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Abstract—We present a finite-memory code construction for
streaming data systems. In our model of a streaming data system,
a sequence of independent and identically distributed messages
arrives at the transmitter according to a deterministic arr ival
process. Each message must be estimated by the decoder aftera
fixed delay. Prior work on this model relied on the use of semi-
infinite tree-codes with growing encoder and decoder memory.
We show that the same reliability that was attained in those
constructions, which was based on an error-exponent analysis,
can also be obtained by a finite-memory construction. In our
construction both encoder and decoder have finite memory,
although the instantaneous constraint length of the code (and
of the decoding process) is time-varying in a periodic manner.
The closer to capacity one wants to operate, the greater the
memory our construction requires to match the infinite-memory
results. For a given rate and delay it is straightforward to solve
for the memory required to attain the same reliability as the
earlier strategies.

I. I NTRODUCTION

Shannon’s model of communication is block-oriented. The
full data message is available for transmission at time zeroand
the physical channel is only available for some fixed number
of channel uses. In contrast, many modern applications are
streaming in nature where a sequence of data messages is
realized at the transmitter in real time, each of which must be
delivered to the decoder within a fixed delay. Building suitable
information theoretic models, understanding fundamentallim-
its, and characterizing good engineering architectures ofsuch
systems poses novel and intriguing challenges.

The present paper studies delay constrained streaming over
discrete memoryless channels (DMCs). The transmitter ob-
serves a sequence of independent and identically distributed
messages. The transmitted signal produced by our streaming
encoder can only be a causal function of the observed mes-
sages. The delay-constrained decoder is required to output
each source message within some fixed delay.

The most closely related literature is the work by Sahai
and his co-authors [1]–[3] on delay-universal streaming. These
works investigate error exponent behavior for streaming sys-
tems, motivated by connections to control over communica-
tion channels. In those papers a tree code with a growing
constraint length underlies the achievability results. However,
the memory requirements (both at encoder and decoder) of
such a code would eventually become untenable. Our imme-
diate motivation came from our recent work [4] wherein we

fully characterize the diversity-multiplexing tradeoff (DMT)
for streaming data over wireless channels. Subsequent to
publication of [4] we developed finite-memory strategies that
obtain the whole DMT. We decided to revisit the DMC setting
to see whether similar strategies would work. We note that the
finite-memory solution for the DMT is quite simple compared
to the strategy presented herein.

Finally delay constrained streaming over erasure channels
has been studied in [5]–[7]. These works also consider a model
involving a streaming source and a delay constrained decoder,
but the underlying channel is an erasure channel with a certain
bust-model of erasures. A non-zerostreaming capacityexists
for such models and is achieved by a certain class of structured
code constructions.

II. M ODEL

We consider streaming codes for DMCs with finite input
and output alphabetsX andY. A sequence of independent and
identically distributed (i.i.d.) messages{wk}k≥0 are observed
at the transmitter, one per channel use. A decision on each
message must be made by the decoder after a delay ofT − 1;
i.e., the decoder estimateswk at timeTk = k + T − 1.

Definition 1 (Streaming Code):A delay-T , rate-R,
memory-M streaming code,C(R, T, M), consists of

1. A sequence of messages{wk}k≥0 each distributed uni-
formly over the setI = {1, 2, . . . , 2R}.

2. A sequence of encoding functionsFk : IM → X ,

xk = Fk(wk−M+1, . . . , wk), k = 0, 1, . . . ,∞ (1)

that map a window of recent messages to channel inputs.
3. A sequence of decoding functionsGk : Y2M → I that

outputs messagêwk based on the past2M observations:

ŵk = Gk(yk+T−2M , . . . , yk+T−1), k = 0, 1, . . . ,∞.
(2)

Note that the parameterM is the (maximum) memory of
the encoding function and we will always haveM ≥ T .
The decoding function hastwice the memory of the encoding
function. For simplicity of presentation and analysis we ignore
integer requirements on the message setI. This is not too
great a restriction as one can re-normalize the time axis to
correspond to the time scale of the source process – voice
packets, video frames, control information, etc. – and redefine
the DMC accordingly.



III. M AIN RESULT

Our main result is the following.
Theorem 1:For any DMC with random coding error ex-

ponent Er(·), there exists a delay-T , rate-R, memory-M
streaming code,C(R, T, M) that satisfies

Pr[ŵk 6= wk] ≤ 2−TEst(R)

for everyk, where

Est(R) =

min

{

M − T + 1

T
Er

(

M

M − T + 1
R

)

, Er(R)

}

. (3)

The bound in the above theorem is calculated with respect
to the random code ensemble as well as to the message process
and channel realization. We note now, and discuss in depth in
Sec. V-B, that forM chosen sufficiently large the second term
in (3) dominates, resulting in the same exponent as was found
in the earlier (non-finite-memory) works.

