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Abstract—We present a finite-memory code construction for fully characterize the diversity-multiplexing tradeofdNIT)
streaming data systems. In our model of a streaming data systn, for streaming data over wireless channels. Subsequent to
a sequence of independent and identically distributed meages  pjication of [4] we developed finite-memory strategieatth
arrives at the transmitter according to a deterministic arrival - . . .
process. Each message must be estimated by the decoder aféer obtain the WhOIG_DMT' We deglded to revisit the DMC setting
fixed delay. Prior work on this model relied on the use of semi- t0 S€€ whether similar strategies would work. We note that th
infinite tree-codes with growing encoder and decoder memory finite-memory solution for the DMT is quite simple compared
We show that the same reliability that was attained in those to the strategy presented herein.
constructions, which was based on an error-exponent analis Finally delay constrained streaming over erasure channels
can also be obtained by a finite-memory construction. In our Do .
construction both encoder and decoder have finite memory, has b(_aen studied In [51-[7]. These works also Conglderamode
although the instantaneous constraint length of the code (@ INvolving a streaming source and a delay constrained decode
of the decoding process) is time-varying in a periodic manme but the underlying channel is an erasure channel with ainerta
The closer to capacity one wants to operate, the greater the pust-model of erasures. A non-zestieaming capacitgxists

memory our construction requires to match the infinite-memay {4 5ch models and is achieved by a certain class of stretur
results. For a given rate and delay it is straightforward to ®lve .
code constructions.

for the memory required to attain the same reliability as the
earlier strategies. II. MODEL

|. INTRODUCTION We consider streaming codes for DMCs with finite input
d output alphabet¥ and)’. A sequence of independent and
full data message is available for transmission at time aarcb Identically d|st.r|buted (i.d.) messagém }i>o are.o.bserved

a the transmitter, one per channel use. A decision on each

the physical channel is only available for some fixed numb b de by the decoder aft el £
of channel uses. In contrast, many modern applications Jp&ssage must be made by he decoder after a elay-of;
the decoder estimates, at time7, = k+ T — 1.

streamingin nature where a sequence of data messal es"?% L )
realized gt the transmitter in realqtime, each of which mlﬂgst b efinition 1 (Str(_eamlng Code)a deIay—_T, ratez,
delivered to the decoder within a fixed delay. Building doliga memoryA\/ streaming codeC (R, T’ M), con3|§ts ,Of )
information theoretic models, understanding fundamdinal 1. A sequence of messages. }i>o %ach distributed uni-
its, and characterizing good engineering architecturesuoh formly over the setZ = {1,2,...,2"}. u

systems poses novel and intriguing challenges. 2. A sequence of encoding function : 7 — X,

The present paper studies delay constrained streaming over  x, = Fr(wk_pr41,.--,wk), k=0,1,...,00 (1)
discrete memoryless channels (DMCs). The transmitter ob-
serves a sequence of independent and identically distdbut
messages. The transmitted signal produced by our streaming
encoder can only be a causal function of the observed mes-
sages. The delay-constrained decoder is required to output Wi = Gr(Yetr—2M- .-, YetT—1), k=0,1,...,00.
each source message within some fixed delay. (2)

The most closely related literature is the work by Sah&lote that the parametet/ is the (maximum) memory of
and his co-authors [1]-[3] on delay-universal streamirttede the encoding function and we will always havg > T.
works investigate error exponent behavior for streamirgg syThe decoding function hasvice the memory of the encoding
tems, motivated by connections to control over communicasnction. For simplicity of presentation and analysis wedre
tion channels. In those papers a tree code with a growiigeger requirements on the message BefThis is not too
constraint length underlies the achievability resultswideer, great a restriction as one can re-normalize the time axis to
the memory requirements (both at encoder and decoder)cofrespond to the time scale of the source process — voice
such a code would eventually become untenable. Our imnp&ckets, video frames, control information, etc. — and fiede
diate motivation came from our recent work [4] wherein wéhe DMC accordingly.

