg/*.

" te that after the backward pass is completed [diagram (b)], the right part of
bottom “ght Comer Cc,)rreSpondS,to the correctly deFOdEd co ch cell contains the product of quantities from the left parts afthércells
word. It took 11 iterations to achieve correct decoding. (Refexcluding the cell itself).
ence [13, Figs. 12 and 13] gives another interesting decoding
example.) Example: The matrix [part I: (2)] can be represented by the

As MacKay [13] points out, the horizontal step (computatiofbllowing two matrices.

of check-to-site messages) can be simplified by operating with

the differences between the elements of¢hmatrices. Writing ( E}v B 1 )
07
_ )@ 1
He=9012) 1
(00 + 1) = rhy(i + 1)) S
=0 I (@G+1) - g +1) F59) L
VEE(R\L and
((1,1) 13
yields a simple product-form that is easily computed, from (1,2) 1
which the desired values are recovered as g -3 1
! (2,4) 1
L (7,5) 1)

Similarly, matricesQ°(i) and Q'(i) are represented by
row-wise lists (the algorithm runs over these matrices in the

L . . horizontal step), and matricd®’(:) and RL(:) are represented
This simplification arises from the well-known fact [14] (seeby column—wisg lists (these are(u)sed in trge)verticarletep).

[15] for a recent generalization) that AP& gosterioriproba- Since the algorithm alternates between the vertical and hori-

bility) computation can be performed by processing the dual Bntal steps, we create lisf) RT andSORT jepe. that estab-
Ik

a given linear code taking the Fourier transforms of the squ h he el H
probabilities used in decoding the primal code. In the binar; a correspondence between the elements.ond .., and

" andH., respectively. These lists are computed only once for
case, the Fourier transform matrix is»2 2 matrix that maps ' e Fesp y P y

i I~ a particular Gallager code.
(g0, 1) 10 (go + ¢1, g0 — ¢1), the first component of which P 9

is unitv when represent robability m function In the vertical step, the sum—product algorithm runs through
S unity when(go, 1) represents a probability mass functio fh% lists that are the column-wise representationBf) and
(

Ea(.:h qheck rep_rgsents a S|_mple pa_rlty-ch_eck code, the dua}é; ). The results of the computations (1) and (2) are placed

which is a repetition code with a trivial trellis structure. in appropriate positions in the lists representipiyi + 1) and
Q(i 4+ 1) by using listSORT In the horizontal step, the al-
gorithm runs over the lists representiay (<) and Q*(4). Ex-

I1l. SOFTWARE IMPLEMENTATION OF ITERATIVE DECODER  pressions (3) and (4) yield values that are placed in appropriate
positions in the lists representigf (i + 1) andR* (i + 1) by
using SORT inverse -

Note that the products in (1)—(4) require computations over

* itexploits the sparsity of the code’s parity-check matriX;setss(7)\k and E(k)\l. An efficient way to do it is to run for-
* it pre-computes operations that are identical in every itefarg—packward passes over the liftandQ as illustrated in
ation and accomplishes them by a low-cost table Iook-ng_ 2 [16].
in each decoding step. Computations in the Logarithmic Domairin the vertical

We represent the parity-check matitk as two related lists and horizontal steps, we compute products of certain local costs
H. and H,.; each list contains the location of the nonzero el€1)—(4). Multiplications are computationally expensive com-
ments ofH. MatricesH,. and H,. describeH column-wise and pared with additions. It is possible to replace multiplications
row-wise, respectively. with additions if one operates in the logarithmic domain. An

A software iterative decoder for Gallager codes can be impl
mented effectively if:
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Fig. 3. Decoder’s architecture: PU—processor units, ICN—interconnection networks, MM—memory module (data buffer).

addition can be evaluated then by a table look-up procedure| 1oN PU ICN PU PU

. . . . 3/4 12 1 3 4
Such look-up table will have a very moderate size even if high — — - - -
accuracy is required. Y, = Y, = Y, = Y |—= ¥,

Example:If x =In X andy = InY, then [17]

In(X 4+Y)=In(e” + ¢¥)
—1In |:emaX(w,y)(1 —+ C_lm_yl):| L ICN3/4 PUIIZ ICN 1 PU 3 PU 4 ‘J
(7)

