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Tanner Graphs for Group Block Codes and Lattices:
Construction and Complexity

Amir H. BanihashemiAssociate Member, IEEBnd Frank R. Kschischan§enior Member, IEEE

Abstract—We develop a Tanner graph (TG) construction for an develop an efficient algorithm for finding a generating set for
Abelian group block code L with arbitrary alphabets at different  the dual of the group code. This is a necessary step toward the
coordinates, an important application of which is the representa- construction of a TG for the code. Complexity results are also

tion of the label code of a lattice. The construction is based on the . . . M .
modular linear constraints imposed on the code symbols by a set obtained which support the conjecture that “good lattices cannot

of generators for the dual codeL". be represented by cycle-free TGs.”

As a necessary step toward the construction of a TG foL, we Bipartite graph representations for codes begin with the work
devise an efficient algorithm for finding a generating set forL". In  of Tanner [24], who generalized Gallager's low-density parity-
the process, we develop a construction for lattices based on an ar-check (LDPC) codes [13] to codes defined by general bipartite
bitrary Abelian group block code, called generalized Construction h h the t fnod tth bol d
A (GCA), and explore relationships among a group code, its GCA grap_ S, where e_ WO types o ] nodes represent theé symbo's an
lattice, and their duals. the linear constraints, respectively. Tanner also developed two

We also study the problem of finding low-complexity TGs for  types of algorithms, here calledin-sumandsum-productfor
Abelian group block codes and lattices, and derive tight lower the decoding of the corresponding code, and proved that they
bounds on the label-code complexity of lattices. It is shown that for converge on finite cycle-free graphs. These algorithms are also
many important lattices, the minimal label codes which achieve - ] .

calledtwo-way algorithmssince they perform the decoding by

the lower bounds cannot be supported by cycle-free Tanner ; " ’ .
graphs. passing the information along the edges of the graph in both

. ) directions.
Index Terms—bual code, generalized Construction A, group Th h tati f cod dth dina d
codes, lattices, Tanner graphs, Tanner graph complexity, Tanner € graph representation ot codes an € corresponding de-

graph construction. coding algorithms have continued to be an active area of re-
search. A major step was taken in [27], [28], where the authors
extended TGs to includ@ddennodes. This established a bridge
to the extensive literature on the trellis representation of codes.
HE study of codes defined on graphs is currently of gren this light, many well-known decoding algorithms such as the
interestin coding theory, mainly because of the superb péfiterbi algorithm and the Bahl-Cocke—Jelinek—Raviv (BCJR)
formance which can be achieved with practical decoding coralgorithm can now be seen as special cases of the min-sum and
plexity. In this paper, we study the construction and complexigum-product algorithms that arise when the underlying graph
of Tanner graphs (TGs) for finite Abelian group block codeis a trellis. Other soft-output decoding algorithms such as the
(“group codes” for short), an important application of whictsoft-output Viterbi algorithm are also closely related to this class
is the representation of lattice label codes. One of the maihalgorithms. In [27], it was shown that the standard decoding
contributions of this work is to represent a group code with algorithms for turbo codes, LDPC codes, and tail-biting codes
set of modular linear equations, that can in turn be used falso fit into this category.
a graph representation of the code. We also establish relationGeneralizations of graph-based decoding algorithms to the
ships among group codes, lattices, and their duals. At the cegses where the set of symbol costs form a semiring with two
of these relationships, we introduce “generalized Constructibinary operations have been considered in [20], [27]. It has
A for lattices based on an arbitrary group code, and use thisheen realized [16], [19], [21] that many of these algorithms may
be viewed as versions of “probability propagation” in various
graphical models of the code, such as TGs, Bayesian networks,
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the decoding of TGs [10], [27], [28]. For some codes, such asln Section IV, we describe an efficient algorithm that com-
turbo codes and LDPC codes, iterative decoding, though subppies a generating set flé*, given the codewords fak. This
timal, is the only practical means of decoding the code. Even fisrdone through the introduction of generalized Construction A
the optimal (maximum-likelihood) decoding, some codes hay&CA) for lattices.
graphs which lead to decoding algorithms with smaller com- In Section V, we study the complexity of TGs for group
plexity than the application of the Viterbi algorithm to the leastodes and lattices. Tight lower bounds on lattice label-code
complex trellis [22]. Despite the excellent performance of thesemplexity are derived, and it is shown that minimal TGs for
techniques and their reasonable complexity in many applicaany important lattices do have cycles.
tions, little is known so far in general about the analysis and
synthesis of codes based on graphs and the corresponding iter- Il. ABELIAN GROUPBLOCK CODES
ative decoding algorithms. —

A. Definitions

Historically, and partly because of their more complicated . i
structure, lattices became an active subject of research in th&©€t £ b& an Abelian group block code defined over the al-
coding community only after the corresponding problems wePfiabet sequence spae= Gy x- - -x G, whereG; is the finite
solved for linear block codes. For lattices, therefore, even Ié%Qe“_ar_' group _representmg thgh alphabet of the che. Since
is known about the nontrellis graph representations. Nevertif8lY finite Abelian group can be expressed as a direct product
less, the increasing interest in lattice codes for signaling oW finite cyclic groups, without loss of generality, we assume
band-limited channels and for vector quantization, and also tht Gi i cyclic. Suppose thatyi| = g;, @ = 1, ..., n. The
capability of lattice codes to achieve channel capacity [7], maREQUPG: is then isomorphic to the additive cyclic group of inte-

the study of such problems of importance. gers modulay; (Zy; = {0, 1, ..., gi —1}), SO we assume that

£ trellis TGs of latti th | K of which G =27, x Zy, x---x Zg under componentwise addition,
or nontrefs 165 of 1atlices, the only work of WNICh W, g thatr, is a subgroup ofF. We also use the notatiaA to
are aware is [26]. In [26], a TG construction for lattices, usin

. - . tJenote a general Abelian group. Particular cases of interest are
a method different from the one discussed here, was brie g group

= Zrna Z+a A=G.
sketched. In this work, we elaborate the method of [26], and es-, S and G

. . . . Let A be a finite Abelian group with a binary addition op-
tablish relationships between the two constructions. In gener&]ationJr and identity elemerll. Fora € A, and for positive

Fhe methqd of [26]. appears to be computationally more ComplﬁﬁegerSm, we use the notatioma to denote thern-fold ad-
in searching for §|mple TGsofa Iatt|F:e. _ dition of a with itself, ma = }_." | a. By convention, we ex-
The construction of a TG for a linear block code is wellend this notation to arbitrary integer valuesrofby defining
known, and is based on using a parity-check matrix of the cogdg — 0, and whenm < 0, ma = (—m)(—a), where—a is
[24], [27]. In [8], the authors derive upper bounds on the MiRhe inverse ofi. A set{ay, ..., ax} of nonzero elements of

imum distance of linear block codes that can be representedi®¥%aid to beindependentf the only solutions to the equation
cycle-free TGs, and show that cycle-free TGs cannot suppaﬂ’? | mia; = 0 with integer unknownsn;, ..., my, are the

good codes. In this work, we develop a TG construction fQﬁ\;EJ ones in whichm;a; = 0, Yi. We say that the set is a

the more general category of Abelian group block codes (hejenerating sebf A if every elementz € A can be written as

simply called group codes) with arbitrary alphabets at differegt— S~ 7,4, for some integers:;. The set is called basis

coordinates. An important application of this construction is igf A ifit is a generating set and the elements are independent.