Shannon’s model of communication is block-oriented. T

that map a window of recent messages to channel inputs.
A sequence of decoding functiog, : Y?M — T that
outputs messag#@;, based on the pag&tM observations:



1. M AIN RESULT time

Our main result is the following. A
Theorem 1:For any DMC with random coding error ex- ®e : °
ponent E,.(-), there exists a delay; rateR, memoryi/ ool
streaming code( (R, T, M) that satisfies . *eiele
Pr[wg # wi] < 2 TE«w(R) g 12 * : : °
= K] o000
for every k, where g 14 oole
o 15 OO
E(R) = 5 1 el
(%]
M—-T+1 M O 18 oleje
i E. E. . 3 €
mm{ T (M—T—i—lR)’ (R)} 3 o::.
21 00
. . . 22
The bound in the above theorem is calculated with respect 3 e : : Y
to the random code ensemble as well as to the message process LJ : : .

and channel realization. We note now, and discuss in depth in
Sec. V-B, that forM chosen sufficiently large the second termgig. 1. A convolutional code with constraint length each input message
in (3) dominates, resulting in the same exponent as was fougficts the channel input in the channel use in which it adtias well as the

in the earlier (non-finite-memory) works. following two in addition.
IV. CoDE CONSTRUCTION
We first provide details of the code construction and then time

analyze the performance of the proposed scheme. The central 718t o < gl,'
idea is to use a code with a time-varying constraint length. eole
The constraint length cycles in a periodic manner. As it gets ; e Heleiele :
longer one can make more reliable decisions about earlier ool
messages, decoding them reliably and stripping them off, & S e ete
thereby reducing the rate of later decisions. Our decodbuis ‘é 12 N0
a decision-directed decoder and in this aspect is simil#neo 2 ﬁ o :: selelele
construction of [4]. However, by allowing the constrainmdgh L 15 eojeje]e)0
to get small, we mitigate the dependence across time. ThisJ 1? L : : o
bottlenecks the influence of earlier bad events, such ase lon & 718 N0
atypical sequence, on later decoding decisions. This allasv E 00

T . (LI )
to reinitialize the coding process evefy blocks. We refer 21 oo'olooee
to each decoding period, of length\/ as an “epoch”. This gg L : : : LIL)
is the central idea of our construction — to limit the influenc NI
of earlier uncertain messages on our current decisioneltyer LILIC

mitigating the possibility of error propagation in the ddow
process.
Perhaps most natural way to think about our schemeF. 2. A streaming code(R,T = 3,M = 7): each message must
in analog to convolutional codes. Each transmitted symbRs] decoded after a delay of = 3, a periodic subset of the messages,
ds t bol of th uti | d hi ccurring everyM = 7 messages, effects the channel inputs for longer. These
corresponas to one symbol o € _COﬂVO u_'ona coae w _' ssages can be decoded more reliably, thus allowing thedithec process
each message corresponds to one information symbol shiftede reinitialized everyd/ messages / channel uses. Each re-initialization

into the code. In Figure 1 we plot the dependence betwegesponds to a new decoding “epoch’, one of which is shdiie. epoch
. tinf fi bol d outputted ch | bal fshown is of duratio2M = 14, extending from timeM + T — 1 = 9 to
Input Information Symbols and outputted channel symbaiS 19y, . 7 _ o — 92 This is the epoch considered when decoding messages

a (finite-impulse response) convolutional code with a fixerh through2o.

constraint-length of3. Each row correspond to a message

index and each column to a channel. The first dot in fow

corresponds to the first channel use that is affected by messa

wg. Due to the causal nature of the encoder the index of thésery message influences the output for at IeéBst= 3

row must be at least. The last dot in rowk corresponds to symbols, with everyM/th message having the longest-lasting

the last channel use affected by messageFor a convolution influence, ofA = 7 symbols. The encoding pattern is periodic

code with constant constraint lengdhthis is & + 2. with period M = 7 and in the figure we indicate one decoding
Figure 2 presents the analogous plot for one of owpoch of length2M = 14, extending from channel input