= max(z, y) + In(1 + cflm*yl). , = % s YV, = I 2
The functionf(>) = In(1 + ¢~*) is tabulated for positive. v 3
Since f(z) decays quickly as increases, a small look-up table ®) X ¥%
can provide high accuracy in evaluating the function [18].
ICN,, PU, ICN, PU, PU, J
IV. HARDWARE ARCHITECTURE OFITERATIVE DECODER o, Lol Yy = Y sl Y, |- Y

In this section we shall discuss general hardware algorithms
that could be used to implement the iterative decoder. We em- ©
phasize the algorithm’s inherent parallelism that could lead to
low-cost hardware implementations. Fig. 4. Snapshots of decoder’s states. (b) Decoded codewprekits the

The decoder consists of four processor units and three éigcoder.
terconnection networks that form a pipeline design. A memory
module is used as a data buffer. The schematic configuration ttfe¢ proposed scheme is an additional decoding latency. (The
illustrates parallelism and pipelineability [19] of the decoder idecoder in Fig. 3 can contain five codewords in PUs and ICNs
shown in Fig. 3. simultaneously so the total decoder’s latency is 20 xn$

In Fig. 3 the processor unit Rltomputes the difference be-codewords= 100 ms.)
tween matrices)” and@' rather than the matrices themselves, lterative decoding is generally characterized by a variable de-
making use of the simplification explained in Section II. coding effort. Usually the number of iterations performed by a

Recall that the sum—product algorithm alternates betwedacoder is hard-limited in order to avoid these variations. In our
computing the elements of matricés and R. Hence, if the scheme, the decoder may perform a larger number of iterations
decoder is dedicated to decoding of a single codeword at a tirfag, particularly noisy received codewords since the data buffer
only a fraction of circuitry will perform decoding operationswill damp such computational peaks. This isillustrated in Fig. 4.
at any given moment of the decoding cycle (iteration step). The signal flow graph for the processor units,;P4is shown
To increase the circuit utilization, we suggest simultaneousFig. 5. Processor units RY; execute the vertical step of the
decoding of several received codewords. This calls for usem—product algorithm. Recall that the number of nonzero ele-
of a data buffer to store these codewords and enter them intents in a column of is either 2 or 3. Thus, the processor unit
the decoder when a free slot is available. The tradeoff aonsists of the top part a) (weight 2 columns) and the bottom part
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\
J

PU, [that corresponds to Fig. 5(a) and (b)] to the row-wise struc-

~{p.[n] E—‘ ture of PU;, and routes signalg), andgz, to adjacent inputs of
¥ PUs. Interconnection networks IGNand ICN; perform routing

@ from row-wise to column-wise arrangement of signals required
— for PU; and PYy. These networks are programmed only once
X

&

)

9,

q,, foreach Gallager code.
The networks ICN, ICN,; and ICN; have global but static

q4,, connections. One possible realization of these networks is a pro-
grammable cross-bar switch such that every input to the network
can be connected to any output. This configuration is shown in
Fig. 8.

—T™ = > nﬂ P, EJ A better architecture for ICN ICNs and ICN; is achieved by

L usingBanyan networkf0], [21]. An example of a three-stage

Xy Banyan network is given in Fig. 9.

V—\f—l Let us denote the input (and output) size of a Banyan
>® >q,, nhetwork asS. The number of stages required to route any
S input to any output in a Banyan networklisz, (S). Hence, for
(1536,1344, —), {1536, —, 3} Gallager codglog, (4032) =
12 stages are required. The complexity of &« S Banyan
_>®—>q 5, hetwork isSlog, S cross points as compared wifif cross
~ - points of a cross-bar switch. Hence, the complexity of a Banyan
network for a {1536, —,3} Gallager code is 48292 cross

 \ 93,
—

}Nhl
B
<

Fig.5. Implementing the vertical step of the algorithm—signal flow graph fo?omts' . . . .
processor units P, . Variablesr ., ¢x: are the elements dt and@, ¢, are The most immediate problem that arises in a Banyan network
tentative posterior probabilitiep, are the likelihood functions faith received  pyt not in a cross-bar SWitCh, is message b|0cking_ If two mes-
codeword. .

