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Abstract—The optimal complexity-rate tradeoff for error-
correcting codes at rates strictly below the Shannon limit is
a central question in coding theory. This paper proposes a
numerical approach for the joint optimization of rate and
decoding complexity for long-block-length irregular low-density
parity-check (LDPC) codes. The proposed design methodology is
applicable to any binary-input memoryless symmetric channel
and any iterative message-passing decoding algorithm with a
parallel-update schedule. A key feature of the proposed opti-
mization method is a new complexity measure that incorporates
both the number of operations required to carry out a single
decoding iteration and the number of iterations required for
convergence. This paper shows that the proposed complexity
measure can be accurately estimated from a density-evolution and
extrinsic-information transfer chart analysis of the code. Under
certain mild conditions, the complexity measure is a convex
function of the variable edge-degree distribution of the code,
allowing an efficient design of complexity-optimized LDPC codes
using convex optimization methods. The results presented herein
show that when the decoding complexity is constrained, the
complexity-optimized codes significantly outperform threshold-
optimized codes at long block lengths.

Index Terms—Convex optimization, extrinsic-information
transfer (EXIT) charts, decoding complexity, low-density parity-
check (LDPC) codes.

. INTRODUCTION

The conventional design of irregular low-density parity-
check (LDPC) codes usualy involves finding a code de-
gree distribution that maximizes the decoding threshold (i.e.,
the largest noise variance for which successful decoding is
possible) at a given rate, or equivalently, finding a degree
distribution that maximizes the code rate for a given decoding
threshold [1]-{3]. However, highly optimized codes obtained
from such a design procedure cannot actually be used at their
thresholds, even with infinite block length, because decoding
over channels very close to the threshold would require an
impractical number of iterations for convergence[3], [4]. Thus,
in the conventiona design, codes optimized for threshold are
aways used on dlightly better channels. This way, convergence
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can be ensured in a finite number of steps. Since the channel
used for design is different than the actua channel, this
approach does not necessarily yield the best codes at finite
complexity.

The problem with the threshold optimization is that decod-
ing complexity is not explicitly considered in the code design
process. Stated differently, if one wishes to design a practically
decodable code, it would be more natural to try to find the
highest-rate code for a certain affordable level of complexity
on a given channel, or the code with the minimum decoding
complexity for a required rate and a given channel condition,
or the code that works for the largest channel threshold at
a given rate and complexity. Clearly, these design objectives
better reflect the requirements of practical communications
systems.

A main chalenge in incorporating complexity in code
design isthat characterizing decoding complexity as afunction
of code parameters may appear, at a first glance, to be a
difficult task. This is especialy true for iterative decoding
systems in which decoding complexity depends not only on
the complexity of each iteration step, but also on the number
of iterations required for convergence. The main idea of
this paper is that by using a uniparametric representation
of the decoding trajectory, the required number of iterations
in the iterative message-passing decoding of a long-block-
length LDPC code under the parallel-update schedule can be
accurately estimated. This allows one to define and to quantify
a measure of decoding complexity, which can then be used to
optimize the complexity-rate tradeoff for LDPC codes.

Toward this end, the paper uses a density evolution analysis
of the LDPC decoding process and adopts a uniparametric
representation of the decoding trgectory in terms of the
evolution of message-error rate, in a format similar to an
extrinsic-information transfer (EXIT) chart [5]-{7], except
that message-error rate is tracked instead of mutual informa-
tion and that no Gaussian assumption is made. The use of
probability-of-error-based EXIT charts (which originated from
the work of Gallager [8]; see also [9]) offers two key advan-
tages. First, the uniparametric representation of the decoding
trajectory allows one to accurately estimate the number of
iterations required to reduce the bit-error rate (BER) from that
given by the channel to a desired target. Second, in terms of
message error rate, one can show that the decoding tragjectory
of an irregular LDPC code can be expressed as a linear
combination of trgjectories of elementary codes parameterized
by their variable degrees. These two facts allow one to define
a measure that relates the decoding complexity of an irregular
LDPC codeto its degree distribution. The code design problem
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then reduces to the shaping of the decoding trajectory for
optimal complexity-rate tradeoff. An optimization program
that determines the minimum-complexity degree distributions
for a fixed code rate and a target channel can then be
formulated.