C(R,3,7) codes, which we will use to understand the timethrough22 We use this figure to illustrate the code construction

varying constraint length of the code. ForC4R, 3,7) code and decoding algorithm, detailed in the following subsetdi

one decoding epoch



A. Encoder B. Decoder

Our proposed streaming cod€(R,T, M), consists of  Our decoder has a functional form that is periodic, resgttin
a semi-infinite sequence of codewordgy, x,...,xx,...}, every M channel uses. Each such interval is one decoding
wherex;, is thekth channel input when messades, ..., w;) epoch. When decoding messaggat timeTy, = k+T7 —1 our
have already been realized. Due to the finite-memory of thecoder computes an estimate of a finite window of previous
encoder only a subset of these messages are involvedmessages: messages, , ..., wx. The timery , indexes the
determiningxy. start of the relevant decoding epoch and corresponds to the
To understand the following, rather involved, definitiorfs oearliest channel observation relevant to estimating
the time-varying nature of our code, we refer closely to the We definery ;. to be
example given in Figure 2. We first def|n§k, a function of
the source symbol indek, to be the index of théast channel Tk =k —kmodM — M +T —1. ®6)

use that is a function ofv,. In terms of Figure 2 this is the Note thatT}, — 74 x+1 = M+1+k mod M < 2M, so this is a

index of the |<15t non-zero column in rok finite-memory decoder. For any messagethat corresponds
We definer, to be to a particularry x, the estimate ofv, is computed based on
N h—kmod M+M—1 if 0<kmodM <T—2 the received sequengé’, = (yr,....,yr,).

Tekk TV k+T -1 else - As an example, for thé(R 3,7) code depicted in Figure 2

(4) Tk = 9 for 14 < k < 20, while 74, = 16 for 21 < k < 27.

The former corresponds to the epoch indicated in Figure 2.
Interpreting (6) we see that— kmod M backs us up to the
eginning of the encoding interval, just as in (4). Then we
ack up one more interval of/ messages. Finally, we add

the offsetT — 1 to avoid having to consider the effect of

messages prior to message- kmod M — M.

. + _ “ H ” | . .
of\tlxz ::e(jcej;t(\)/v::shqvl\jznrtlgg?s tifn :svgrleinco;r;sér?sln;tlengt:l At time T}, the decoder sequentially makes estimates of
ying messagesv; for | = 7q,..., k. It first estimates message

Referring to the example of Figure 2, the constraint lengths and proceeds to decode the others in order. Each

— Td, Kk
oimessaggﬁ and9 through13 Is T = 3_' Meanwhlle_Tej estimate is a maximum likelihood (ML) estimate, condition
Tos = 13 with messagé having the maximal constraint length

. . on the estimates of earlier messages and the vector of obser-
M =7 and messag® having constraint length.

vationsy;, . .. The minimization T,
When computing théth channel inputx;, we also need | (;/l’d min{r; T} d to decod min{; Clt’ tkh}
to know the index of the earliest message in the domain '8ff'lncu € fas you r;:ay nele Ot ehco N mesdgageofr Ic:) € 5
F. This corresponds to the index of the first non-zero row fyfluence ofw; on channel Inputs aving ended, cf. Figure

columnk. We define this index to be_, where and consider messages; throughw,r.
€ Say that we are at stdpand have estimated messagges

— _Jk—kmodM if T —2<kmodM <M —1  through! —1 as wl L. With the estimates of those messages
ek k—T+1 else " fixed, there is uncertalnty in the later message,s W,

Note that the quantity — kmod M takes you to some integer
multiple of M, to which the maximum memory is added. Th
end result is an interval of’ — 1 messages whose influence
on the channel inputs all terminate at a specific time, yigldi
the stair-step nature of the plot in Figure 2.

Sincek—7_ . +1 < M, the encoder is finite-memory, justifying The decoder searches for the vectors ofmessages e Tl

the _def|n|t_|on of . in (1). We note tha_lt the dimension ,Ofthat maximize the {7l T}
the input is at most\/, and is often strictly smaller. Again
we refer to Figure 2 for a concrete example. Hefg, =
14-T+1=12and7, 5 = 15— T+ 1 = 13. On the other lein{fink} (‘iﬂ Almin{fink}) . @)
handr, 16 =7, 17 = ... = Te 90 = 14. o
The sequence transmitted up to, and including, channelif the ML codeword suffix is unique, the decoder concate-
input & is denoted by natesw, with w! ! to getw! . If it is not unique, but
k(o ky A 1 k the message sequences corresponding to all the ML message
*o(wo) = {XO(WO) (Wi )% )}’ ®) guffixes shgre th?e same (uniquer)) elemgntthen the decoder °
50, xF(wl) e xk+DM also concatenate with w' ! to getw! 7.0 Otherwise an error
We use an i.i.d. random code construction. The chanrigideclared. When the process continues without declaring a
input at timek, for somew — wk, ,xk(w _ ), is chosen error until an estimate of message, is made, thenw; is