IV. CODE CONSTRUCTION

We first provide details of the code construction and then
analyze the performance of the proposed scheme. The central
idea is to use a code with a time-varying constraint length.
The constraint length cycles in a periodic manner. As it gets
longer one can make more reliable decisions about earlier
messages, decoding them reliably and stripping them off,
thereby reducing the rate of later decisions. Our decoder isthus
a decision-directed decoder and in this aspect is similar tothe
construction of [4]. However, by allowing the constraint length
to get small, we mitigate the dependence across time. This
bottlenecks the influence of earlier bad events, such as a long
atypical sequence, on later decoding decisions. This allows us
to reinitialize the coding process everyM blocks. We refer
to each decoding period, of length2M as an “epoch”. This
is the central idea of our construction – to limit the influence
of earlier uncertain messages on our current decision, thereby
mitigating the possibility of error propagation in the decoding
process.

Perhaps most natural way to think about our scheme is
in analog to convolutional codes. Each transmitted symbol
corresponds to one symbol of the convolutional code while
each message corresponds to one information symbol shifted
into the code. In Figure 1 we plot the dependence between
input information symbols and outputted channel symbols for
a (finite-impulse response) convolutional code with a fixed
constraint-length of3. Each row correspond to a message
index and each column to a channel. The first dot in rowk
corresponds to the first channel use that is affected by message
wk. Due to the causal nature of the encoder the index of this
row must be at leastk. The last dot in rowk corresponds to
the last channel use affected by messagewk. For a convolution
code with constant constraint length3, this isk + 2.

Figure 2 presents the analogous plot for one of our
C(R, 3, 7) codes, which we will use to understand the time-
varying constraint length of the code. For aC(R, 3, 7) code

23

time

1413

16
15

13

22

14

12

m
es

sa
ge

 n
um

be
r

17
18

21

Fig. 1. A convolutional code with constraint length3: each input message
effects the channel input in the channel use in which it arrived as well as the
following two in addition.
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Fig. 2. A streaming codeC(R, T = 3, M = 7): each message must
be decoded after a delay ofT = 3, a periodic subset of the messages,
occurring everyM = 7 messages, effects the channel inputs for longer. These
messages can be decoded more reliably, thus allowing the decoding process
to be reinitialized everyM messages / channel uses. Each re-initialization
corresponds to a new decoding “epoch”, one of which is shown.The epoch
shown is of duration2M = 14, extending from timeM + T − 1 = 9 to
3M + T − 2 = 22. This is the epoch considered when decoding messages
14 through20.

every message influences the output for at leastT = 3
symbols, with everyM th message having the longest-lasting
influence, ofM = 7 symbols. The encoding pattern is periodic
with periodM = 7 and in the figure we indicate one decoding
epoch of length2M = 14, extending from channel input9
through22 We use this figure to illustrate the code construction
and decoding algorithm, detailed in the following subsections.



A. Encoder

Our proposed streaming code,C(R, T, M), consists of
a semi-infinite sequence of codewords{x0, x1, . . . , xk, . . .},
wherexk is thekth channel input when messages(w0, . . . , wk)
have already been realized. Due to the finite-memory of the
encoder only a subset of these messages are involved in
determiningxk.

To understand the following, rather involved, definitions of
the time-varying nature of our code, we refer closely to the
example given in Figure 2. We first defineτ+

e,k, a function of
the source symbol indexk, to be the index of thelast channel
use that is a function ofwk. In terms of Figure 2 this is the
index of the last non-zero column in rowk.

We defineτ+
e,k to be

τ+
e,k =

{

k−kmodM +M−1 if 0 ≤ kmodM ≤T−2
k + T − 1 else

.

(4)

Note that the quantityk−kmodM takes you to some integer
multiple of M , to which the maximum memory is added. The
end result is an interval ofT − 1 messages whose influences
on the channel inputs all terminate at a specific time, yielding
the stair-step nature of the plot in Figure 2.

We refer to the quantityτ+
e,k − k as the “constraint length”

of the code, which we note is time-varying and is at mostM .
Referring to the example of Figure 2, the constraint lengths
of messages6 and9 through13 is T = 3. Meanwhileτ+

e,7 =

τ+
e,8 = 13 with message7 having the maximal constraint length

M = 7 and message8 having constraint length6.
When computing thekth channel inputxk, we also need

to know the index of the earliest message in the domain of
Fk. This corresponds to the index of the first non-zero row in
columnk. We define this index to beτ−

e,k where

τ−
e,k =

{

k − kmodM if T − 2 ≤ kmodM ≤ M − 1
k − T + 1 else

.

