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Complexity of Filtering and the FFT Complexity of Filtering in the Time-Domain
Digital Filtering in the Time Domain

Let x(n) and h(n) be real signals.

Let the support of x(n) be n=0,1,..., N — 1. We are interested in
determining y(n) for n=0,1,..., N — 1,

y(n) = x(n)xh(n)

Dr. Deepa Kundur (University of Toronto) Complexity of Filtering and the FFT 2 /34

Dr. Deepa Kundur (University of Toronto) Complexity of Filtering and the FFT 1/34
Complexity of Filtering and the FFT Complexity of Filtering in the Time-Domain
Digital Filtering in the Time Domain
Complexity of doing a brute-force convolution is given by:
» For fixed n:
N-1
y(n) = x(k)eh(n — k)
k=0
» N real multiplications
» N — 1 real additions
» Forall n (n=0, 1, ..., N-1):
» N-N = N? = O(N?) real multiplications
» (N —1)-N = N(N — 1) = O(N?) real additions
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Complexity of Digital Filtering in the Time Domain

» Is O(N?) high?
» Yes.

» ldea: Maybe filtering in the frequency domain can reduce
complexity.
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Discrete Fourier Transform (DFT)

» Frequency analysis of discrete-time signals is conveniently

performed on a DSP.

» Therefore, both time-domain and frequency-domain signals must

be discrete.

» x(t) sampling x(n)

b X(w) PTPIE X (25K or X(K)

» What happens when we sample in the frequency domain?
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Fourier Duality
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DFT Intuition
aperiodic + dst in time <+— cts + periodic in freq
J sampling
periodic 4+ dst in time <+— dst 4 periodic in freq
. . DTFS T .
periodic + discrete <—% periodic + discrete
. DFT .
one period of dst samples <— one period of dst samples
n=01,....,N—-1 k=0,1,...,.N—1
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DFT Intuition

Example

periodic + dst in time-domain

periodic + dst in freg-domain

note: signal examples are artificial
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Frequency Domain Sampling

» Recall, sampling in time results in a periodic repetition in
frequency.

x(n) = ()| < X(w) :% > Xo(w + 277%)

k=—o0

» Similarly, sampling in frequency results in periodic repetition in

time.
oo
f
xo(n) = 3 x(n+IN) D5 X(k) = X(@)]yozes
|=—00
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Frequency Domain Sampling
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Note: N is directly proportional to the sampling rate of w; there are N samples
per 2w
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Frequency Domain Sampling and Reconstruction

» Therefore,

» Implications:
» The samples of X(w) can be used to reconstruct x,(n).
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Frequency Domain Sampling and Reconstruction

» Q: Can we reconstruct x(n) from the samples of X(w)?
» Can we reconstruct x(n) from x,(n)?

» A: Maybe.
o
xp(n) = E x(n+ IN)
|=—00
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Frequency Domain Sampling and Reconstruction
N =4

no temporal aliasing
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Frequency Domain Sampling and Reconstruction

» x(n) can be recovered from x,(n) if there is no overlap when
taking the periodic repetition.

» If x(n) is finite duration and non-zero in the interval
0<n<L-—1, then

x(n)=x,(n), 0<n<N-1 whenN>1L

» If N < L then, x(n) cannot be recovered from x,(n).

» or equivalently X(w) cannot be recovered from its samples
X (%k) due to time-domain aliasing
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DTFT, DTFS and DFT

x(n) for all n pALN X(w) for all w
xo(n) forall n 25 X (k) for all k
2(n) 28 X(k)

where ; Vo1
{3 S

and X(k) f N—-1
X(k) = { 0 “ ociLenrv;isewna R
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The Discrete Fourier Transform Pair

» DFT and inverse-DFT (IDFT):

N—-1
X(k) = x(n)e7?™kn,  k=0,1,...,N—1
n=0
1 N—1
. 2k 2 .
x(n) = N;xw)y v, n=01,...,N—1

Note: we drop the * notation from now on.
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Important DFT Properties

Property Time Domain Frequency Domain

Notation: x(n) X(k)