represent the label code of a lattice. Given an Abelian groupi, acharacterof A is a homomor-
In Section Il, we consider group codes that are subgroupspgfism\¥ from A into the additive circle group of real numbers

G =172, x --xZ,  whereZ, isthe additive cyclic group of modulo1 (R, 1)). The circle group is sometimes denoted as

integers modulg;. We then define an inner product (or pairing)?/Z. It is isomorphic to the group of complex numbers with

between elements @. Given any subgrouf of G, the setL*  unit magnitude under multiplication. Tieharacter group A of

of elements ofG whose inner product with each elementlof A is the Abelian group of all homomorphisnis A — g, 1)

is zero is a subgroup & that can be viewed as the dualbf under the operation defined by

Our approach here is closely related to the conventional way of

defining the dual group as a subgroup of the character group of (V1 0o ¥s)(a) = ¥1(a) + ¥s(a) Vaec A

G. However, it is somewhat easier to apply, since the dual code )

is drawn from the same underlying group. Using this approachje identity element of, also referred to as the neutral ele-

we then construct a TG fdk based on the modular linear conment or the zero element, is denoted By, and maps all the

straints that a set of generators ff imposes on the symbols eJements ofd into 0. It is well known that wher is finite, then

of L. Structural properties of group codes such as trimness afds isomorphic toA [14].

fully dynamical property are also discussed in this section, and

it is shown thatL is trim if and only if L* is fully dynamical. B. TG Construction

This is then used for discussions on the TG structure of iSomor-p TG for a linear [n. k] block codeC can be obtained

phic codes. from any parity-check matri¥f = [h;;] for C. Then symbol

In Section IIl, using the label code of a lattice, we apply the | X ,
TG tructi f Secti Il to lattices. The combarison wit Some authors refer to the character greups thedual groupof A. How-
construction of section ! ' pari wi E\/er, we choose to use the nomenclature “character group” to prevent any con-

the construction of [26] is also given in this section. fusion with the “dual group” defined later.
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nodes of the graph correspond to the codeword coordinaté} associated with the check nodes will then translate to mod-
(v1, ..., vn), and then — & (or possibly more) check nodesular linear equations imposed on the code symbols by a set of
correspond to the — k check equations, represented in matrigenerators folg. The complete derivation follows.

form as (v, ..., v,)HY = 0, that each codeword must 2) Inner Product, Associated Dual, and Construction of
satisfy. An edge joins symbol nodg to check node if and Modular Linear Check ConstraintsFor the special case
only if »; is involved in theith check equation, i.e., if and A = Z,,,, an isomorphisn® betweenZz,, andZAm is obtained
only if i;; # 0. The<th check equation is regarded as a “locaby

constraint,” enforcing the condition thitj?:l hijv; = 0. A )

given configuration(vy, ..., v,) is a valid codeword if and @: 2y — I

only if all local constraints are satisfied. a — al (2)

In the following, we generalize this construction to Abelian
group block codes with arbitrary alphabets at different coordithereV is a generating character féf,,, anda¥ represents the
nates. This covers the important case of the label code of a latfold “o” operation on¥. A generating character generates
tice. the dual groupZ,, and is defined by¥’(¢) = ci/m € Ry, 1y,

1) Pairing, Dual Group, and Check Constraint§ior an wherei is an integer relatively prime ten(ged(i,m) = 1).
Abelian group4, thepairing {, }: A x A — Ryp, 1 is defined Associated with the isomorphisi and the generating char-
for every pair(¥, a) € A x A into the circle groupRy 1, acter¥, we now define amner product(a, c)q into Ry, 1) for
by (¥, a) = W(a). Clearly, the pairing is bihomomorphic.every pairf(a, ¢) € Z,, X Zy, by (a, c)e = (®(a), ). Itis easy
The elementst € A anda € A are calledorthogonalif ~ to see thata, ¢)o = cai/m mod 1. X
(¥, a) = 0. Let H be a subgroup oft. We defineH* as the  To parameterizé&s = Z, X Z,, x --- X Z, by G, one
set of element&” € A such that(h*, h) = 0, Yh € H. The chooses a generating charactéf) for each component cyclic
set H*, which is a subgroup ofl, is called thedual groupof ~groupZ,,, and defines isomorphisnds;:Z,, — Z,, as in (2).

H. It is known thatH* is in fact the character group for theThis results in the following isomorphism betweGrandG:
quotient groupA/H, [14]. We then haveH*||H| = |4]|, and )

thusH* is nontrivial (contains more than just the zero element) G — G 3)
if and only if H # A. (a1, ..., an) — (®1(a1), ..., Pnlan)).

For a direct product of cyclic groups The isomorphisn® induces an inner product @ x G given

G=12, xZy %% Z by (., Je = (®(.), :). Given two elementa, ¢ € G, this inner
product can be written as

. . . . (a, ¢)p = (®(a), ¢)
G=72, XZy XX 2, =(®1(a1), c1) + (Pa(az), c2) + -+ + (Pp(an), cn)

we have

which is isomorphic td3. A charactet of G can then be rep- _aan | ee o Glebnoq1 (4)
resented ag¥y, ..., ¥,,) for someV; € Z,.,i = 1,..., n. 9 92 9n

It maps an element = (c1, ..., ¢x) € GO Ws(er) + -+ for some integers; € {1, ..., 9, — 1}, =1, ..., n, rela-
Un(cn), where the additions are performedfiy, ;). Fore = tively prime tog;, j = 1, ..., n, respectively.

(c1, ..., cn) €Gand¥ = (¥, ..., ¥,,) € G,wethushave s clear that based on the isomorphidmthe dualL” can

be parameterized b¥g 2 ®~!(L*), and the generating set
C* for L* can be characterized by elements@fby setting

* A & * * 1 : *
For a subgroup of G, let the dualL® have a generating s = 27" (C*). Clearly,Cj is a generating set fdi, and con-
setC* = {¥;, ..., ¥,} with  generators. Due to the dua"tyversely, any generating setb§, is mapped vi& to a generating

property(L*)* = L, the set of orthogonality constraints set of L* of the same cardinality. _ _
From the above derivation, it follows that instead of working

(Wi, &) ={Us1, c1)+- -+ (Ui, ¢) =0, i=1,...,r (1) withthe dualL* and the pairing., .}, one can work with the
transformed dualg and the inner produgt, .)s; i.e., the fol-
characterizes the codewords= L. To construct a TG foll, lowing proposition holds.
we associate a check node to each such constraint; i.e., therlg
arer check nodes, and each symbglof L is represented by

a symbol node. There is an edge between symbol rjoated . . . J :
check node if and only if W;; # Wyr. deﬁngs an |som9rphlsm (3) and an inner product (4) with the
following properties.

For computational purposes, it is convenient to parameterize
the character grou@ by G, using the fact that there is a (non- i) There are one-to-one correspondences among a subgroup
canonical) isomorphisr® between them. This in turn reduces L c G, itsdualL* c @, and its transformed dudly C
the pairing(., .) toaninner produgt, .)s between the elements G. In particular,L3 is orthogonal tal with respect to the
of G, and results in a dual codg;, for L which is a subgroup of inner product., .)s if and only if L* is orthogonal taL
G (rather than a subgroup &). The orthogonality constraints with respect to the pairing, .).