Sincek−τ−
e,k+1 ≤ M , the encoder is finite-memory, justifying

the definition ofFk in (1). We note that the dimension of
the input is at mostM , and is often strictly smaller. Again
we refer to Figure 2 for a concrete example. Hereτ−

e,14 =

14 − T + 1 = 12 andτ−
e,15 = 15 − T + 1 = 13. On the other

handτ−
e,16 = τ−

e,17 = . . . = τ−
e,20 = 14.

The sequence transmitted up to, and including, channel
input k is denoted by

x
k
0 (wk

0 ) ,

{

x0(w0), x1(w
1
τ
−

e,1

), . . . , xk(wk

τ
−

e,k

)
}

, (5)

so, xk
0 (wk

0 ) ∈ X (k+1)M .
We use an i.i.d. random code construction. The channel

input at timek, for somew
k

τ
−

e,k

= wk

τ
−

e,k

, xk(wk

τ
−

e,k

), is chosen

independently of all previous codeword symbols according to
some input distribution. Further, for all̃wk

τ
−

e,k

6= wk

τ
−

e,k

the sym-

bolsxk(w̃k

τ
−

e,k

) andxk(wk

τ
−

e,k

) are independent. Finally, to make

these definitions well defined for the firstM channel symbols,
we define known “dummy” messagesw1−M , . . . , w−1 that can
be correctly stripped off by the decoder with probability one.

B. Decoder

Our decoder has a functional form that is periodic, resetting
every M channel uses. Each such interval is one decoding
epoch. When decoding messagewk at timeTk = k+T−1 our
decoder computes an estimate of a finite window of previous
messages: messageswτd,k

, . . . , wk. The timeτd,k indexes the
start of the relevant decoding epoch and corresponds to the
earliest channel observation relevant to estimatingwk.

We defineτd,k to be

τd,k = k − k modM − M + T − 1. (6)

Note thatTk−τd,k+1 = M+1+k mod M ≤ 2M , so this is a
finite-memory decoder. For any messagewk that corresponds
to a particularτd,k, the estimate ofwk is computed based on
the received sequenceyTk

τd,k
= (yτd,k

, . . . , yTk
).

As an example, for theC(R, 3, 7) code depicted in Figure 2
τd,k = 9 for 14 ≤ k ≤ 20, while τd,k = 16 for 21 ≤ k ≤ 27.
The former corresponds to the epoch indicated in Figure 2.
Interpreting (6) we see thatk − kmodM backs us up to the
beginning of the encoding interval, just as in (4). Then we
back up one more interval ofM messages. Finally, we add
the offsetT − 1 to avoid having to consider the effect of
messages prior to messagek − kmodM − M .

At time Tk, the decoder sequentially makes estimates of
messageswl for l = τd,k, . . . , k. It first estimates message
wτd,k

, and proceeds to decode the others in order. Each
estimate is a maximum likelihood (ML) estimate, condition
on the estimates of earlier messages and the vector of obser-
vationsyl, . . . , ymin{τ

+

e,l
,Tk}

. The minimizationmin{τ+
e,l, Tk}

is included as you may need to decode messagek prior to the
influence ofwl on channel inputs having ended, cf. Figure 2
and consider messagesw15 throughw17.

Say that we are at stepl and have estimated messagesτd,k

throughl − 1 as w̄
l−1
τd,k

. With the estimates of those messages
fixed, there is uncertainty in the later messages,wl, . . . wTk

.

The decoder searches for the vectors of messagesŵ
min{τ

+

e,l
,Tk}

l

that maximize the probability of the observationsy
min{τ

+

e,l
,Tk}

l

with respect to the codeword suffix

x
min{τ

+

e,l
,Tk}

l

(

w̄
l−1
τd,k

, ŵ
min{τ

+

e,l
,Tk}

l

)

. (7)

If the ML codeword suffix is unique, the decoder concate-
nates ŵl with w̄

l−1
τd,k

to get w̄
l
τd,k

. If it is not unique, but
the message sequences corresponding to all the ML message
suffixes share the same (unique) elementŵl, then the decoder
also concatenateŝwl with w̄

l−1
τd,k

to getw̄ l
τd,k

, otherwise an error
is declared. When the process continues without declaring an
error until an estimate of messagewk is made, thenw̄k is
declared to be the output message.