sagesd, ;. andg, ;) try to arrive at the same output of a22

cross-bar switch (the basic block in Fig. 9) then one message is
T T rejected. One way to circumvent this difficulty is to introduce a
Input y small number of redundant paths into the Banyan network. An
q, NN ' alternative is to introduce a certain depth buffer at the network’s
\ T Output x . i . . .
L *A input. Since the arrival of messages to the network’s input is not

PE random but fixed for any given Gallager code, pre-computed

° Herai routing of the messages through the network will allow to avoid
0 1 eration . .
—2| Normalize Q-Q Switch F———> any possible message blocking.
1
Q PE I
0 1
Inputp- p

V. ENCODING AND DECODING COMPUTATIONAL COMPLEXITY

Fig. 6. Signal flow graph for the processor unit RUCU—control unit; . . . . .
PE—processor elements; processor elemefff computes syndromes df In this section we discuss one of the most important issues

andy, x isjhe decoded vectop® andp! are the likelihood functions of a that determines the feasibility of a practical coding scheme.
newvectory. .
Whereas there are many good block and convolutional codes
whose performance is known to be good, a restricting factor in
b) (weight 3 columns). Appropriate routing for this arrangemetite practical implementation of these codes is the high com-
is done by ICN and ICN;. plexity of software and hardware that is required to extract this
Fig. 6 shows the processor unit PUt performs the syn- good performance.
drome computation of the tentative noise vedioand the re-  As we recall, Gallager’s motivation for studying low-density
ceived vecto¥ and compares these syndromes. If they are ideparity-check codes was precisely the existence of low-com-
tical, the control unit CU gives a command to output the decodetexity decoders for such codes. Beside being amicable to
vectorx and load newp andp! (i.e., start decoding of a new low-complexity implementations, it is fortunate that Gallager
vectory). If the syndromes are not identical, Pomputes the codes also turned out to have many good properties that result
difference® — Q* which is used in the next iteration for thein good performance in a variety of communications channels.
samey. The possibility of implementing a coding scheme with low
The signal flow graph for the processor arrayHA8 shown complexity is particularly important in the context of this work.
in Fig. 7. Note that in our cask is always 3, so PUhas a In mobile cellular telephony it is next to impossible to imple-
“uniform” structure (in contrast with processor units Pand ment expensive software or hardware algorithms on the mobile
PU,). side because of a variety of severely restrictive factors, e.g., the
The function of interconnection network IGNs twofold. It need to maximize time intervals between battery re-chargings,
switches signals from the column-wise structure ofi Rlhd to maintain small data delays, etc.
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Fig. 7. Implementing the horizontal step of the algorithm—signal flow graph for the processor uniV&iiablesd;, are the differences af?, andq},, z: is
the kth component of the syndrome,is a normalization coefficient, and,; are elements oR.

coder has to store the entire generator matrix. The storage space
required for the matrix is 19% 1536/8—= 36 864 bytes. The

size of the storage space can be slightly reduced if the generator
matrix is in a systematic form, and the encoder needs to store
only the nonsystematic part. Far536, 192, —) Gallager codes

this will save 192x 192/8= 4608 bytes.

Each bit of an output codeword is obtained by multiplying in
x —=1-1 a bit-wise manner a length 192 binary vector of input data with a

kM column of the generator matrix and computing the overall parity.
The number of clock cycles required to accomplish such multi-
plication depends on the length of processor’s registers. For ex-
ample, ifthe processor’s word length is 32 bits then the operation
will require 192/32= 6 cycles, and the total number of clock cy-
] \ / — clesrequired for encoding is®61536= 9216 (6x 1344= 8064

clock cycles if the matrix is in the systematic form).

A multiplier in a digital signal processing (DSP) chip does not
- normally contain a circuit for the parity computation. However,
if this operation is done often (as in our case) such a circuit
can be easily implemented with exclusive-OR gates. Hence, the

— cost of the parity computation is negligible in any application
/ \ >< specific hardware.