<\II’ C> = <\Ij1’ cl> + <\I/2, 62> + 4+ <\Ijn’ Cn,>-

roposition 1: Let G = Z, x Z,, X --- X Z,, . Then any
choice of integers; such thakgcd(é;, g;) =1, j =1, ..., n,
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i) The TG for L based on the generating &t and the @
pairing {., .} is the same as the TG fdt based on the Q @ Q
generating sefg and the inner produgt, .)s.

Proof: Property i) follows directly from the definition of
the dual and the properties of isomorphism. For property ii),
since|C;| = |C*|, both TGs have the same number of check '
nodes. Moreover, let the elements@f be denoted by =
® '(¥;),i=1, ..., r. Then the orthogonality constraints (1)
are equivalent to 3¢y + 2 + 5ez + 3c4 = 0mod 6 c3+c4 =0mod?2

(¢, ¢)e =0, fori=1,...,r (5) ¢z +2c3 =0mod3

In particular, the conditiont;; = W/, which determines the Fig 1. A TG for the codel of Example 1.

edges of the TG, is equivalent to the conditign= 0in Z,,.

Note that this condition is independent of the particular choi@ Fully Dynamical Property, Trimness, and TG Structure of

of the generating charact&®) and its corresponding isomor—ls'Omorphic Codes ' '

phism®;. ) _ ) _ - In this subsection, we discuss two properties of group codes
As explained above, the choice of the inner product in (4), Qfhich appear to be important in the following discussions.

equivalently, the choice of the dual cofig, does notinfluence  \ye callL fully dynamicaif it contains no codeword of Ham-

the TG of L. In the remainder of the paper and for the sake fing weight1. The minimal trellis of a fully dynamical code

simplicity, we choose the inner product (4) with =1, ¥j, does not contain any parallel edges. For codes which are not

and use the notatiof), .) for it. We also use the notatioh™ |y dynamical, we adopt the notatiay(L) of [11] to denote

to denote the corresponding dual. We refer to these as “inggg fully dynamical component df. We thus have the coset de-

product” and “dual group aL,” respectively. compositionL = g(L)+ L', whereL' is a subgroup oL gener-
To summarize, for the inner product, we have ated by all codewords of Hamming weightandg(L) = L/L'.
LN The minimal trellis forL’ has only one state at each levelLif
(6, €)=Y —teRp ), Ve € €%y X Zy, X ---X Zy, s isomorphic t0Zx, x --- x Z, for somek € (Z)", then
=1 7 q(L) is a group code defined ovéfg, x -+ X Zg, .2

where the multiplications and divisions are performed in the We call L trim [11], if for every é%ordinate‘ tﬁé projection

field of real numbe_rs. To construct a TG_, we use the followings 1 ot that coordinate is equal to the corresponding symbol
set of check equations, which fully describes the codewords alphabeta;

(¢c1, ...y cp) € Lt
n Example 2: The group codé: = {00, 31} defined overZg x
Z chici/gi = 0mod 1, kE=1,...,r (6) 22 is fully dynamical. However, the code is not trim since its
= projection onto the first coordinate {8, 3} # Zs. L is in fact
or equivalently isomorphic to{00, 11} defined overZ; x Z,.
. We have
D e/ €Z, k=17 ™ L* = {00, 11, 20, 31, 40, 51}
=1
whereC* = {¢t, ..., ¢'} is a generating set faE* with » Wwhich is trim but not fully dynamical. It is easy to see that
generators. For linear block codes, these equations reduce togtde ) = {00, 11}, which is a group code ove#, x Z,, and
well-known parity-check equations. L* = {00, 11} + {00, 20, 40}.
Example 1: Let G = Zy x Zg x Zg x Zo, and Lemma 1: A group codelL is trim if and only if L* is fully
dynamical.
0000, 0031, 0220, 0251, 0440, 0411, _ .. . .
L= {1300’ 1331, 1520, 1551, 1140, 1111 } Proof: Suppose thak™ is notf/ullydynam|caI.Tnen it has
anonzero elemenrt = (0, ..., 0, ¢, 0, ..., 0) of weight one.
We then have For allec € L, the inner producte, ¢) = (¢, ¢;) = 0, and

I — 0000, 0240, 0420, 1511, 1151, 0031, thusc, € P,(L)*, the dual group of the projection df onto
T 11300, 1331, 0451, 1540, 1120, 0211 [  coordinatei. Sincec, is nonzero,P;(L)* is nontrivial, which
implies thatP;(L) # G;, theith symbol alphabet. Thereforg,

It can be seen th&tl151, 0240, 0031} is a generating set for is not trir.

L”. The corresponding TG is given in Fig. 1. It is easy to see ow supposdL is not trim. Then for some, P,(L) # Gi,

that tne quular constraints of Fig. 1 are the same as the chg% hence?,(L)* is nontrivial. From any nonzere € Pi(L)",
equations in (6).

form the worde’ = (0, ..., 0, @, 0, ..., 0), whereq occurs in
To construct a TG for a codg, one needs to find a gener- ,
2In [11], ¢(L) andL’ are referred to as the label code and the parallel tran-

ating set forL_ - Later, '_n _SeCt'on IV, we develop an algorithmgiion code ofL, respectively, and the decompositibn= g(L) + L’ is called
to perform this task efficiently. the label code decomposition.
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coordinate. Then, for alle € L, we haveld, ¢) = {(a, ¢;) =0; be applied by defining a new varialife= ¢,; /k;, and assuming
hencec is an element of* of Hamming weight one, which thatd, € Z,,..
implies thatL* is not fully dynamical. O Lete* € Cf. Then the resulting check equation fr e L,

The following example shows that there is not necessarily'sa
one-to-one correspondence between the TGs of two isomorphic .
codes defined over different alphabet sequence spaces. Z €2i¢; /g2; = Omod 1.

i=1

n

Example 3: Consider the group code, = {00, 11} defined
overG, = Z, x Z5. The codel; is self-dual, and is described
by the check equation; + ¢o = 0mod 2, resulting from the

Combining this withgs; = k;g1;, and replacing symbols;;
with k;c}, we obtain

n

only possible generating séf = {11} for L7. Y
Now, let ; ¢;ci /g1 = 0mod 1
L, = {00, 22} C Gy = Z4 X Z4. which is the same as the check equationEgrresulting from
Clearly, L, is isomorphic taL,, but is not trim. The dual code ¢ =
is Theorem 1 implies that to obtain a TG for a group code, one
can first find a trim isomorph of the code defined on a smaller
L; = {00, 11, 22, 33, 13, 31, 02, 20}. sequence space. The TG of this code can be then used to repre-

sent the original code through simple symbol-by-symbol trans-
It can be seen thak; is not cyclic, and thus any TG faks  formations.

must have at least two check nodes. As an example of check ]

equations that describk,, we havee; + c» = Omod4 and ~ EXa@mple 3 (Corltlnued)Codewordg{ll, 02, 20} form a

¢1 + 3c; = 0mod 4, resulting from the generating s&f = generating set foL;. The corresponding check equations for

{11, 13} for L}. Note thatL; does not have any correspondingﬁ2 ared + 3 = 0modl, ¢, = 0mod2, andc; = 0mod 2.