Both encoding and decoding functions are periodic ink. To
simplify the analysis of our strategy we concentrate on a single
decoding epoch, extending fromτd,k to Tk. We re-index these
time sample to extend from0 to 2M − 1, and the messages
similarly. E.g., if we were to consider the epoch depicted in
Figure 2, corresponding to messagesw14, . . . , w20, we would
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Fig. 3. A graphical depiction of the dependence between message number and
time. This is an analog of Fig. 2, showing one decoding epoch.The shaded
areas indicate the dependencies between messages and channel inputs. All
message and time indices have been shifted byjM + T − 1 wherej is the
index of the decoding epoch,j = −1, 0, 1, . . ., hence message index and time
are enumerated starting with0. (The epochj = −1 corresponds to decoding
the firstM messages where the dummy messages are shifted in.) The second
half of the messagesM ≤ k ≤ 2M − 1 are decoded by considering only
the observations between0 and2M − 1.

subtractτd,k = 9 from each message number and time index.
Figure 3 depicts a generic decoding epoch after re-indexing.
After the re-indexing we discuss decoding messagewk for
M ≤ k ≤ 2M − 1, i.e., the second half of the messages
depicted in the figure (corresponding to messages14 through
20 in Figure 2). The firstM−T+1 estimates (corresponding to
messages9 through13), of re-indexed messages are “helper”
estimates. We make these estimates to reinitialize the decoding
process. The lastT − 1 (corresponding to messages21 and
22) can’t be decoded reliably.

V. A NALYSIS

In this section we analyze the probability of error in
Sec. V-A. In Sec. V-B, provide design guidance on how
to chooseM as a function ofT and the channel under
consideration. We find that, for a large enough choice ofM ,
the same exponent as was previously found for semi-infinite
tree codes (whose constraint length increases with time) is
achievable.

A. Error analysis

As mentioned above, since our decoder is periodic, resetting
everyM channel uses, without loss of generality we focus on
a single decoding “epoch”. This allows us to simplify notation,
indexing time from the first channel use in the epoch, indexed
by zero, and consider the decoding of messagewk whereM ≤
k ≤ 2M − 1. Figure 3 depicts the channel uses and messages
of interest in a single epoch.

Pr[w̄k 6= wk] ≤ Pr[w̄k
0 6= w

k
0 ]

= Pr[(w̄T−2
0 6= w

T−2
0 ) ∪ (∪k

l=T−1(w̄
l−1
0 = w

l−1
0 ∩ w̄l 6= wl))]

≤ Pr[w̄T−2
0 6= w

T−2
0 ] +

k
∑

l=T−1

Pr[w̄l 6= wl|w̄
l−1
0 = w

l−1
0 ]

(8)

By the randomness of the code construction we can assume
that wTk = 0TkR.

We start by bounding the first term in (8). These messages
effect the input of the channel only in the interval0 ≤ t ≤
M − T . Therefore the decoding of these messages is only a
function of y0, . . . , yM−T , cf. Fig. 3. To make notation more
compact we introduce the set

I(yl′

l ) =
{

w̃k′

k : p
yl′−l+1|xl′−l+1(yl′

l |x
l′

l (w̃k′

k ))

≥ p
yl−l′+1|xl−l′+1(yl′

l |x
l′

l (0(k′−k+1)R))
}

, (9)

where we make sure thatl, l′ and k, k′ are chosen in a
compatible way. We note that the setI(yl′

l ) is also a function
of the codebook, a dependence we have suppressed. We do
indicate the fact that the codebook is random via the random
vectorsx l′

l (w̃k′

k ) andx
l′

l (0(k′−k+1)R). We express the error as

Pr[w̄T−2
0 6= 0(T−1)R] =

Pr
[

∃ w̃M−1
0 s.t. w̃T−2

0 6= 0(T−1)R ∩
(

w̃M−1
0 ∈ I(yM−T

0 )
)]

,

(10)

and note the observation length isM −T +1. We see that the
cardinality of the set of misleading message sequences
∣

∣

∣

{

w̃M−1
0 s.t. w̃T−2

0 6= 0(T−1)R
}∣

∣

∣
= 2MR−2(M−T )R ≤ 2MR.

