Name:

Student No.:

University of Toronto
Electrical & Computer Engineering
ECE 362, Winter 2013
Thursday, April 4, 2013

TEST #2

Professor Deepa Kundur
Duration: 110 minutes

All work must be performed within the space provided. You may use the back of sheets if

necessary.

No aid sheet allowed. No cell phones, PDAs, etc. allowed. You may use a Type 2 (nonpro-

grammable) calculator.

Answer all questions.

If a particular question seems unclear, please explicitly state any reasonable assumptions and

proceed with the problem.

Please properly label all points of interest on sketches and graphs that you are requested to

draw, so that there is no ambiguity.

For full marks, show all steps and present results clearly.

Important tables are given at the end of the test.

Question | Earned Grade

1
/10

2
/10

3
/10

4
/10

5
/10

Total

/50




1. (10 marks)

(a) Assume the z-Transform of z(n) is given by X(z) with region of convergence (ROC)
r1 < |z| < ra. Prove the time-reversal property of the z-Transform from first principles:

1 1
2(-n) <& X(zYH, = <l|x<—.
T2 71
For full points, please show all steps.

(b) Consider a signal z(n) with z-Transform:
bo+ b1zt 4+ boz 2 4+ bgz 3
X(z) = 0+ 0127~ + b2z “ + b3z .
ag+ a1z +agz"? +azz3

For what general values of ag, a1, ag, az, by and by is z(n) even?

Solution:

(a) We start from the definition of the z-Transform of xz(—n). Let y(n) = z(—n) and

V() = Y oy = Y a(-n)"
= > am)m= ) am)z) =X

For the ROC, where X () was finite, now X (z71) is finite, so we have:

r1< |z <o

r < |z7Y <
1

r < Bl <To

1 1

— <zl <=

r9 r1

(b) If z(n) is even, then x(n) = x(—n). Therefore,
X(z) = X(z71)
bo+biz ! Fbaz?+b327%  bo+bizdboz® +032° 270 b3 boz bz P4 bz a
ap+arzt Fasz 2 +azz3  ag+arz+agz®+azzdz3 az+agzl4+a1272 4 apz 3
bo + blz_l + b22_2 + b32_3 abs + O[bQZ_l + Oéb12_2 + OéboZ_3 P £0
= or «

ag+ a1zt +agz"2 +azz3 aas + aasz™ + a1z 2 + aagz 3

Therefore, we may have the following general relationships amongst the parameters:
bp = abs and b3 = abg
by = aby and by = ab;
ag = aaz and az = aaqg

a1 = aay and as = aaq



We can see from above that a solution only exists for a? = 1 or a = %1, since for for example
the first set of equalities: by = abz = o - abg = a®by . Therefore, the signal is even for:

b(_) = Oébg and b1 = Oébg

ag = aag and a1 = aas

where oo = +1.



2. (10 marks)

Consider the signal:
z(n)=4{ 1, 0, -1, 2, 3 }

with discrete-time Fourier transform (DTFT) X(w) = Xg(w) + jX7(w) where Xp(w) and
X7(w) are the real and imaginary parts of X (w) in rectangular coordinates.

(a) Determine and sketch the signal y;(n) with DTFT:
Y1(w) = Xp(w) + X1(w).

(b) Determine and sketch the signal y2(n) with DTFT:
Ya(w) = Xn(w) — jX1(w).

(c) Determine and sketch the signal y3(n) with DTFT:

%@0=j2 Xr(9)X1(¢ — w)dg.

Solution:

From the tables at the end of this test and given x(n) is real, we can see that

pm)+ i) s re(n) oy T xaw)

9 2
z(n) _; (=n) = z(n) _255(_n) = z0(n) é 7X1(w)

—jro(n) I Xi(w)

We compute the even and odd components of z(n) to give,

zo(n) = %[{1,0,—1,2,3,0,0}+{0,o,3,2,—1,0,1}]
_ {30 1,2 1,0 35 }
1
zo(n) = %[{1,0,—1,2,3,0,0}—{0,0,3,2,—1,0,1}]
_ {3 0, -2,0, 2 0, —3 }
1

(a) Therefore, we see that
y1(n) = ze(n) — jzo(n) <o Vi(w) = Xg(w) + X7(w)

to give

}

D=

yin)={ 3—-ji 0, 1+42, 2, 1—42, 0, 3+
/I\



(b) Similarly, we see that

Y2(n) = xe(n) — x0(n)

to give

(c) Again, we see that

y3(n) = 2m - ze(n) - xo(n)

to give
ys(n) ={ 3,



3. (10 marks)
Consider the following system for L € Z*:

y(n) =z(n+ L) —z(n— L) (1)

(a) Using the following standard building block elements: adders, constant multipliers, unit
delay elements, unit advance elements and signal multipliers, determine a realization of
the system that uses minimum unit delay/advance elements.