TG description. sing the change of variableg = 2c'1,_ ¢, € Zs, and
Despite the lack of a one-to-one correspondence betweenthe 2¢2; ¢ € Z2, the check equations will be reduced to

TGs of two isomorphic codes, in the following, we show that if a I &G 0mod 1

the group codd., is trim, then any TG of; has a correspon- 2 2

dence, essentially with the same structure, in the set of TGs Y¥#iich is the same as the check equation describing

of any group codd.; isomorphic tal; and defined over a larger

sequence space.

In the following section, by defining the label code of a lattice,

we describe how the construction presented in Section II-B can
Theorem 1:Let a trim group codel; be defined over the be used to obtain TGs for lattices.

alphabet sequence spa&e = Z,,, x --- x Z,,, . Suppose that

alarger sequence spaie = Z,,, x --- X Z,,is defined such Ill. LATTICES

thatgs; /g1 = ki, @ =1 ...,m, for somek € (Z*)". Also,let A  pefinitions

L, be agroup code isomorphicla and defined oved,. Then ] )

for any TG ofLy, there is a TG fol, with the same structure. -8t £ be the m-dimensional :-D) real vector space

Proof: SinceL, is trim, L’ is fully dynamical. A TGT} with the stanldard inner produgt, .), and Euclidean norm

for L, can be constructed based on a generatingsef L{. ||z|| = (=, )2. The subspace generated by a sulssef R™

The codeL,, however, is not trim. This means thaf is not is denoted byspan (S), and its orthogonal complement by
fully dynamical, and can be decomposedds= q(L;) + L', span (S)*. A discrete, additive subgroup of R™ is called a
whereL' is isomorphic taZ, x --- x Z;_,andg(L3) = Ly /L' lattice. Every latticeA can be generated as an Abelian group
is a group code OV g2, X --- X Zg.n, = Gy.Infact,q(L3)is by the integer linear combinations of some set of vectors

the same ag*: i.e.. boith andL; have the same dynamicalbl’ ..., b, € A. These vectors form generating sefor the

structure. It can be seen th&t along with the following code- lattice, and the» x m r_natan — (b, ..., by) which has the
words ofG, form a generating set fak: generator vectors as its rows is calledemerator matribof A.

We use the brief notatiospan (A) to denote the real span of the

gu 0 0 -0, set of generator vectors; i.epan (A) = span (by, ..., by,).

0 g2 0 - 0 ®) If the generators are linearly independent, they foribaais

for A, and the matrixB is called abasis matrixof A. In this

0 0 0 - g case, the integen (< m) is referred to as theimensionof

In the following, we show that the TG constructed Inrbased A. We call a latticfull-dimensionalif n = m. A lattice A is
on this generating set has the same structufg as called orthogonal (rectangular) if it has a baBisvith mutually

The check equation fdk resulting from theith codeword of orthogonal vectors.
(8) isc2ig1:/g2: = c2:/k; = O0mod 1, just constraining théth The determinant (or volume) of anD lattice A, det (A), is
symbol node. (Note that #; = 1 for somei, theng;; = g2;, defined as the common volume of the-D) fundamental re-
and the corresponding codeword is equal to the all-zero codgens of A, where a fundamental region afis defined as any
word, creating a redundant equation.) This constraint can alagilding-block region which, when translated by the vectors of
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A, partitionsspan (A) with just one lattice point in each copy.the trellis of A [9] is a combinatorially efficient graph represen-
If B is a basis matrix for\, thendet (A) = [det (BBT)]}/2, tation of A in terms of the cosets af’ in A. In this light, it is
where BT denotes the transpose Bf natural to also think of the construction of a TG fobased on
A sublatticeA; of a latticeA is a subgroup oA. The quotient A/A’.
groupA/A; is finite if and only if the dimension of; is equal For the rest of the paper, we assume thiabhas the smallest
to the dimension oA. In this casejA/A;| = det(A;)/det (A). determinant among all the orthogonal sublatticesAofvith
The notationA\(A) is used to denote the length of a shortesheir basis vectors along. Such an orthogonal sublattice,
nonzero vector id\. This is also equal to the minimum distancevhich results in a minimal trellis foA with no parallel edges,
between lattice points. Theoding gainof A is defined as [6] is called primitive (with respect taS). In the trellis of A, to
label the cosets of\’, one uses the elements of the Abelian

A —2/n
(A) = A2 (A)[det(A)] 7" ©) groupG; = P, (A)/Aw, for labeling the edges of the trellis
To any ordered basis of, sayb,,...,b, € R™, one can section;, for: =1, ..., n, wherePy,(A) andAw, denote the
associate a set @gram-Schmidt (G-Syectorsb,, ..., b, € projection and cross section afon W;, respectively [3]. The
R™, such thab; = b, and fori > 1, b; is the projection ob;  groupsG;, i =1, ..., n, are thus called thiabel groupsof A
on span (by, ..., b;_1)*. Clearly, the vectors, , ..., b, are in the coordinate syste, referred to as thgraph coordinate
mutually orthogonal. system or briefly the “coordinate system” hereafter. (In the

Two latticesA; and A, are calledequivalent denoted by following, we often assume that the vectors are presented in the
A1 = A,, if they are the same up to rotation, reflection, andraph coordinate system. In this system, all the vectors belong
scaling. to R™.) The set of all label sequences, denotedloy ), is then

If Ais ann-D lattice, then the set of all vectors ipan (A) called thelabel code The label code, which is isomorphic to
whose inner product with all elements dfis integer isam-D  A/A’, is apparently an Abelian group block code defined over
lattice A*, called thedual latticeof A. If A* = A, thenA is the alphabet sequence sp&¢e= G; X --- x G,,. Note that in
calledself-dual If A* = A, thenA is callediso-dual Many general the symbol alphabets at different coordinates differ in
important lattices are self- or iso-dual [6]. size. By definition, the label code of a lattice is fully dynamical

If B is a basis matrix for a lattic&, then there exists a matrix and trim.

B’suchthatB3(B’)? = I.Itcanbe seenthd? is abasis matrix ~ For simplicity, and based on the isomorphigi =~ 7, ,

for A*. Thus, for a full-dimensional lattica, (B—1)T formsa we assume@ = Z, x Z,, x --- x Z, . Moreover, let
basis matrix forA*. For every lattice, we also have Ayw, = Zv, wherew is a generator for the 1-D lattickyy,. To
1 uniquely specify the isomorphism, we ma
det (A7) = . (10) |Mavely specily prism, Fe map
det(A) Aw, + det (PVVZ- (A)) m e @G,

Let latticesA; andA» have basis matrice3; andB-, respec-

tively. Thedirect sum lattice\, & As is defined by the following ©1 € Zai-

basis matrix: Example 4:The following basis matrix generates the
B—B @B, <B;)1 é) ) . (11) checkerboard latticaA = D,:
2 1 1 0 0
It is easy to see thatet (A; & Az) = det (Ay)det (As). We B 1010
also use the notation™ for the m-fold direct sum ofA with 11111
itself. 2 0 00