(11)
To decode correctly, a message with the true message prefix
(0(T−1)R) must be distinguished from roughly2MR message
sequences with the incorrect prefix. The error probability can
be bounded using standard bounding techniques from error
exponents of random coding for block codes where the block
length isM − T + 1 and the rate is M

M−T+1R, giving

Pr[w̄T−2
0 6=0(T−1)R] ≤ 2−(M−T+1)Er( M

M−T+1
R) (12)

whereEr(R) is the random coding error exponent.
All remaining messageswl, T − 1 ≤ l ≤ k we de-

code conditionally, given the previous decisionsw̄
l−1
0 and

the observationsyTl

l , where Tl = l + T − 1. Note that
some messages, e.g.,wM affect channel inputs (and outputs)
beyond timeM +T − 1. However, while taking those outputs
into account would increase the reliability of those decoding
decisions, ignoring them simplifies the analysis and still meets
the reliability of the dominant error events of our scheme.

Pr[w̄l 6= 0R|w̄ l−1
0 = 0lR] = Pr

[

∃ w̃Tl

τ
−

e,l

s.t.

w̃l−1

τ
−

e,l

= 0(l−τ
−

e,l
)R ∩ w̃l 6= 0R ∩

(

w̃Tl

τ
−

e,l

∈ I(yTl

l )
)]

. (13)



Given the conditioning, the only messages inw̃
Tl

τ
−

e,l

that can

be in error start from messagel. The cardinality of the
set of misleading message suffixes̃w

Tl

l is upper bounded
by 2(Tl−l+1)R = 2TR. In contrast to (11) we now have
Tl − l + 1 = T observations and2TR messages. Drawing
again upon standard error analysis for random codes we have

Pr[w̄l 6= 0R|w̄ l−1
0 = 0lR] ≤ 2−TEr(R). (14)

Substituting these bounds into (8) and noting thatk < 2M ,

Pr[w̄k 6= wk] ≤ 2−(M−T+1)Er( M
M−T+1

R) + M2−TEr(R).
(15)

B. Choosing the system memoryM

To minimize the error probability in (15) for fixed delay and
fixed rate, we must chooseM to make the two terms of (15)
equal. Thus we solve forM to make the following identity
hold:

(M − T + 1)Er

(

M

M − T + 1
R

)

= TEr(R). (16)

Clearly the optimizingM is a function of T , R, and the
channel law. But one can immediately infer some properties.
For anyR < C the right-hand side is positive. For the left-
hand side to be positive,M must be chosen large enough that

M
M−T+1R < C, or

M >
(T − 1)C

C − R
, (17)

and we defineM∗ = ⌈(T −1)C/(C−R)⌉. The penalty to pay
for our finite-memory decoding is that whenever we “reset”
the decoder by entering a new decoding epoch, there is some
additional rate overhead that we must amortize out. As long
as the memory exceedM∗ the effect of this overhead is below
capacity.

To solve for the memoryM for (16) we reexpress the
relationship as

(

M

T
− 1 +

1

T

)

Er

(

1

1 − T
M

+ T
M

1
T

R

)

= Er(R).

For channels such as the binary symmetric channel (BSC), for
which we present results, the quantity1/T will be small. So,
we approximate (16) by dropping the term terms modulated by
1/T . We note that for packet-type channels this approximation
may not be appropriate. With the approximation we are left
with

(

M

T
− 1

)

Er

(

1

1 − T
M

R

)

= Er(R). (18)

Of course, for (18) to be well defined the ratioM/T must be
the ratio of two integers. IfT is large, then such integer effects
will not be significant and we ignore them in the following.

Solving for the ratioM/T numerically, we plot the results
in Figure 4 when the channel of interest is the BSC with
crossover probability0.11. We note that at low rates the
increased in rate overhead incurs a small memory overhead

0 0.1 0.2 0.3 0.4 0.5
0

10

20

30

40

50

60

R
at

io
 o

f m
em

or
y 

to
 d

el
ay

Rate (bits per sec)

Fig. 4. Memory for the finite-memory construction to attain the same
error exponent as the infinite memory construction over the binary symmetric
channel with crossover probability0.11 at various rates. The capacity of this
channel is0.5 bits per channel use. We plot the ratioM/T for the minimum
ratio that satisfies (18).

to amortize it out completely (regaining the infinite-memory
results). In particular, in the low-rate extreme of the Figure,
the ratio M/T = 2. In contrast, at high rates the overhead
becomes more expensive. Of course, in operation one may
not need to recover the infinite-memory exponent.

VI. CONCLUSIONS

We studied the problem of delay-constrained streaming over
a DMC. We present a finite-memory construction that can
recapture the error exponent behavior of previous semi-infinite
tree constructions given sufficiently large, but finite, memory.
The associated decoder involves a decision-directed periodi-
cally time-varying decision rule. The time-varying and finite-
memory nature of the construction prevents error propagation.
These results pose obvious next steps in the design of low-
complexity coding-theoretic constructions that have the same
behavior.
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