independently of all prewous codeword symbols according geclared to be the output message.
some input distribution. Further, for aI]’“ ] w the sym- Both encoding and decoding functions are periodig.ifo

simplify the analysis of our strategy we concentrate on glsin
b0|5Xk(w - ) andxk(w - ) are mdependent Flnally, to maLke‘decodmg epoch, extending from  to 7},. We re-index these
these definitions well defined for the firsf channel symbols, time sample to extend fror to 20 — 1, and the messages
we define known “dummy” messages_,;, ..., w_; thatcan similarly. E.g., if we were to consider the epoch depicted in
be correctly stripped off by the decoder with probabilityeon Figure 2, corresponding to messages, . . . , wog, we would

probability of the observatlgr;s
with respect to the codeword suffix

Te,1 Te



0 M-T ko 2M—1
0 ﬁ ! ‘ Pr{wy, # Wk] < P1"[|7véc # wh
-2 =Pr(wy 2 #wg HUULr (W' =wy  Nw # w)))
k
< Pr[ 2L wl T+ Pr{w; # Wl||7v(l)_ = W(l) N
1=T-1
8
M-T+1 ®
M4 —— By the randomness of the code construction we can assume
T, —_ nIxR
MaT—9 that w's = 0+, _ _ .
We start by bounding the first term in (8). These messages
f effect the input of the channel only in the inten@al< ¢ <
7 M — T. Therefore the decoding of these messages is only a
function of yg, ..., ya—7, cf. Fig. 3. To make notation more
compact we introduce the set
2M — 1+ v ~ K Uy -k
Z(y; ) :{wk :pyl/*l+1|x“*l+1(yl Ix; (g )
Message # > pyl*l/+llxl*l/+l (yll |Xl (O(k —k+1)R))}, (9)

Fig. 3. A graphical depiction of the dependence between agessumber and where we make sure that U and k. k' are chosen in a
time. This is an analog of Fig. 2, showing one decoding epdtie shaded . ’ N .

areas indicate the dependencies between messages anelcinmns. Al COmpatible way. We note that the By, ) is also a function
message and time indices have been shifteg b+ 7' — 1 wherej is the  of the codebook, a dependence we have suppressed. We do

index of the decoding epochi,= —1,0, 1, .. ., hence message index and timej jjcate the fact that the codebook is random via the random
are enumerated starting with (The epochy = —1 corresponds to decoding

k'—k+1)R
the first M messages where the dummy messages are shifted in.) Thalsec¥RCtOrsx; (wk ) andx{ (0( TOR). We express the error as
half of the message3/ < k < 2M — 1 are decoded by considering only Pr[vaT72 7& O(T—l)R] _

the observations betwed¢hand2M — 1.
Pr [EI it sl 2 £ 0T DER (wéw*l € I(y' T))},

subtractry ,, = 9 from each message number and time index. (10)

Figure 3 depicts a generic decoding epoch after re-indexinghd note the observation lengthig — 7'+ 1. We see that the
After the re-indexing we discuss decoding messagefor  cardinality of the set of misleading message sequences

M < k < 2M — 1, i.e., the second half of the message

depicted in the figure (corresponding to messaigethrough f WY st 2 £ O(T‘l)R}’ = ME_oM-T)R < gME

20 in Figure 2). The firsi\/ —T+1 estimates (corresponding to (11)
message$ through13), of re-indexed messages are “helperTo decode correctly, a message with the true message prefix
estimates. We make these estimates to reinitialize theditego (0(7—1 %) must be distinguished from rough$* message
process. The lasI’ — 1 (corresponding to messag@$ and sequences with the incorrect prefix. The error probability ¢