B. Label Code of a Lattice The associated Gram—Schmidt vectors are

A set of check equations which characterizes a latticand {’1 ( 1, 1, 0, 0)
is similar tocH” = 0 for linear block codes, is(V*)” ¢ Z", b = ( 1/2, -1/2, 1, 0)
wherev € R™ belongs ta\, andV* = {v*, ..., v*} is agen- bs = ( -1/3, 1/3, 1/3, 1)
erating set withr generators for the dual latticg*. Although b, = ( 1/2, -1/2, -1/2 1/2).

this set of equations fully describes the lattice, it does not pro- ) 4 Sy
vide an appropriate form for constructing a TG for simply N the graph coordinate systefi; };_, = {span (bi)};_,, we

because is a real vector. (Note that for the two-way algorithnPPtain the following projection and cross-section lattices:
to be applicable to a TG, the sizes of the symbol alphabets must Py, (A) = £ by Aw, =22 ”g_i”

be finite.) To resolve this, one needs to transfarno a vector vz ”{’1” .
from a finite alphabet space. This task is performed in the fol- Py, (A) = % ”ZZ” Aw, =V6Z ”Zz”
lowing by using the label code df. The same notations as used . .
in Section Il are adopted here. Pw,(A) = & ||z§|| A, =2V32 IIZEII

Let A be ann-D lattice defined in ann-D real vector space B B
R™. Suppose that has am-D orthogonal sublattica’, and let Py (A) = 25 Aw, =22 54
A’ have a set of basis vectors along the orthogonal one-dimqrpﬁs results in the following label groups fd?,:
sional (1-D) subspace$ = {W;}" ;. A useful representation

of A is a description in terms of the quotient graipA’. In fact, Gy =2, Gy = Zg Gy = Zg Gy =2,
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which corresponds to tH& given in Example 1. In fact, the label by the definition of the dual code. The inner produet is thus
code is also the group codeof Example 1. an integer, and since is chosen arbitraril}v C A*, and thus
L c M.
Now let # be an arbitrary element ot*, and writew as
u = jP71(A) + mC~1(A), wherem € M. With v as above,
A = Z"C(A) + LP(A) (12) - v can be written as in (13) witl* replaced bym. Sinceu - v
must be an integer and the terms corresponding to the first three

When a lattice\ has label codd in some (graph) coordinate
systems, it can be decomposed as

where terms of (13) are integers, it follows that the last term, i.e.,
C(A) = diag(det(Aw,), ..., det(Aw. ) m-(eP(M)CHA) = Y TG
P(A) = diag(des(Pyy, (A)), ..., det(Piy. (A)) =
_ ) ) ) N is an integer and henee is an element of.*. Thus,M c L”.
anddiag (---) is a diagonal matrix. The decomposition (12) ginceL* c M andM L*, we haveM = L*. 0
means that ir5, a vectorv € R" belongs toA if and only if
it can be expressed as= kC(A) + ¢P(A) for somek € Z" Corollary 1: The label code of a self-dual lattice in any co-

ande € L. [Note that in (12), the orthogonal sublattiaé is Ordinate system is a self-dual group block code.

equal to .
C. TGs for Lattices

Z"C(A) =det (Aw, ) Z & - - ® det(Aw, ) Z The TG construction for group codes, developed in Section

[I-B, can be applied to the label code of a lattice as a special

andLP(A) = A/A ] case. In [26], Tarokh sketched another TG construction for a
The following theorem is of key importance for the rest of thgyttice A based om/A’, using a basis oA*. In the following,

paper. we elaborate this construction and explicitly derive the check

Theorem 2: Let a latticeA have a label codd in a graph €duations.
coordinate systeri. ThenL* is the label code of the dual lattice Proposition 2: Lete € G = Z,, X Z,, x--- X Z, . Then

A*in S, e, L(A)" = L(A™)3 ¢ € L(A) if and only if
Proof: In S, let A* have a label codd4 and the corre- .
sponding coset decompositigtt = Z"C(A*) + MP(A*), cPN) VT eZ” (14)

similar to (12). Since the label complexity profiles of dual lat- . ) ) .
tices in the same coordinate system are the samé/{3k de- whereV*_|s a generator matrix fak* in the graph coordinate
fined over the same alphabet sequence sg&aeL. From the SYSteM. is the number of generators I (number of rows),
duality results(Aw, )* = Py (A*) and Py (A)* = (A%)w, andP(A) is defined in (12). _ _
[9], combined with (10), we find that'(A*) = P~1(A) and Proof: If ¢ € L(A), then in thg graph coordma/te system,
P(A*) = CL(A). Thus,A* = Z"P~Y(A) + MC(A), the vectoreP(A) belongs toA and is in the coset ok’ which
corresponds te. It thus satisfies (14).
Conversely, if (14) is satisfied thet’(A) € A. This along
with ¢ € G and the definition of label code proves thate
W = Z"P~Y(A) + L*C™L(A) L(A). O
) Proposition 2 provides us with check equations to charac-
andu = jP~'(A) + ¢"C™'(A) be an arbitrary element 8% terize L(A). Now, a natural question is: “How can the two con-
Similarly, lety = kC(A) + ¢P(A) be an element ah. Then  gryctions be compared, and are they related?” As the first step
. 1 . 1 in comparing the two constructions, we notice that there are in-
u-v=j-(kC(A)PT(A) +j- (eP(A)PT(A)) finitely many generator matrices fdr*. However, in (7), the
+c* - (kC(A)C™HA)) + ¢ - (eP(A)CH(A)).  (13) number of possible generating sets 167 is finite. In fact, it
appears that searching for a simple TG based on the construc-
Each term on the right-hand side of (13) is an integer. Thistign of (14) is more difficult than using (7). In the following, we

whereM is a group code ove.
Now let

the case because establish relationships between the two constructions, and com-
o pare them.
C(M)P(A) = diag (g1, .., gn)
PMP7YHA) =C(ACTHA) =1 D. Comparison of the Two Constructions

Let {v, ..., v,.} be a generating set for the lattide Also,
in a given coordinate system and forc A, letv = kC(A) +
c¢P(A) fore € Landk € Z". We define a homomorphism

¢ - (eP(AM)CTYHA)) = Z GG ey ®: A — L by mapping the point € A to the codewor@ € L
i—1 i (similarly, we defined*: A* — L™). It can then be seen that
3It can be proved that the theorem still holddiis not fully dynamical, i.e., {®(v1), ..., ®(v,)} forms a generating set fak. Note that

if the orthogonal sublattica’ is not primitive. the derivation ofb(v;) from v, is quite easy. To obtain thgh
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coordinate, one needs to divide tlith graph coordinate of; are mapped to the same generating’$dor L". It is thus easier

by det (P, (A)), and then evaluate the result modylo to search for an “appropriat€* than for an “appropriate?V*.

On the other hand, i€ = {e, ..., ¢.} is a generating set  In the following section, by introducing a lattice construction
for L, thenC P(A) along with the following vectors in the graphbased on an arbitrary group callewe devise an efficient algo-
coordinate system form a generating setfor rithm to find a generating set fdi".