This paper shows that the optimization problem formulated
in this way is convex under a mild condition, which facili-
tates its numerical solution. Numerical code designh examples
suggest that compl exity-optimized codes can significantly out-
perform threshold-optimized ones (e.g., those from [1]-{3]) at
long block lengths. Further, the complexity- and threshold-
optimized codes can have quite different degree distributions.
In particular, complexity-optimized codes tend to have fewer
degree-two variable nodes than threshol d-optimized ones. This
confirms a common design intuition in a rigorous way.

The methodology proposed in this paper offers one of the
few instances of an iterative system in which analytic tools are
available not only for predicting the convergencetrgjectory, but
also for the tuning of system parameters for fast convergence.
The proposed code design method is applicable to any binary-
input memoryless symmetric (BMS) channels and any iterative
decoding algorithms with symmetric update rules. These are
the conditions required for the validity of density evolution
analysis [2].

A. Related Work

The performance-complexity tradeoff for error-correcting
codes has always been a central issue in coding theory. In
recent years, particularly since the discovery of capacity-
approaching codes, “performance” has come to mean rate
a a given threshold (or threshold at a fixed rate.) For the
binary erasure channel (BEC), the rate-complexity issue is
addressed by Shokrollahi [10] for LDPC codes, and by Khan-
dekar and McEliece [11] and also by Sason and Urbanke
[12] for irregular repeat-accumulate codes. Hsu and Anas
tasopoulos present in [13] a family of codes with bounded
graphical complexity that are capacity-achieving on certain
noisy channels under maximum likelihood decoding, and also
capacity-achieving under iterative decoding on the erasure
channel. Decoding the output of an erasure channdl is quite
different from decoding the output of a noisy channel, as
the decoding procedure operates via an edge-del etion process,
whose complexity scales linearly with the number of edgesin
the factor graph of the code. For more general channel models
in which decoding complexity also scales with the number of
iterations, Richardson et a. [2] proposed a numerical design
procedure for irregular LDPC codes involving an ad-hoc
measure of the number of iterations. However, their motivation
was in providing an efficient technique for finding threshold-
optimized codes. A decoding complexity measure similar to
ours is presented in [14]; however, its usefulness is limited
to capacity-approaching codes over the BEC, and it is in fact
a specia case of our measure. In a related paper [15], we
studied the optimization of decoding complexity for LDPC
codes under Gallager’'s decoding Algorithm B [8] over the
binary symmetric channel. The results of [15] rely on the
one-dimensional nature of decoding Algorithm B; this paper
addresses the more genera case.

B. Outline of the Paper

The rest of this paper is organized as follows. In Section Il,
we briefly review the background and terminology pertaining
to LDPC codes. In Section 111, we present the new complexity
measure for the iterative decoding system, and formulate the
complexity optimization methodology. In addition, we give
an EXIT-chart interpretation of the methodology, prove the
convexity of the complexity measure, and propose efficient so-
[ution techniques. Numerically optimized degree distributions
and simulation results are presented in Section IV. Conclusions
are provided in Section V.

Il. LDPC CoDES
A. Preliminaries

Recall that every binary linear (n, k) code can be described
as the solution space of a homogeneous system of linear
equations in F5 with n unknowns (“variables’) and at least
n — k equations (“checks’). Equivalently such a code can be
described by a bipartite Tanner graph [16] with n variable
nodes and at least n — k check nodes, where a variable node
and a check node are adjacent if and only if the variable
participates (with nonzero coefficient) in the corresponding
check. LDPC codes are characterized by the property that
each variable node and each check node in the graph has
“small” degree. For example, in the (j, k)-regular ensembles
introduced originally by Gallager [8], each variable node has
degree j and each check node has degree k. In this paper we
consider ensembles of irregular LDPC codes having a Tanner
graph description determined, as in [1], [2], by a pair