(b) Determine and sketch the magnitude and phase of the frequency response of the system
Eq. 1.

(c) Determine the locations of all spectral nulls, if any.

(d) This system is not causal. Suppose you connect the following system y(n) = xz(n — M)
with input z(n), output y(n) and M € Z in series with the system of Eq. 1. What values
of M would make the new overall series connection system causal? For the minimum
M, determine the input-output equation of this overall series connected causal system.

(e) Determine the frequency response expression of the system in part (d).

Solution:

(a) The realization is given below where there are L unit delay and unit advance elements
in each row.

Z P z cee—> ~
+
x(n) — H—y(n)
el I S voes| 1
(b) The frequency response is given by:
yn) = z(n+L)—xz(n—L)
Y(w) = &“IX(w) — el X (w) = [¢*F — e 9L X (W)
Y(w) jwL _ —jwlL -
H(w) = —2 = [l — gmivk] = 9 L
=Yg = - = st
|H(w)| = 2|sin(wL)]
™ 2km (2k+1)m
5 HF<lw<
ZH(w) = {Qﬂ Se1)r L, kel
- (CLi Y 2hn



|H (w)]
2
I W
2@z o 1 2 &
L L L L L L
ZH(w)
— /2
w

IE]
]

oo
=

E

E I a

(c¢) The spectral nulls occur when H(w) = 2jsin(wL) = 0, which occurs when wL = 7k or
w= %k for k € Z.

(d) The overall series connection would be causal for M > L, the minimum occurring for
M = L. The overall input-output equation is given by:

—M)=yiin—M)=z1(n—M+L)—x1(n—M—L)
yln) = z(n)—xz(n—2L) for M =1L

<
%)
2
I
8
%)
S 3

Hy(w) = 2jsin(wl)
Hy(w) = e Il
Hoyerann(w) = Hi(w)- Ha(w) = 2je Ik sin(wl)



4. (10 marks)

(a) Compute the N-point discrete Fourier transform (DFT) of the signal: x1(n) = §(n).
(b) Show

N—
S dn 1) = %Z s(en/N)k
k=0

l=—0c0

Solution:

(a) The N-point discrete Fourier transform (DFT) of z1(n) = d(n) is:

=2

X(k) = x(n)e? @ NE e — 01, N -1

ol
Ll

_ 5(n)€j(27r/N)kn

I
—
<IID

, k=0,1,....,N—1

(b) We see that Y ;2 d(n+IN) is a periodic repetition of §(n) for period N. Therefore, its
discrete-time Fourier series (DTFS) coefficients are ¢, = 1 for all k € Z (since the DFT
is just a windowed version of the DTFS such that the DTFS is a periodic repetition of
the DFT for k =0,1,..., N —1). The DTFS synthesis expression is given by:

N—

,_a

j(27/N)kn

1
= — Ck
N

k=0

We also know that:

3 SNy T

l=—00

which we can plug back in to the DTFS synthesis equation to give:

i o(n+IN) =

l=—o0

=

-1
6]'(27r/N)l~cn

==
ol
Il
o



5. (10 marks)

Since the class seemed concerned about drawing butterflies, the butterfly representation for
a radix-2 decimation-in-time 8-point FFT is provided below. Please fill in the blanks (i.e.,
the slightly shaded boxes, specifically representing the input values into the butterfly network
and the four twiddle factors between Stage 2 and Stage 3). Hint: the missing twiddle factors
can be deduced by taking a first-level radiz-2 decimation-in-time decomposition that we did in
the lectures and finding the Wy factor that comes out of one of the summations. Here is how
you would start:

N-1
X(k) = Y am)Wa'= > zm)W'+ > am)Wi* k=0,1,...,N-1
n=0 n even n odd
Solution:
N-1
X(k) = > zn)Wi" k=0,1,...,N—1
n=0
n even n odd
(N/2)—1 (N/2)—
_ Z 2(2m)W 2m + Z 2(2m +1 k(2m+1)
m=0
(N/2)-1 (N/2
= x(2m) WHm 4 Z z(2m + 1) WHEmwk
me— v %/—’
Efl( ) —fz( )
(N/2)— (N/2)—
= Z f1 Iz + Wi Z fa(m)W T,
& _DFT of f1(m) S _DFT of f2(m)

= F(k)+WEFy(k), k=0,1,...,N—1



Stage 1

Stage 2
:0 _1= - P P>
W8
0
. We . .
>< V ) V
2
_ _ We _ _
/0 1 - 1 -
W) 0
W8
1
>< \/ w)
:0 > - > ——
-1
W, 2
Wg Ws
> - :1 ——
3
2 w
_ >< We /\ S
/0 1 - 1 g
W8