(det (Aw,), 0,0, -, 0 0) IV. COMPUTING THE DUAL OF A GROUP BLOCK CODE

( 0, det (A‘/Vz)v 0, ---, 0, 0) (15)

e A. Generalized Construction A (GCA)

( 0, 0, 0, -+, 0, det(Aw,)). Let L be a group block code defined ov@r= 7, x --- x

Combining these with Theorem 2 implies that under thés, - We then construct
proper transformation of the generating sets for the dual lattice A=Z"A+ LB @an

and its label code, the two constructions (7) and (14) resultflhare 4 and B are positive diagonal matrices, and
essentially the same set of check equations (up to straightfe=1 , _ diag (g1, ..., gn). It can be seen that is (yjis—

ward modular simplifications). This is proved in the followingCrete and has a group structure and is therefore a lattice. If

theorem. A =diag(ay, ..., a,), thenB = diag(%, ey g—) and
Theorem 3:For creating check equations to describe the , ) ay a,
label code of a lattice, the two methods of (7) and (14) are A=A+ Ldiag <g_1’ s g_n>

equivalent in the sense that any set of check equations cregfed, . \/

= ZPH--- »Z is an orthogonal sublattice df.
by one can also be created by the other. s @ a g

. " ) The construction reduces to the so-called “Construction A”
Proof: Let C* be a generating set fdt". We first prove

AR . . [6] for a; = g; = 2, V4. For the rest of the paper, we assume
that by usmglf P(A ) asy™ in (14)’ we obtain the same set Ofthat none of the coordinates bfis always zero. This eliminates
check equations as in (7). SubstitutigP(A*) asV* in (14),

. . the trivial cases where the GCA latticecan be decomposed
gP *\ _ v—1 —1 P
aqd using: (.A ) N ¢ : (A), we obtaineP(A)C™H(A)C™ € 5 the direct sum of an orthogonal lattice and a nonorthogonal
Z". Combining this with lattice

P(A)C™HA) = diag (1/g1, -+, 1/gn) Proposition 3: In the GCA given in (17)L is the label code

resultsin (7). Note that fok*, substituting the generatorvectorsOf At Lis fully dynamical and trim. Otherwise, the label code

. . . IS a trim group code which is isomorphic L) in the coset
:ifn?:dzct)r(r; (1(512)|)n dfidz)( Iif)sult)s T 1r edundant check equatlor(]j'secompositioril = L' + q(L), whereL' is the subgroup oL
w; w;) = 1.

Now let V* = {v* Y be a generating set for*. We generated by all codewords of Hamming weight one.
={vi, ..., vt .

. . Proof: Suppose thak’ is isomorphic taZ;, x --- x Z;, .
then prove that the set of equations (7) is the same as (14) &Jgan then be psi\en that — A” + ?L)B V\flllel’eA” is ’t‘ﬁe
to modular simplifications) if one uses N 4 '

primitive sublattice ofA in the coordinate system along the or-

Cr =@ (V") ={2"(v]), ..., 2" (v)} thogonal basis af’, andg(L) is a fully dynamical code defined

in (7). We start from (7), wheré€* is substituted byb*(V*). OVerZa x---x Zg. . The resultthen follows by the definition
) . . k1 ko

This results in the set of equations of the label code. n

Z ci(®*(v)i/gi € Z, j=1,...,r Example 5:Let L = {00, 22, 40, 62} _be defined over

= G = Zg x Z,. Clearly L is not fully dynamical, and we have
and thus q(L) = {00, 22} overZ, x Z4. The label code of GCAL) is

n (v%); . therefore{00, 11} overZ, x Zs.
S R P

Z {det(PWi (A*)) + k”gz} gi The following proposition and example show the generality
=t " " and the potential strength of GCA.

= Z ci det (Pw, (A))(v)i + Z cikji € Z  (16) Proposition 4: Every lattice with a finite label code in some

=1 =1 coordinate system can be constructed by a GCA in that coordi-

forsomek;; € Z,i=1,...,n,j =1, ..., r.Forthelaststep, pnate system.

we have used; det ( Py, (A*)) = 1/ det (Pw,(A)). Since the B
second term in (16) is integer, the first term must also be integer Example 6: For the repetition codé = {00, 11} C Z; % Z»,

ie. maximizing the coding gain of GCA) with respect taz; and
n ay results in the hexagonal lattice with = 2/\/3. This is
Z ¢ det(Pw, (A)(vi)i € Z,  j=1,...,m achieved fo{a;, as} = {1, v/3} or {1, 1/+/3}.
i=1 Note that the Construction A lattice éfhas a coding gain of
This is the same as (14). O just one.

However, it is worth noting that although the two construc- It is important to note that although the coding gaimode-
tions are equivalent in the sense described in Theorem 3, pmnds on the values af, ..., a,, its TG structure in the cor-
n > 2 there exist infinitely many generating séf$ for A* that responding coordinate system is independent of these values.
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o
L A
GCA
A
I
’W Duality a1;a9; = Gi, Vi Duality
1—i+1 ‘IV
v GCA
L* A*
A={CEL:C¢;€O,C‘]'=O,V]'>’L‘}
(P*
Yes Fig. 3. Relationships among code, its GCA lattice, and their duals.

needs to check the codewords.#fin the flowchart of Fig. 2.

_ If A = 0, thenb; = g;u;, wherew; is the<th unit coordinate
Choose ¢ € A such that vector. If A # (, thend; will be a modification of a codeword
¢ € Aforwhichc; +¢g; Z has the minimum distance to zero. The
modification is to replace; with the closest point of; + ¢;Z

to zero. Let/ and.J+ denote the set of indices for which = ()
and its complement, respectively.

By construction, the basis matri® is lower triangular. To
obtain a generating set fdk, we apply the homomorphism
®:A — L to B. For every: € J, b; is mapped to the zero
codeword, and foi € J*, it is mapped to the codeworde A
such that; + ¢; Z has the minimum distance to zero. O

No

¢; + ¢;Z has the min.
distance to 0.

C+— Cu{c}

No We can now proceed to obtain a basis Adrusing the rela-
tionship B* = (B~1)T, whereB is the basis of\ described
in the above proof. Since by Theoren?2 is in fact the label

Yes code of A*, its generating sef* can be obtained by applying

the homomorphisn®*: A* — L* to B*. This procedure is
explained by the following example.

Example 1 (Continued)By applying the above algorithm to
the group codd. of Example 1, we obtain the following ma-

trices as a basis fak (GCA lattice) and a generator fdr, re-

L . . spectively:
For the rest of the paper, to simplify the discussions, we assunie y

that L is fully dynamical and trim. This covers the important

Fig. 2. Flowchart for obtaining a generating set for the group dade

0

20 0 1 3 00

case of the label code of a lattice. {1 3 00 _
B=14% o o c=[04 40
B. Algorithm for Generating the Dual Code 00 3 1 00 3 1

In the following, we first develop an algorithm which obtaing; .o pe seen that is in fact a basis of.. We then have
a generating set with at most» codewords for a group code

of lengthn, given the codewords ak. The flowchart for the % _% _% 1

algorithm is given in Fig. 2. The main idea is to construct a__ 0 5 2 -2 . 1540
lattice A from L by GCA, then find abasig for A, and finally 5" =, o _1 3 C"=10 240
apply the homomorphisib: A — L to B to obtainC. The 0 0 (2) i 0031

following proposition explains this in more detail.