Az) = Z Nzt and p(z) = ijxi_l
i>2 j>2

of degree distributions, with A\(1) = p(1) = 1. Here A\; > 0
gives the probability that a randomly chosen edge in the graph
is incident on a variable node of degree ¢ and p; > 0 gives
the probability that a randomly chosen edge in the graph is
incident on a check node of degree j. Assuming that the checks
are linearly independent, the rate of an LDPC code is related
to its degree distribution by
3. L
S A

Due to their representation via sparse bipartite graphs,
LDPC codes are amenable to iterative decoding techniques.
Iterative decoding proceeds by successively passing messages
between variable nodes and check nodes, where the messages
represent ‘beliefs —typicaly expressed as log-likelihood ra-
tios (LLRs)—about the values of the variable node connected
to a given edge. In a single decoding iteration, messages
m,_. are first sent (in parallel) from variable nodes to check
nodes. At each check node a check-update computation is
performed, generating messages m.._.,, to be sent (in parallel)
from the check nodes to the variable nodes. Finally, at each
variable node, a variable-update computation is performed to
generate the messages for the next iteration. After sufficiently
many iterations have been performed, each variable node can
produce a decision about the corresponding variable. In the

R=1- (1)
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rest of this paper, we assume that the check- and variable-
node updates are performed according to the sum-product
algorithm [17], although our technique is applicable to any
symmetric update rules. For the sum-product algorithm, the
update rule for LLR message at a variable-node v is

>

hen(v)—{c}

My—e = Mo + mp—uv, (2)

and the update rule at a check-node ¢ is

[1

Me—sy = 2tanh™ !
yen(c)—{v}

tanh(mwm) )

where mg is the channel message in LLR form, and n(v)
represents the nodes connected to node v by an edge.

In a pair of landmark papers [2], [18], Richardson et al.
presented density evolution, a numerical tool to track the
density of messages passed during iterative decoding of LDPC
codes, under the parallel message-passing schedule defined
above. Given a degree distribution pair (A(z), p(z)) and a
target channel, one can use density evolution to determine the
‘threshold’ of the code under iterative decoding, where the
threshold corresponds to the largest value of the noise para-
meter such that iterative decoding succeeds in the asymptotic
case.

In oneiteration of density evolution, the algorithm combines
the probability density function (pdf) of channel messages, the
pdf of messages sent from variable nodes to check nodes in
the previous iteration, and the degree distributions of the code,
and produces the pdf of the messages that will be sent from
variable nodes to check nodes in the succeeding iteration. In
other words, one iteration of density evolution computes

D@

v—C

= (I)(ID(Zil) Dch7 )\a p)a

v—cC ?

(4)

where Di(flc represents the pdf of variable-node to check-node
messages at iteration i, and D, represents the pdf of channel

messages.

B. EXIT Charts

EXIT charts, originally introduced by ten Brink in the
context of turbo codes [5], provide a graphical description
of density evolution. This is accomplished by tracking some
statistic of the variable-to-check message density Dq(flc. Often
the mutual information between the message value and the
corresponding variable value is tracked in an EXIT chart. In
this paper, as in [8], [9], we track a different parameter of
the message distribution; namely, the probability that the log-
likelihood ratio (LLR) message has the incorrect sign. Roughly
speaking, this parameter measures the fraction of messagesin
“error”. Although we do not track mutua information, we
nevertheless continue to refer to the parameterized trajectories
as "EXIT charts” The use of EXIT charts is central to the
formulation of a threshold-optimization program, and later, a
complexity-minimization program. However, to minimize the
loss of information associated with a uni-parametric repre-
sentation of message densities, we use density evolution for
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Fig. 1. Elementary EXIT charts, A(z) = 0.1z + 0.322 4 0.12* + 0.22° +
0.3z17, p(x) = =7

analysis; the EXIT charts serve only to provide a graphical
representation of the convergence trgjectory.