For comparison, encoding of a rate 1/2, constraint length 7
convolutional code will require (for information block length of
192) 192+ 6 = 198 register shifts and 198 2 = 396 bitwise
multiplications, with two multiplications for each register shift
) o ~ (since the code rate is 1/2). The total number of clock cycles

Therg are two major contributing factors to the complexity %quired for encoding is 198 396 = 594. Hence, encoding
the coding scheme based on Gallager codes, namely, the cglg Gallager code is slower than encoding of a convolutional
of encoding and decoding. code with parameters discussed above. Similar analysis applies
to turbo codes since in a turbo code component codes are recur-
sive convolutional codes of rate 1.

Let us first discuss the encoding complexity far536, 192, However, boolean operations bear a lower cost compared with
—), {1536, —3}, Gallager codes. The code’s generator matrixrithmetic operations required for decoding of the received code-
has dimensions 192 1536. Unlike the corresponding parity-word. (By an arithmetic operation we mean either an addition or

>

Y, YK Y, u check matrix, the generator matrix is not sparse. Hence, the en-
I
|
1

|
|
|
|
|
|

Fig. 8. Cross-bar switch for interconnection networks.

Fig. 9. An example of 8 8 Banyan network.

A. Encoding
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multiplication of two floating or fixed point real numbers.) Themation bit per iteration if we assume that the state complexity
overall encoding/decoding complexity is dominated by the def constituent codes iS =16 (as in [23]).]
coding complexity since decoding requires thousands of arith-The overall decoding complexity of Gallager codes depends

metic operations per frame for Gallager codes. on the number of iterations required for decoding. The mean of
this number depends in its turn on the channel SNR and also on
B. Decoding the definition of the mean, i.e., if one computes the average over

all decodings (in which case the average will also depend to a

Let us calculate the decoding complexity for #1636, —3} : q th . ber of iterat the decod
Gallager codes. The computational complexity of th&r9€ degree on the maximum number of iterations the decoder

sum—product algorithm is roughly proportional to the numb T allowed to perform) or over qply suc.ces.sful decodmgs. For

of nonzero elements in the parity-check matfi In what igher channel SNR both definitions will yield approximately

follows, we compute the number of arithmetic operation e same results as the number of unsuccessful (nonconvergent)
! (lecodings becomes small (but the computed averages may di-

(OPs) required for decoding (the number format could be eith

floating or fixed point depending on the implementation), i sverge significantly for these two definitions as SNR decreases).

we consider operations of adding or multiplying two numbepé/e observed n simulations (where we c_:omputed the average
to have equal cost. over all decodings) that the decoder requires on the order of ten

Consider &1536,192, ), {1536, —, 3} Gallager code. We iterations for signal-to-noise ratios in the range of 2.5-3.5 dB.

start with the horizontal step of the algorithm.

To compute the total cost of the horizontal step we need to
take into account all parity-check&! x k = 1344 x 3 = 4032 A. Performance of Gallager Codes in AWGN Channels
additions are required to compute the differenc€bfand*,

VI. SIMULATION RESULTS

In this set of simulations we modeled the performance of the

which is necessary in the horizontal step [13]. Computation 8Ecoder based on the sum—product algorithm. The site likeli-

o L ) B
the (_a!ements OR” andxt requires two multiplications and ON€hoods for AWGN channel angt1 antipodal signaling are [13]
addition per element which amounts to the total complexity Is

12 096 OPs. Thus, the cost of the horizontal step is 16 128 OPs. . . 1
: : : . pln = 1w) = PRI 1 (8)
The vertical step involves computations of particular 1+ exp(2y;/0?)
elementsqy, and ¢;, as well as computations of tentativeand
posterior probabilitieg? andg; . Construction 2 produces x plng = 0ly) = 1 )
(M mod N/k) columns of weight 3and/ — & x (M mod N/k) ! YT +exp(—2y/0?)’
columns of weight 2 (for code ratds < 1). Substituting the

. . . If the received signal componept is negative then the ex-
numerical valu_es, we obtain 960 columns of weight 3 and Sgrsessions (8) and (9) for the conditional probabilitigs, —
columns of weight 2.