Proposition 5: The algorithm of the flowchart of Fig. 2 re-  Note that the proposed algorithm is much more efficient than

sults in a generating sétfor a group codd. C Z,, x---x Z,, . an exhaustive search, particularly for long codes with large al-
Proof: We first construct a latticé from L by GCA and phabets.

by selectinga;, = g;, Vi. Let Vo = {0} andV, = V,_; & W,
1 <4i<n, whereW; is the 1-D subspace corresponding to the. Relationships Between Dual Codes and Dual Lattices

ith coordinate. We then construct a baBis= {b,, ..., b, } for . . . I . .
A. We begin by selecting, as a shortest vector of the lattice We end this section by further investigating the relationships

AN V;. Now suppose that vectobs, . . .. b; have been chosen among a group code, its GCA lattice, and their duals. These are

(1 <4< n-—1). We then choosé;; to be a lattice vector in summarized in Fig. 3.
A N V41 with a minimum nonzero distance 1Q. This results Theorem 4:Let AY) = Z" A, + LB, andA® = Z" A4, +
in a basis for\ [3]. To selecd; in the above algorithm, one only L* B, be the lattices constructed by GCA from codesaind
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L*, respectively. The\® = (AW)* if and only if A; Ay =
diag (g1, .- -, gn), Or equivalentlya,;az; = g;, V.
Proof: If A® = (AM)*, then

ag = det (AZ)) = 1/ det (Pyy, (AD)).

i

This combined with
det(Py, (AD)) = det (AD)/g; = asi /g

results inay;az; = g; Vi.

To prove the other direction of the claim, let= kA; + eB;
andv’ = jA, + ¢* B, be arbitrary vectors i\ and A(®,
respectively, where € L, ¢* € L* andk, j € Z". We then
have

v-v' = kA AT + kA BY ¢ 4+ eB AT + eB BY e,

Vi

(18)
Using the assumptionl; A, = diag(gi, ..., g»), we have
AlBg = BlAg =1, andBlBQT = diag(l/gl, ceey 1/gn)

831

3c1+¢c3+2c3=0mod6 ¢3+c4 =0mod?2

Fig. 4. A minimal TG for the group code of Example 1.

the graph coordinate system. For a given coordinate system,
however, the problem is reduced to that of a group code. In the
following, to tackle the problem for a lattice, we divide it into
two subproblems: 1) finding a graph coordinate system which

It is then easy to see that each term in (18) is integer, and tf§1imizes the label-code complexity; 2) obtaining & minimal

the inner product - ¥ is integer. Sinces andv’ were chosen
arbitrarily, this meana® c (A®)* andA® c (AMW)*.

Using Theorem 2, we have
and

(A@Y = z"Bit + LAY

By choosing arbitrary elementse (AM)*, v € (A®)*, and
by taking similar steps as in the previous part of the proof, it ¢
be shown that -+’ is also integer, and therefofa(®)* ¢ AL
and(AW)* ¢ A®,

Putting the two parts together, we hav& = (AM)*., O

V. TG COMPLEXITY
A. Group Codes

TG for the label code obtained in the first part. In the following
section, we discuss the first subproblem.

1) Lower Bounds on Label-Code Complexifyhere are
many possible complexity measures for the label dbdamong
which are the sizes of the label grougs, ¢ =1, ..., n), and
the size of the label cod@L|). The sizes of the label groups
play an important role in the graph-based decoding complexity
of the label code [27], ag; determines the size of the symbol
alphabet at théth position of the code. On the other hand, the

an

Size of the label code is equal to the number of paths in the
trellis of the lattice (constructed in the same coordinate system),
which is a fundamental measure of trellis complexity [3]. In
this work, we takd@| = []/_, g; as a measure of label-code
complexity. SinceG| = |L||L|, this measure is also related to
|L|. In fact, by Theorem 2, for the important class of self-dual
lattices, minimizing|G| is equivalent to minimizindL|. We

Based on the construction of Section II-B, the problem &@ll & graph coordinate systesptimalif it minimizes |G, and
finding an optimal TG (with respect to a certain measure) f&frictly optimalif it also minimizes|L|.
a group codel can be reduced to the problem of finding an !n the following, we derive tight lower bounds on label-code

appropriate set of generators fbf. We call a TG ofL min-

complexity in terms of the coding gain of the lattice and its dual,

imal if it minimizes both the number of check nodes and thand show that for many important lattices, there are coordinates
number of edges. This corresponds to a minimal set of gengfaWhich the bounds are achieved.

tors with minimum number of nonzero elements Igr, and for

Theorem 5: For anyn-D lattice A, and in any graph coordi-

a cycle-free graph, it translates to the minimum decoding comate system
plexity for L. Note that in a conventional TG for a linear block

code, the number of check nodes is fixed and is equal to the rargk > A(A)A(A")
of the parity-check matrix. For a group code, however, this can
vary considerably depending on the selected set of genera

for the dual code.

Example 1 (Continued)it is easy to see thdi* is not cyclic,

and thus cannot be generated by a single generator. It can ajso=
be verified that an optimum set of generators which results in a

minimal TG is the basi§1120, 0031}. The corresponding TG

[ (A) V(A2

or eachi, the bound is achieved if and only if bothand A*
ors . -
ave a vector of minimum length along the graph coordinate

Proof: We have
det (AVVZ- )
det, (P, (A))

— AN (A2

i=1,...,n. (19)

= det(Aw,) det (A)w,) = AAA(A?)

is given in Fig. 4. Note that this graph is much simpler than the

TG of Fig. 1.

B. Lattices

where for the last step we have used (10). O

The bound of (19) imposes constraints on the coding gain of
lattices constructed from codes. For instance, the bound would

For lattices, the problem of finding a low-complexity TG isexplain why “Construction A” cannot result in lattices with high
more complicated, since one has also the freedom of selectawgling gains.
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Corollary 2: For any latticeA, and in any graph coordinate
System @ @ @

G| > [y(A)y(A")]? (20)

where the bound is achieved if and only if bdtlandA* haven
mutually orthogonal vectors of minimum length along the graph
coordinates. >t ,c=0mod 2

For a self-dual lattice\, minimizing |G| is equivalent to
minimizing |L|, which in turn is the same as minimizing the |G| =2", [L]=2""1
number of paths in the trellis @f constructed in the same coor-
dinate system. The latter problem has been extensively stud,'g?gda A minimal TG forD., .
in [2]-[4]. Based on the results of [2], for many important
self-dual lattices such as the Leech lattice and the Barnes—Wall
latticesBW,,, n = 2™, m odd, the lower bounds of (19) and E;:2/v/3, V2, \/10/3,2,4/V3, V6, ...
(20) are achieved.

Itis also interesting to note that (19) implies that the codingor g; = det (Aw, ) det ((A*)w. ) to be equal to twodet (Aw,)

i

gain of a self-dual lattice must be an integer. has to bey/2 for Eg. Examination of the minimal vectors of
The following corollary follows from Theorem 5 and the factF (given in [6, p. 126]) shows that there exist at most four of
thatg; must be an integer for eveiy them which are mutually orthogonal. Moreover, by examining

the above lengths of the vectors tBg and E¢, it can be seen
thatg; cannot be equal to three for any value ofhis completes
the proof. O

Corollary 3: For any latticeA, and in any graph coordinate
system

1/2, 7/ A#3\1/2 .
g 2 [v(A) / v(A%) / [k t=L..,mn Strictly optimal coordinate systems fdfs and E¢ can be
G| > [7(A)!2y(A) /2] found in [3].

