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- Homework &
Solutions

13.1

If plant output d(n) is corrupted by white noise w(n), let y(n) = d(n) + w(n).
Let output of the system model be

The error is e(n) = y(n) —g(n) and it is required to minimize ZTILO e?(n). That
is minimize,

N M-1 2
&= Z (d(n) +w(n) — Z h(k)z(n — k)) (1)
n=0 k=0
This can be done by differentiation (or methods of ecen601). The result is:
M—1
> h(k)rea(l — k) = raa(l) + Tua(l), 1=0,1,--- M —1 (2)
k=0
where,
N
ree(l — k) = Z z(n —k)x(n —1)
n=0
N
rue(l) = > w(n)z(n 1)
n=0
13.2

For a transmitted signal s(t) = >~ a(k)p(t — kT), assuming presence of near
end echo only, the received signal is (corrupted by white noise):

r(t) = As(t — d) + w(t)
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The discrete time signal is (assuming sampling interval T'):

AZ p(nT — kT — d) + w(nT)

The output of the echo canceller is §(n) = 224:51 h(k)a(n — k), and similar to
problem 13.1, it is required to minimize

&= Z (r(n) - z_: h(k)a(n — k:)) (1)
n=0 k=0

This minimization gives:

M-1

> h(k)raal = k) =rpa(l), 1=0,1,--- M —1 (2)
where -
raa(l—k) =Y x(n—k)z(n—1)
n=0
Tws(l) = Z w(n)z(n —1)
n=0
13.3
N-1
Tm)(k) = % 1) )
n=0
N-1

Z\H
g
Mz

h(Dwa(n —1) + ws(n )(Zh Jwa(n — k — m)—|—w3(n—k)>

N

=N (ZZ'LUQ (n — Dwa(n — k —m)h(l)h(m)
n=0 =0 m=0

+Zw2 n—Dws(n —k)h(l) + ZU)Q (n—k—m)ws(n )h(m)erg(n)wg(nk))
=0 m=0

(1)
Since, w1 (n), wa(n), ws(n) are mutually uncorrelated, Ejw;(n — k)w;(n —m)] =
0 for ¢ # j. Thus,

N=1 oo oo
Elru(h)] = 5 > (Z S Elwa(n — Dwa(n — k — m)|A()h(m) + Elws(n)ws(n - k)])

n=0 \Il=0 m=0
= Z [wa(n — Dwa(n — k —m)]h(l)h(m) + Elws(n)ws(n — k)]
=0 m=0

(2)



ryo(k) = % y(n)v(n — k)
v .
=¥ Z (a:(n) +wa(n) + w3(n)> (Z h(m)wa(n —k —m) + ws(n — k;))
n=0 m=0
- % i < Z h(m)z(n)wa(n —k —m) + x(n)ws(n — k)
n=0 m=0
+ Z h(m)ws(n)ws(n — k —m) + wa(n)ws(n — k)
m=0
+ Z h(m)wa(n — k — m)ws(n) + ws(n)ws(n — k;)) (3)
m=0
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Z h(m)E[wa(n)ws(n — k —m)] + E[lws(n)ws(n — k)] (4)

m=0

+

13.12
z(n) = gv(n) + w(n), for 0 <n < M (1)
By orthogonality principle, E[(g — §)?] is minimized when E[(g — §)z(k)] = 0
for0<k< M.
We first evaluate E[(g — §)z(k)]:
M-1
El(g - §)z(k)] = Elga(k)] = Y h(n)E[z(n)a(k)]
n=0
= Elg*v(k) + gw(k)] — E[(gv(n) + w(n))(gv(k) +w(k))]
= v(k)Elg*] — v(n)v(k) Elg’] — Elw(n)w(k)]
= Gu(k) — Gu(n)v(k) — 6(n — k)o?, (2)



Thus, orthogonality principle implies
Zh (k)G +6(n—k)o2) for0<k<M (3)

Writing this set of equations in matrix form:

(012“1 + GVVT) h=Gv (4)
where
v =[v(0)---v(M —1)]¥ and h = [h(0) - - - h(M — 1)]*
Hence,
h= G(O’?UI—FGVVT)_IV (5)
Using matix inversion lemma we have
1 GvvT
Simplifying we get
h(n) = Gan_l , for0<n<M (7
o2, <1 +G UQ(IC)>
k=0

13.15

Minimizing MSE, E[e?(n)], where e(n) = y(n) — ng 01 a(k)v(n — k), gives the

normal equations:

M-1
> alk)ros(m — k) =ry(m), for0<m < M (1)
k=0

We have to evaluate 7., (k) and ry, (k) for the particular case in this problem.

Ty (k) = Efv(n)v(n — k)]
= Efvz(n)va(n — k)] + Efws(n)ws(n — k)]
= Tuyus (k) + Twguws ()
= Tyy0, (k) + 05 0(K) (2)
fi

To evaluate 7,.,(k), we first find power spectral density of vo(n) and take

inverse DTFT.



Inverse DTFT gives

402

Tvavg (k) = 3. 2][‘;,1| (4)
Thus, equation 2 implies
402
Ponl) = S+ % (k) (5)

= Elwa(n)va(n — k) (6)

Use equations 5 and 7 to solve equation 1 for M = 3. This gives

15 -1 -1

a(l) = —, a(2) = £

Cl(O) - 3727 ] )