Periodicity: x(n) = x(n+ N) X(k) = X(k + N)

Linearity: aixi1(n) + axxo(n) a1 Xi(k) + a2 Xa(k)

Time reversal x(N — n) X(N — k)

Circular time shift: x((n—1))n X(k)e—i2mkl/N

Circular frequency shift:  x(n)e/27n/N X((k—=1))n

Complex conjugate: x*(n) X*(N — k)

Circular convolution: x1(n) ® xa(n) Xi1(k)Xa(k)

Multiplication: x1(n)x2(n) %Xl(k) ® Xa(k)

Parseval’s theorem: Z’n\l:_ol x(n)y*(n) % ZLV:_OI X(k)Y*(k)
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Complexity of the DFT (and IDFT)

N-1
X(k) = x(n)e ™ w,  k=0,1,...,N—1
n=0
1 N—1
_ 2mk 2 _
x(n) = N;X(k)e’ v, n=0,1,...,N—1

N—-1
kn
X(k) = S x(mWE, k=01,... N—1
n=0
1 N—-1
x(n) = N > X(k)Wy*", n=0,1,...,N—1
k=0
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Complexity of the DFT

X(k) = x(MWy" k=0,1,...,N—1

Straightforward implementation of DFT to compute X(k) for
k=20,1,..., N — 1 requires:
» N? complex multiplications
» 1 complex mult =
(ar+jar)x(br+jb) = (ar x br —ay x by) +j(ar x bj+a; % br)
= 4 real mult + 2 real add
» 4N? = O(N?) real multiplications
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Complexity of the DFT

X(k) = x(MWy" k=0,1,...,N—1

Straightforward implementation of DFT to compute X(k) for
k=0,1,..., N — 1 requires:
» N(N — 1) complex additions
» 1 complex add =
(ar +jar)+(br + jbi) = (ar + br) +j(as + bs) = 2 real add
» 2N(N — 1) + 2N? (from complex mult) real additions
= 2N(2N — 1) = O(N?) real additions.
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Complexity of the DFT

» Is O(N?) high?

» Yes. A linear increase in the length of the DFT increases the
complexity by a power of two.

» Given the multitude of applications where Fourier analysis is
employed (linear filtering, correlation analysis, spectrum
analysis), a method of efficient computation is needed.
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Complexity of the DFT

» How can we reduce complexity?

» Exploit symmetry of the complex exponential.

k+4 K
Wy = —Wy

LHS = W2 = g2
— e 2T

= e . (cos(—m) + jsin(—m))
e 2 (1)

= —eJ2™N = —W¥k = RHS

N/2

k+N/2
N/ —J27TN e —Jj2en={~
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Complexity of the DFT

» How can we reduce complexity?

» Exploit periodicity of the complex exponential.
k+N k
WN+ = Wy
LHS = WI<<I+N eszﬂ% = efj27rﬁe7j2”%

_ e—jznﬁeszw
= e 2w (cos(—2m) + jsin(—27))
= e (1)
— ™% — W = RHS
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Radix-2 FFT: Decimation-in-time

N—1
X(k) = Y x(mWg" k=01,...,N-1
n=0
= x(n)Wg" + Z x(n)Wgn
n even n odd
(N/2)—1 (N/2)—
= Z x(2m)W, k(zm + Z (2m+1 W,C(2m+1)
m=0
(N/2)-1 (N/2)
= x(2m) W2km 4 Z (2m + 1) Wk Wi
m—
=fi(m) =f(m)
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Radix-2 FFT: Decimation-in-time

27r2

Note: Wi =eW2=¢e iy — Wi 2
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Radix-2 FFT: Decimation-in-time
Note: since Fi(k) and F»(k) are ¥-DFTs:

F(k) = Akt 5)
F(k) = Rkt D)
we have,
X(K) = Fi(k)+ WiFa(K)
Xkt 5) = Rk D)+ wy TRk )
= F(k) -~ WiR(K)
since W,CJF% — e dTktY) = e Tk . e dTE = e IWH(—1) = —W}
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(N/2)-1 (N/2)-1
X(k) = ) Wikm + (2m + 1) W Wy
(k) mz_% x(2m Z v Wy
Eﬁ(f") =f(m)
(N/2)-1 (N/2)-1
= 2 flm ~/2+WN 2 BmWAT,
%7DFT of fi(m) EfDF'Frof fa(m)
= F(k)+ WyF(k), k=0,1,....,N—1
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Radix-2 FFT: Decimation-in-time
Therefore,
B N
X(K) = F(k)+ WiFa(k) k=015 -1
N N
X(k+5) = Fi(k) — WSFy(k) k=01,...,5—1
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Radix-2 FFT: Decimation-in-time

Repeating the decimation-in-time for f;(n) and f(n), we obtain:

vir(n) = fA(2n) n=0,1,...,N/4—-1
vio(n) = fA@2n+1) n=0,1,...,N/4—-1
vai(n) = K(2n) n=0,1,...,N/4-1
via(n) = £H(2n+1) n—O,l,...,N/4—1
and
Fi(k) = WVu(k)+ N/2V12(k) k=0,1,...,N/4—-1
Fi(k+N/4) = Vii(k) — Via(k) k=0,1,...,N/4-1
Fa(k) = Vau(k)+ Wi Vaa(k) k=0,1,...,N/4—1
Fa(k+ N/8) = Var(k)— WS ,Vaa(k) k=0,1,...,N/4—1
consisting of N/4-DFTs.
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Radix-2 FFT: Decimation-in-time Radix-2 FFT: Decimation-in-time
For N = 8. For N = 8.
Stage 1 Stage 2 Stage 3
x(0)—  2-point | X >< \/ \ / o
x(4) — DFT —1 Combine : X(4) — E X(1)
meH b D) G\
x(2— 2-point  — DFTs | — X(1) @ >< : /\ W/ X2
x6—  DFT | Combine [ X e )
4-point | ’ W ><><>O<
x()—  2-point DFTs B ;g x(1) >< \/ : /><><\1 X@)
X(5)— DFT —1 Combine : — X(6) X5) —; - W )
el IR
X()—  2-point | DFTs N x3) >< /\ / \ X(6)
x7)—  DFT | ) w2 W ‘o
Wy -1 -1 1
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FFT Complexity Convolution using FFT

To compute the convolution of x(n) (support: n=10,1,...,L —1)

a A=a+W.b and h(n) (support: n=0,1,... .M —1
1. Assign N to be the smallest power of 2 such that N=2"> M+ L — 1.
)
b Wy : A=a -W,:‘b 2. Zero pad both x(n) and h(n) to have support n=0,1,...,N —1.
3. Take the N-FFT of x(n) to give X(k), k=0,1,...,N —1.
» Each butterfly requires: 4. Take the N-FFT of h(n) to give H(k), k=0,1,...,N — 1.
» one complex multiplication
> two complex additions 5. Produce Y(k) = X(k)-H(k), k=0,1,...,N —1.
» |n total, there are:
% butterflies per stage 6. Take the N-IFFT of Y(k) to give y(n), n=0,1,...,N — 1.

» log N stages
» Order of the overall DFT computation is: O(N log V)
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Convolution using FFT

To compute the convolution of x(n) (support: n=0,1,...,L—1)
and h(n) (support: n=0,1,... M —1):

1. Assign N to be the smallest power of 2 such that N=2"> M+ L — 1.

2. Zero pad both x(n) and h(n) to have support n=10,1,... N —1.

o(1)
3. Take the N-FFT of x(n) to give X(k), k=0,1,...,N—1.

4. Take the N-FFT of h(n) to give H(k), k=0,1,...,N — 1.
O(N log N)
5. Produce Y (k) = X(k) - H(k), k=0,1,...,N —1.
O(N)
6. Take the N-IFFT of Y(k) to give y(n), n=0,1,...,N — 1.
O(N log N)
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Complexity of Convolution using FFT

Therefore, the overall complexity of conducting convolution via the
FFT is:

O(Nlog N)

which is lower than O(N?) through direction computation of
convolution in the time-domain. |
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