1]y;) andp(n; = O|y;) should be exchanged. In our simulations

I_:or each weight 3 column_z_;\ total of 5 multllphcatlons IS 1€;a ran the decoder on$ 10° frames forE, /Ny > 2 dB and
quired to compute the quantmq%k1 o, ks 1 OF Ty ey g 17

g % A 10° frames forE, /N, < 2 dB. For both the AWGN and fading
Suppose we noeed toocon?)pute (t)he qua(r;ttﬁﬁ;g Grat ?nqu i* channels, we observed that the decoder produces no undetected
Wenoficethagy, , = py X7y, X 7, andg,,, = PrXThot X Tkt errors, i.e., all decoding errors resulted from nonconvergent de-
(a total of 3 multiplications); andl, ; = p X 73,1 X 73,1 (WO 4eps hehavior (we declare nonconvergence if the number of
additional multiplications). The normalization factgy; is con-

iterations reaches the upper limit that in our simulations was

venient but not essential, and presently we do not take it into ¢, 51 2000 iterations). Similar result was observed for Gallager
count. Therefore, 2 5 x 960= 9600 OPs are required. For eacf&odes with longer block lengths in [13].

columnwith 2 nonzero elements only 1 multiplicationis required Fig.
for gi, so the complexity is % 1 x 2 x 576=2304 OPs.

The computation of the tentative posterior probabilities (5
and (6) will require onl2 x N = 2x 1536 = 3072 OPs as these

10 shows the performance 0f1536,192,—),

1536, —, 3} Gallager code generated by Construction 2
AWGN channel (while it is difficult to make a fully mean-

: o ~ ingful comparison between the result of Fig. 10 and the results

can be obtained by multiplying (1) and (2) by an approDr'a%ported in literature for other classes of codes due to different

.0 .1 . .
column element;; andry,. code rates, decoding complexities etc., the reader may be

_ Thus, the total complexity of the sum—product algorithm pgtiaested in [3] where certain results for short-frame turbo
iteration is 16 128+ 9600+ 2304+ 3072= 31104 OPs. The codes are reported)

complexity per information bit per iteration is then 31 104/192
= 162 OPs. ) ) ] ] B. Performance of Gallager Codes in Fully Interleaved Flat
For comparison, iterative decoding of 16-state turbo COd%yleigh-Fading Channels

has a cost of 192 OPs per information bit per iteration [22]. [For . . )
a turbo code the number of multiplications per information bit W€ simulated the performance of the sum-product iterative

is 12,5, wheres is the state complexity of constituent codedecoder for short frame Gallager codes in fully interleaved flat
Note that this expression is independent of code rate. We wiigy€igh-fading channels, i.e., we assumed that fading ampli-

obtain the complexity of turbo-decoding at 192 OPs per infofudes at different time instants are independent Rayleigh random
variables with a unit second moment. The assumption of fully

Iwe thank one of the reviewers for pointing out available computational sa.\m.erl_eaved Rayle|gh—fac_i|ng channel _may be SomeWha.t U_nreal'
ings in this step. istic in 1S-95 systems since only a single code frame is inter-
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FER

Eb/No (dB)

Fig. 10. Frame error rates foiV = 1536, ' = 192, —) Gallager code with the sum—product decoder in the AWGN channel.

FER

Eb/No (dB)

Fig.11. Performance of\ = 1536, = 192,—) Gallager code in flat Rayleigh-fading channels. The channel state information is made available to the decoder.

leaved. However, good code performance in this type of chan-n the first set of simulations we assumed that channel state
nels may be an indication of good performance in channels witiformation (CSl) is available to the decoder; i.e., the decoder
correlated fading (and certainly warrants further investigation knows the fading amplitudes for each transmitted symbol.
this direction). Fig. 11 shows the performance of the sum—product iterative
We considered: 1 antipodal signaling. We assumed perfedecoder for Gallager codes in a flat Rayleigh fading channel
synchronization at the receiver. Then the received signal is (some results regarding the performance of turbo codes in
fading channels can be found in [3] and, most recently, in [25]).
y(t) = ax(t) +n(t) If the channel state information (Fig. 12) is not available to
where z(¢) is the transmitted signak{l), n(¢) is the white the decoder, the performance deteriorates by about 1 dB (we
Gaussian noise with variane€ and« is a Rayleigh random marginalize overr to obtain an effective likelihood ratio [25],
variable such that&[«?] is 1. [26]).
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3 35 4 45 5 5.5 6
Eb/No (dB)

Fig. 12. Performance of\ = 1536,K = 192,—) Gallager code in a flat Rayleigh-fading channel with no channel state information.