10



Common z-Transform Pairs

Signal, z(n) z-Transform, X (z) ROC
1 3(n) 1 All 2
2 u(n) —1 |z] > 1
3 a"u(n) e |z| > |a]
Z1
4 na™u(n) (oas=T)2 |z > |al
5 —a"u(—n —1) — |z| < al
6 —na"u(-n-—1) 7(1;;1;1)2 |z <al
7 cos(won)u(n) @% |z > 1
8 sin(won)u(n) —1_2zz_1§sn:;(’_,_z_2 |z| > 1
9  a”cos(won)u(n) 1_2;;‘11263?2;1“’;22,2 |z| > |a|
10 a"sin(won)u(n) 172;;,“11053‘;1:’;%,2 |z| > |al
z-Transform Properties
Property Time Domain z-Domain ROC
Notation: z(n) X (2) ROC: my < |z| <11
a:l(n) X1 (Z) ROCl
o (’I’L) X2 (Z) ROCQ
Linearity: a1z1(n) + azz2(n) a1 X1(z) + a2X2(z) At least ROC1N ROC,

Time shifting: z(n — k) 27k X (2) At least ROC, except
z=0 (if £ > 0)
and z = oo (if k < 0)
z-Scaling: a"z(n) X(a™'2) lalrs < |z] < |a|ry
Time reversal z(—n) X(z7h % < |z| < i
Conjugation: z*(n) X*(z") ROC
z-Differentiation: n z(n) —zd);(:) ro < lz| <
Convolution: z1(n) * z2(n) Xi1(2)Xa(z) At least ROC1N ROC,
DTFT Theorems and Properties
Property Time Domain Frequency Domain
Notation: z(n) X(w)
z1(n) Xi(w)
z2(n) Xi(w)
Linearity: a1z1(n) + azz2(n) a1X1(w) 4+ a2 X2 (w)
Time shifting: z(n —k) e IR X (w)
Time reversal z(—n) X(—w)
Convolution: z1(n) * z2(n) X1 (w)X2(w)
Multiplication: z1(n)z2(n) 5= [o, X1 (N) X2 (w — A)dA
Correlation: Torze () = 21(1) * x2(=1)  Szyzs (W) = X1 (w)Xa(—w)

Wiener-Khintchine:

= X1(w) X3 (w) [if z2(n) real]
Sea(w) = | X (w)]?

11



DTFT Symmetry Properties

Time Sequence DTFT
z(n) X(w)
z*(n) X (—w)
z*(—n) X (w)
z(—n) X(-w)
zr(n) Xe(w) = 3[X(w) + X" (~w)]
Jjzi(n) Xo(w) = 3[X(w) — X*(~w)]
(w) = X" (-w)
Xp(w) = Xp(-w)
z(n) real Xr(w) = —-X;(—w)
| X (w)] = |X(-w)]
LX(w) = —4LX(—w)
zp(n) = 3[z(n) + 2™ (—n)] Xp(w)
o(n) = 3la(n) — 2" (—n)] JX1(w)

DFT Properties

Property Time Domain Frequency Domain
Notation: z(n) X (k)
Periodicity: z(n) =z(n+ N) X(k)=X(k+ N)
Linearity: a1z1(n) + asz2(n) a1 X1(k) + a2 X2 (k)
Time reversal (N —n) X(N —k)
Circular time shift: z((n—=10))n X (k)e 92mkU/N
Circular frequency shift: — z(n)e?2 /N X((k=D)n
Complex conjugate: z*(n) X*(N —k)
Circular convolution: z1(n) @ z2(n) X1(k)X2(k)
Multiplication: z1(n)x2(n) +X1(k) ® X2(k)
Parseval’s theorem: Zﬁ:’z_ol z(n)y*(n) = Z,ivz_ol X(k)Y™(k)

12



Note: The following tables are courtesy of Ashish Khisti and Ravi Adve and were developed
originally for ECE355.

Fourier Properties

Property DTFS CTFS DTFT CTFT
Synthesis z[n] = z(t) = x[n} = z(t) =
Analysis ak = ‘ ak = X(em) = X(jw) =

% Yo N> m[n]eﬂkﬂon % fT z(t)e IRwotqy > x[n]eﬂQ" ffooo z(t)e I«tdt

Lincarits aaln] + Byln] <> aa(t) + By(t) o aaln] + Byln] <> aalt) + By(t) <

aay + Bby aay, + Bbi aX (e7%) + BY (e79) X (jw) + BY (jw)

Time Shifting

z[n — no) < age I2mmoR/N

x(t — to) ¢ age IFwoto

z[n —ng) < eI X (79

x(t —to) +> e I X (jw)

Frequency Shift

ej27‘rmn/N

z[n] & Al

z(t)ed ™0 & ap iy,

x[n}emo" > X(ejm*ﬂ(’)")

z(t)e?“0t ¢ X (j(w — wo))