For a given degree distribution pair and channel condition,
one can visualize the convergence behavior of the decoder by
performing IV iterations of density evolution, and plotting the
message error rate at iteration ¢, i € {1,2,--- , N} (let us call
this p(*)) versus the message error rate of iteration i — 1, i.e,
pli=1). One can think of these EXIT charts as a mapping

P = fptY), (5)

Here p® is computed as P (D\"..), where D{?. . is computed
using (4), and P.(-) returns the message error rate (the area
under the error-tail) of a pdf.

In general, f is a function of both A and p. However, in
most approaches to the design of LDPC codes, p is fixed and
design efforts are generaly focused on optimizing A. In the
following, we fix p, and we provide advice for an appropriate
choice of p in Section I11-D4.

Due to the random construction of LDPC code graphs, one
can use the total probability theorem to decompose the overall
EXIT chart into a sum of elementary EXIT charts [9], i.e,,

flp) = Z Xi - filp, \), (6)

ie{1,2,---,N}.

where f;(p, \) is the elementary EXIT chart associated with
degree-i variable nodes. Fig.1 presents the elementary EXIT
charts and the overall EXIT chart for a particular irregular
code, using sum-product decoding over the AWGN channel.
Note from the preceding equation that f; is in generd a
function of \.! Thisis because the densities that are passed in
iteration m are influenced by A. Thus, the output density of
degree-i nodes, and hence their associated message error rate,
are also functions of A (and p). This dependency is denoted
explicitly in (6).

1The dependency on p is dropped as p is considered fixed.
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For decoding algorithms in which the density of messages
is described by a single parameter (e.g., belief propagation
over the BEC, and Gallager A/B decoding over the BSC),
the elementary EXIT charts are independent of A. This is
explained by noting that for a given message error rate, the pdf
of variable-to-check messages is independent of \. Therefore,
the overall EXIT chart is a linear combination of elementary
EXIT charts (which are independent of \), and the code-design
problem is reduced to a curve-shaping problem.

In the general case, however, due to the dependency of the
elementary EXIT chart f; on ), the code-design problem can-
not immediately be cast as a curve-shaping problem. Indeed,
the EXIT chart of the code is affected by each A\, in two ways.
The first is as a multiplying factor in the linear combination
of (6), and the second is the effect of A on the elementary
EXIT charts f;(p, A). Therefore,

of(p) _

dfi(p, A
T, )+ Z PURCAA SN )

6)\k

In practice, the first term on the right hand side of (7) is much
larger than the second term. An intuitive justification for this
follows from the accuracy of the Gaussian assumption, for
which the EXIT charts are independent of ;. Therefore, if
A undergoes a small change, we disregard the dependency of
elementary EXIT charts on A. With this assumption, (6) can
be smplified to

= Z i fi(p), (8)

and, therefore, the code-design problem becomes that of
synthesizing a suitable EXIT chart as a convex combination of
a number of pre-computed elementary EXIT charts. However,
due to the weak dependence of elementary EXIT charts on A,
these pre-computed elementary EXIT charts must be updated
whenever A undergoes a sufficiently large change.

Finally, for degree distributions of interest, it is assumed the
message error rate converges to the target error rate, which
guarantees that the elementary EXIT charts are defined over a
discrete set of p such that min(p) < p:, where p, is the target
error rate specified in the code design problem. If needed,
by interpolating, one can acquire a continuous version of the
elementary EXIT charts over the interval [p;, po], where pg is
the initial message error rate (from the channel messages) and
p IS the target error rate.

C. Threshold Optimization

Traditionally, degree distributions have been designed to
achieve a desired rate, while maximizing the decoding thresh-
old. Equivalently, given a target channel condition, one can
determine the maximum rate code such that successful decod-
ing is possible. Indeed, for a fixed check degree, the latter is
obtained as the solution to the following linear optimization

program:

maximize E -0

subject to Z)\ filp

ZAZ-:1

A >0 )

) < p, € (0,Pe(Den))

Here the central condition is the first constraint, namely that
> Aifi(p) < p; this condition ensures an “open” EXIT chart
in which the decoder can make progress (decrease p) during
each iteration. One clearly observes the code-design problem
as “curve-shaping.”