Another important lattice is the Coxeter—Todd lattikgs,

The lower bounds of Corollary 3 are achieved for many welihich is the best known packing and quantizenis= 12. For

known lattices such a®,,, D, n > 3, and B, E: [2]. For K12, the lower bounds of Corollary 3 age > 3 Vi, and|G| >
many other important lattices, however, we are able to furthér’. The following proposition improves these bounds. We omit

improve the lower bounds of Corollary 3. This is explained ifhe proof, since it is similar to those of previous propositions.

the following. Proposition 8: For K5, in any coordinate system, we have

Proposition 6: For Barnes—Wall latticeBW,,, n = 2™, m  9i > 4 Vi, and|G| > 4'2.

even, in any coordinate system, we have A strictly optimal coordinate system fdt;, can be found in

g >V2y=+/n, Vi and |G| > (V2y)" =n"/2. 2]. ) | |
. ) 2) Tanner Graph Structure of Specific Latticek this sub-
Proof: These lattices are iso-dual. Thys> v Vi. How-  section, we study the TG structure of some important lattices in

ever,y = /n/2is not an integer, and therefore there does ngitrictly) optimal coordinate systems.
exist any coordinaté’; such that botth andA* have a vector

of minimum length alondV;. The best scenario to minimizg X X ; . -
is thus for one of the lattices or A* to have a vector of min- = IS based on applying Construction A to the binary linear
imum length and for the other one to have a vector of its secorgd!e-parity-check code:, n—1, 2). Inthe corresponding co-

shell alongi¥;. This results ing; > vZA(A)A(A*) = v2y. O ordi.nate_ systerﬂ_L| =2""1tandg; =2, Vi. _To constrL_Jct the
TG in this coordinate system, the only possible selection for the

Strictly optimal coordinate systems which achieve thesfenerating set oL* is the all-one vector, which results in the
lower bounds can be found in [2]. TG of Fig. 5.

LatticesEs and E5; are, respectively, the densest packing and |n [3], another coordinate system which also minimizBp
the best quantizer in six dimensions. For these lattices, the lowg{s introduced. In this strictly optimal system, the label code is
bounds of Corollary 3 arg; > 2, Vi and|G| > 64. These are the binary linear codér, 252, 4) or (n, 5%, 3), forn even or
improved in the following proposition. odd, respectively. The corresponding minimal TGs are given in
Fig. 6. They are constructed based on the following generating

Example 7: Awell-known construction for lattice®,,, n >

Proposition 7: For Es andE¢, in any coordinate system, we

havelg;, i = 1,..., 6} > {2* 4%}; i.e., at least two of the sets forL", for n even and odd, respectively:
label groups have a size of at ledsand|G| > 256.

Proof: We consider a version dfs such thatEs and £ (r 1000 - 0 0
have the following lengths of nonzero vectors in increasing 00110 -0 0
order:

0 0000 --- 1 1)

E¢: V2,2, V6, V8, V10, ... (10101 - 1 0
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@ @ (o) (o) () ¢

neven, |G| =2" , |L|=2"F nodd, |G|=2", |L =2

Fig. 6. Minimal TGs forD., in a strictly optimal coordinate system.

(110000 - 00 are not linear block codes, and therefore the results of [8] cannot
0 oo01 10 - 00 be applied. For all these cases, we have proved that the label

. codes cannot, in fact, be supported by cycle-free TGs. In the
000000 - 1 1) following, we provide the proof only foE.
(101010 - 0 1)

It is worth noting that compared to the TG of Fig. 5, the TGs of Er:(amptlr(]e gf; ||r|] an str;cgy loptl(;nal cgqtrd:jnat? system fhg,
Fig. 6 require a smaller number of computations to deddge we have the foflowing fabel code and 1ts dual over

using a two-way algorithm. G = 7o X Zoy X Zy X 7y X Zo X Zo

In [8], the authors derived upper bounds on the minimum di

. s_shown at the bottom of the page. and |V| denote
tance of a linear block code that can be represented by a ?h?é number of edges and the numberltéfnnodeé ir|1 any TG for

without cycles. It is easy to see that for both Figs. 5 and 6, tlte respectively. The maximum order of any codewordZsf
label codes are optimal cycle-free linear block codes in the sens and none of the codewords of ordérare independent

that they achieve the upper bounds of [8]. Using these boun is implies that any generating set f&F will have n > 3

we also show that the optimal label codes of some important I%’dewords v — 3. at least one of the codewords must have
tices do not have conventional cycle-free TGs. For some Otrbe(/veight of4 becal’Jse any codeword with a weight different
lattices, however, the label codes are not defined over a fing%m4 has ar,1 order of onl, and thus three of them cannot

ﬁeld’ and thus the results of [8] are not applicable. In the fo jeneratel,”. This combined with the fact that there exists only
lowing, we study a few such cases, and prove that cycle-fr fe nonzero codeword of weightresults in

TGs, in fact, do not support the corresponding label codes. Al-
though in this work, we consider only a few categories of lat- |E| >2+34+4>8=|V|-1

tices, the same ideas can also be applied to other lattices. o o .
_ _ _ which in turn implies that the TG contains a cyclenlf> 3, we
Example 8:In the strictly optimal coordinate system ofp5ye

[3], the label code ofEs is the first-order binary(8, 4, 4)

Reed-Muller code. This code does not satisfy the upper bound |E|>243n—-1)>64+n—-1=|V][-1
of d < 2, for cycle-free linear codes of lengéhand dimension

4 [8]. It thus does not have a cycle-free TG. In fact, it can pd
seen that any minimal TG for this code has 16 edges, four

check nodes, and cycles of minimum length VI. CONCLUDING REMARKS

hich again implies that the TG has a cycle.

For E; and EZ also, the label codes in the strictly optimal One of the main results of this paper is Theorem 2, which
coordinate systems of [3] are linear block codes. They are shows that by properly defining the du&l of an Abelian group
fact the little Hamming codé7, 3, 4) and the Hamming code block codeL, the dual of the label code of a lattice is the
(7, 4, 3), respectively. For both codes, the upper bound of [8bel code of the dual latticA*; i.e., L(A)* = L(A*). Using
proves that there does not exist any cycle-free TG.ErQrE¢, this theorem, given a group code we can find a generating
andBW,,, n = 2™, m > 4, however, the optimal label codesset forL". This can be then used to form a set of modular linear

_ {000000, 103301, 002200, 101101, 013310, 112211, 011110, 110011,
= 1110200, 013101, 112000, 011301, 103110, 002011, 101310, 000211

£+ _ [ 000000, 103310, 002200, 101110, 013301, 112211, 011101, 110011,
~ ) 110200, 013110, 112000, 011310, 103101, 002011, 101301, 000211 [°
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constraints which defines a Tanner graphZoand as a special
case, for every generalized Construction A (GCA) lattice.

. . Y
There are still many unanswered questions and open prob-
lems, and we hope that this paper will stimulate more work in11]

9]

this area. Probably the most important question is: “Which TGs
are good for decoding?” It is also interesting to rigorously statg; o
and prove the following conjecture: “Good lattices cannot be

supported by cycle-free TGs.” GCA seems to be a promisin
approach to the construction of dense lattices with low iter.

$ia)

a_

tive decoding complexity, probably based on a group replica ofi4]
LDPC codes. How GCA can be used in such a construction ré+5]
mains to be studied.
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