Conjugation z*[n] + a’y, x*(t) <> a’y z*[n] < X*(e77D) z*(t) + X" (—jw)
Time Reversal z[—n] & a_k x(—t) “a_g z[-n] & X(e719) z(—t) + X(—jw)
N-1 _ _ J J$2
o otion S eyl — 1) Jpa@ut—r)dr | aln] wyln] & XE@DY () | 2(t) *5(t) & XY ()
+ Nagbg > Takbk
alnlyln] & 305 avbi—r | @(®)y(t) < anx by z[n]y[n] z(t)y(t) <
Multiplication )
= [, X (e’ Y (7= = X (jw) * Y (jw)
First Difference/ zn] —z[n — 1] « d“;;ﬁ > jkwoar zln] — z[n — 1] < dffigt) + jwX (jw)
Derivative (1 — e 72/ Nyq, (1 —e 7 X (7?)
Running Sum/ S alk] e ' a(r)dr ¢ 5 o elk] e X [ a(r)dr ¢ X
Integration TN +7X (79)6(Q) +7X(50)0(w)
Parseval’s N Lone |5L“[n]|2 7 Jrle(®)Pdt PO 0l foo \1’( )|t
Relation =S ak? =30 laxl? =& [, |X(e7?)[PdQ = o= [7 X (jw) [P dw

Real and even

signals

Real and even

in frequency domain

Real and odd

signals

Purely imaginary and odd

in frequency domain

Additional Property: A real-valued time-domain signal z(t) or z[n] will have a conjugate-symmetric Fourier repre-

sentation.
Notes:

1. For the CTFS, the signal x(t) has a period of T, fundamental frequency wog = 27 /T’; for the DTFS, the signal
z[n] has a period of N, fundamental frequency Qo = 27/N. aj and by denote the Fourier coefficients of z(t)
(or z[n]) and y(¢) (or y[n]) respectively.

2. Periodic convolutions can be evaluated by summing or integrating over any single period, not just those
indicated above.

3. The “Running Sum” formula for the DTFT above is valid for €2 in the range —7 < Q < 7.
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Fourier Pairs

FOURIER SERIES COEFFICIENTS OF PERIODIC SIGNALS™
Continuous-Time Discrete-Time**
Time Domain — z(¢) Frequency Domain — ax || Time Domain — z[n] | Frequency Domain — ay,
AeIwot ar=A Al a1 =4,
ak=O7k:7$1 ak:O,k;él
ACOS(Wot) a;y = a—1 = A/2 ACOS(QQH) al] = a—1 = A/2
ak:(),k;él ak:O,k;Al
Asin(wot) ar=a’, = 2% Asin(Qon) a1 =a’; = %
ak:O,k;él ak:O,k;Al
z(t)=A ao = A, ar = 0 otherwise z[n] = A ap = A, ar = 0 otherwise
Z'io:—oo 6(tinT) ar = % Zzo:_oo 5[?1*/4]\7] apr = %
2T
Periodic square wave ag = Tl
1 |t| < T sin(konl)
t) = =—— k#0
CL‘() {0 T1<‘t|§% ak - Kk #
and z(t) =z(t+1T)

FOURIER TRANSFORM PAIRS

Continuous-Time Discrete-Time*”

Time Domain — z(¢) ‘ Frequency Domain — X (jw) Time Domain — z[n] ‘ Frequency Domain — X (e’%)
(1) = 1, |tl<Th 2sin(wTh) 2[n] = 1, |n|] <M sin(Q (N1 +1/2))
10 |t >T w 10, [n[>MN sin(Q/2)
sin Wt L L |w < W sin Wn oy 1L QI <w
t X(jw) = { 0, otherwise ™ X(e™) = 0, otherwise

o(t) 1 d[n] 1

1 27 (w) 1 2w ()

1 I
—at n I
e ""u(t),Re(a) > 0 ot o a"uln],la| <1 T
el 1 m+r—-1)" , 1
(n— 1)!e u(t), Re(a) > 0 (a4 jw)" nl(r —1)! a"uln], lal < (1 —qae 79"

*In the Fourier series table, wo = 2% and Qo = 27, where T and N are the periods of z(t) and z[n] respectively.

**For the DTFS, ay, is given only for k in the range —N/24+1 < k < N/2foreven N, —(N—-1)/2 < k < (N —1)/2 for
odd N, and ai = agn; for the DTFT X (/) is given only for  in the range —m < Q < 7, and X (e/) = X (&%),

Fourier Transform for Periodic Signals:

oo

z(t) = Z are’™ " & X (jw) = 27 Z ard(w — kwo)
k=—oc0 k=—o0
z[n] = Z are’om X(ejﬂ) =27 Z ard(Q — kQo)
k=<N> k=—o00
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