Of course, since the elementary EXIT charts depend weakly
on A(z), these EXIT charts should be re-computed when \(x)
changes by a sufficiently large amount, and the optimization
should be repeated with the updated EXIT charts. Thisiterative
procedure is repeated until the change in rate from one
iteration to the next is sufficiently small.

As mentioned earlier, threshold optimization does not take
decoding complexity explicitly into account. In the remainder
of this paper, we will introduce a measure of decoding
complexity, and propose an alternative optimization program
to design codes with a better tradeoff between complexity and
code rate for a fixed channel condition.

I1l. CoOMPLEXITY-OPTIMIZED LDPC CODES

In this section, we formulate an optimization problem that
finds the minimum-complexity code as a function of code rate
on a fixed channel. A binary-input additive white Gaussian
noise (AWGN) channel with afixed noise variance is assumed
(although the proposed optimization technique applies to any
binary-input memoryless symmetric channel.)

An extreme point of the complexity-rate tradeoff curve is
achieved by threshold-optimized codes. Under the assumption
that the decoding scheme permits an arbitrarily large number
of iterations of the sum-product agorithm, the threshold-
optimized code is the highest-rate code for some target channel
condition. In practice, however, the performance of a code
is dways evaluated for a decoder with a finite decoding
complexity. In this case, one would expect the optimal codesto
have progressively reduced code rates as decoding complexity
becomes more and more constrained. To quantify such a
tradeoff, we first propose a measure for decoding complexity,
then develop a design methodology to efficiently search for
the parameters (i.e., the degree distributions) of codes on the
complexity-rate tradeoff curve. The relative BER performance
improvements as compared to threshold-optimized codes are
shown in Section V.

A. Measure of Decoding Complexity

For a parallel message-passing decoder, the decoding com-
plexity of LDPC codes is proportional to the product of the
number of decoding iterations and the number of arithmetic
operations performed per iteration. The computational effort
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(in computing (2) and (3)) per iteration is proportional to the
number of edges E' in the Tanner graph, while the number of
messages passed per iteration is easily seen to be 2F. Thus,
as we argue below, the overall complexity is proportional to
the total number of messages passed in the iterative decoding
process.

To see that the complexity per iteration scales linearly with
E, let’'s explicitly compute (for the sum-product algorithm) the
number of operations performed in one iteration. The analysis
of other update rules is similar. The variable-node update for
the sum-product algorithm (2) can be performed as follows. At
each variable node of degree v, we first compute the sum of the
v extrinsic messages and the channel message; this requires v
additions. To compute the output message for some particular
edge, we can then subtract the extrinsic message received over
the same edge from the computed sum. Thus, computing the
m output messages requires 2v operations. Summing over all
variable nodes, 2F operations are required.

Similarly, to perform the check-update (3) at a check node
of degree d, we can first compute tanh( ) for each incoming
message m. Next, using d — 1 operations, we compute the
product of these terms. Finally, computing an output requires
dividing this quantity by the term associated with the incoming
message over the same edge, then taking 2tanh ™' of the
resulting value. Thus, computing al the check-node output
messages for a check node of degree d again requires O(d)
operations. Summing over al check nodes, O(F) operations
are needed in total.

The overal complexity for decoding one codeword is there-
fore proportional to N - E, where N is the number of decoding
iterations. Since each codeword encodes R - n information
bits, where R is the code rate and n is the block length,
the decoding complexity per information bit is then O (££).
Now, using thefact thatn = E' ) *7 and using the expression
(1), which relates R with A; and p;, we obtain the following
expression for complexity K

E 1 1-R

KﬁN'Ran'RZ%fN'RE%'
In the rest of this section, we formulate the optimal
complexity-rate tradeoff problem as that of minimizing K for
a fixed R. Further, we make an assumption that the check
degree distribution p; is fixed to an appropriate value. In this
case, minimizing the decoding complexity becomes equival ent
to minimizing the number of decoding iterations.