22) can’t be decoded reliably. be bounded using standard bounding techniques from error
exponents of random coding for block codes where the block
V. ANALYSIS length isM — T + 1 and the rate is;24— R, giving

In this section we analyze the probability of error in _ g _ (M-T+1)E. (M __R
Sec. V-A. In Sec. V-B, provide design guidance on how Priw A0 l)R] <2 PG (12)
to chooseM as a function of7" and the channel underwhere E,.(R) is the random coding error exponent.
consideration. We find that, for a large enough choicéf All remaining messagesy;, 7' — 1 < I < k we de-
the same exponent as was previously found for semi-infingede cond|t|ona||y, given the previous decmowé L and

tree codes (whose constraint length increases with time)tfig observauonsyl , whereT; = | + T — 1. Note that

achievable. some messages, e.gv;; affect channel inputs (and outputs)
) beyond timeM + T — 1. However, while taking those outputs

A. Error analysis into account would increase the reliability of those dengdi

As mentioned above, since our decoder is periodic, regettiéiecisions, ignoring them simplifies the analysis and stékts
every M channel uses, without loss of generality we focus dhe reliability of the dominant error events of our scheme.
a single decoding “epoch”. This allows us to simplify natati
indexing time from the first channel use in the epoch, mdexeq) Ry~ 1—1 IR [ T

= =Pr|3dw’t s.t
by zero, and consider the decoding of messagevhereM < 17 071w 0™ RS
k < 2M — 1. Figure 3 depicts the channel uses and messages -1 _ (-7 )R i £ 08N (wTi c I(lez))] (13)
of interest in a single epoch. el Te,l

e,l
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Given the conditioning, the only messagesﬁnfi that can

be in error start from message The cardinf’:illity of the
set of misleading message suﬁixéz;Tl is upper bounded
by 2(Ti-i+DE — 9TE |n contrast to (11) we now have
T — 1 + 1 = T observations an@”" messages. Drawing
again upon standard error analysis for random codes we have

Pr[w, # 0% W)~ = 0ff] < 27 TE-(B), (14)

50

N
[=]

Ratio of memory to delay
w
(=]

Substituting these bounds into (8) and noting that 2M,

N
(=]

Pr[v’vk + Wk] < 2—(M—T+1)ET(M}7§+]R) +M2—TET(R)_
(15) 10

B. Choosing the system memavy 0 ‘ ‘ ‘
0 0.1 0.2 0.3 0.4 0.5

To minimize the error probability in (15) for fixed delay and Rate (bits per sec)
fixed rate, we must choos® to make the two terms of (15) . _
Fig. 4. Memory for the finite-memory construction to attaime tsame

equal' Thus we solve foM to make the foIIowmg Identlty error exponent as the infinite memory construction over tharlp symmetric

hold: channel with crossover probability.11 at various rates. The capacity of this
M channel is0.5 bits per channel use. We plot the rafié/T" for the minimum

_ ratio that satisfies (18).
T 1R) TE.(R).  (16)

Clearly the optimizingM is a function of 7', R, and the

(M —T+1)E, (

channel law. But one can immediately infer some propertiég. amortize it out completely (regaining the infinite-memor
results). In particular, in the low-rate extreme of the Fegu

For any R < C the right-hand side is positive. For the left ; .
y 9 \0e |5 posTv the ratio M/T = 2. In contrast, at high rates the overhead

hand side to be positivéy/ must be chosen large enough thab X . ;
M_p<C. or ecomes more expensive. Of course, in operation one may

M-T+1 not need to recover the infinite-memory exponent.

(T =1)C
v L =De
Z T C-R

and we defind/* = [(T'—1)C/(C — R)]. The penalty to pay
for our finite-memory decoding is that whenever we “rese

a7 VI. CONCLUSIONS
We studied the problem of delay-constrained streaming over

capacity.
To solve for the memoryM for (16) we reexpress the
relationship as

memory nature of the construction prevents error propagati
These results pose obvious next steps in the design of low-
complexity coding-theoretic constructions that have tame

M 1 1 behavior.
(? -1+ T) E, <711R> = E.(R).
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