-1

10

-2

5 10 15 20 25 30 35 40 45 50
Number of users

Fig. 13. Data BER versus number of users in a cell for: (a) direct sequence (DS) CDMA that employs Gallager codes; (b) DS-CDMA with low rate orthogonal
codes [4]; (c) uncoded DS-CDMA.

VII. CAPACITY OF A CDMA CELL rate (BER). We assume coherent detection in both forward and
It is known [27] that the system capacity of the reversigverse links. The system capacity can be computed by using

; : ; : it-error probabilities for Gallager codes in AWGN environment.
CDMA link assuming single cell and perfect receiver s nchr%I . 2 ;
nizationl can b(Laj a;lz)pgro;(ir?\ated as P Versy rom Fig. 10 and (10) we obtain the CDMA cell capacity versus

signal-to-interference ratio. The resultis shown in Fig. 13.
na —1 (10) Fig. 13 also compares the cell capacity of a CDMA system
Ey /1o that uses Gallager codes, with other CDMA systems built
wheren is the number of users; is the processing gain, andon similar principles. Ormondroyd and Maxey [4] consider a
L, /1, is signal-to-interference ratio. CDMA system that uses very low rate orthogonal convolu-
We now use expression (10) to evaluate the CDMA cell céienal codes. In particular, they consider rate 1/64 orthogonal
pacity, i.e., the number of admissible users for a given bit-erroonvolutional codes. To make a fair comparison with their
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results we assumed that the processing ggais 64 in (10)
(where 64 is formed is a product of the reciprocal of the codey)
rate (1/8) and an additional spreading factor of 8). Note that
the decoding complexity per information bit of rate 1/64 low
rate orthogonal convolutional codes is comparable [27] with
the decoding complexity (per information bit per iteration) of
{1536,—, 3} Gallager codes, but Gallager codes will typically
require several iterations for decoding.

In digital speech transmission, typical data BERs that thel4]
system can tolerate are on the order of 40From Fig. 13,
we observe that an uncoded CDMA system does not admits]
more than seven users without an increase in the data BER,
i.e., without a reduction in quality of service. The CDMA g
system with orthogonal convolutional codes supports 16 users
at BERs of 103, and the CDMA system with Gallager codes ["]
supports 37 users. Hence, a CDMA system with Gallager codegg;
achieves more than a twofold increase in the system capacity{
compared with [4], and more than a fivefold increase in the 9

system capacity compared with an uncoded CDMA system.
[10]

(2]

VIIl. DISCUsSION

11
In the present work we searched for good short frame code[s ]

that could be used in CDMA applications in digital speech trans-
mission where processing delay constraints are critical. We we
particularly interested in codes for which very efficient (hard-
ware or software) decoding algorithms exist. Iterative decodindt3!
algorithms are the focal point of most recent research effort iy
the coding theory, and they were the primary objects of interest
in our work. [15

We found a family of low rate Gallager codes that exhibits
a good performance under the desired constraints. Theoretidafl
results show that Gallager codes are good even for relatively
short block lengths. CDMA systems that use Gallager codeg7]
could outperform other CDMA systems that use weaker error-
protection codes. [18]

Gallager codes admit highly parallel software and hardware
implementations that guarantee high speed data processi %
Moreover, low complexity iterative decoders are readily avail-
able for Gallager codes.

We note that Richardsa@t al.[9], [28] have recently provided [21]
analysis and design guidelines for irregular Gallager codes (in-
troduced by Lubyet al.[29]) that perform remarkably well for [22]
long block lengths, coming even closer to the Shannon limit on
AWGN channels than turbo codes do. It is conceivable that irf23]
regular Gallager codes might also provide some performance
advantage for the relatively short block lengths considered here,
but we have not investigated this possibility. [24]

Since Gallager codes exhibit good performance in AWGN
channels and, perhaps, more importantly, in fading channels thgb]
arise frequently in mobile communications, we conclude that
Gallager codes could, perhaps should, become the error-contigk)
scheme of choice in future generations of CDMA systems.

(20]

(27]
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