(10)

B. Characterizing the Number of Decoding Iterations

The main idea of this paper is that the total number of
decoding iterations can be accurately estimated based on the
shape of the EXIT chart f(p). Further, this characterization
of complexity can be expressed as a differentiable function
of code parameters (i.e., \;), which alows one to use a
continuous optimization approach for finding good codes with
reduced decoding complexities.

From the definition of EXIT charts, it is clear that com-
puting the decoding trgjectory for a given code is equivalent
to an iterative function evaluation of f(p). Given some initial

outh /’/
Pout W)
f(P(U)),g
ao
FN
g

Fig. 2. The Iterative decoding process can be represented by an iterative

function evaluation of the EXIT chart, i.e, pt%) = f(p(k—1)). Further, p(k)
k—1

and p(F=1) are related by the local slope oy, = p;(k) .

message error rate pp > 0 and a target message error rate
pe < po, let p© = p,. The iterative decoding process
is represented by (5), i.e. p® = f(p*—Y) for k € N.
Convergence to p; implies the existence of some j € N such
that p() = f(pU—1) < p;. The required number of iterations
for convergence, N, is defined to be the minimum such j.
Note that the number of required iterations is determined by
the shape of f(p) alone.

Note that a sufficient condition for convergenceto p. is that
f(p) < p,Vp € [pt, po], Since thisimplies that the output of an
iteration is strictly less than its input, and that the recursion has
no fixed pointsin theinterval of interest. Note that EXIT charts
also respect the following additional conditions: f(p) > 0
and f(p) is an increasing function of p, i.e, f'(p) > 0 for
p € [pt, po].

The following definition plays an important role in the
characterization of the required number of iterations for con-
vergence. Define the local Slope of f(-) a p*) to be

™)

Qg = . (11)
N

where p™V) < p, and pV = > p,, we have

p(N) = QAN-10N—-2 " Q1Q0PQ- (12)

Note that the value of «y is equal to the slope of the line
passing through the origin and the point (p®), f(p(®)). This
isillustrated in Fig. 2.

We first consider the case of determining the required
number of iterations for convergencefor an EXIT function that
is a straight line passing through the origin, i.e., f(p) = ap,
a < 1. In this simplest case, (12) reduces to p¥) = aNpy.
The number of iterations required to go from p g to p; can then
be computed exactly:

N = Pn(pt) - ln(po)w .

In(a) (13)
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f(p) Actual | Estimated
0.4p + 0.45p% — 1.05p> + 0.2p*
+0.2p5 + 0.4p5 16 15.4
0.7p + 0.2p% + 0.40p> — 0.4p" 60 59.1
0.5p — 0.45p2 + 0.5pT 4 0.4p° 21 19.6

TABLE |
ESTIMATESFOR THE NUMBER OF ITERATIONS, p; = 1076, po=1

The main ideafor extending the above formulafor nonlinear
f(p) is to momentarily ignore the fact that NV has to be an
integer, and to compute the incremental increase in N as
a function of the incremental change in p;. The key is to
recognize from (12) that the required number of iterations is
a function of local slopes only. When f(p) is nonlinear, the
nonuniform local slopes can be used as weighting factors in
an accurate estimate of V.

Fix, now, some w € [py, po]. Assume that a(p) = @ is
constant for p € [w — Aw,w], with Aw being sufficiently
small. Returning to the linear case, and considering N to be a
noninteger quantity, the incremental changein N as afunction
of an incremental change in p; can be obtained by taking the
derivative of N with respect to p;:

dN -1

dp — pln(a(p))’
Therefore, the required number of iterations to progress from
wtow — Aw is AN (w) = ——2u 7 Thus, to estimate the

w-In(a(w)

total number of iterations from pg to p;, we may integrate (14)

and obtain
Po dp
N~ / L
pe pln (L)
f(p)

Despite making various “continuous approximations” in its
derivation, this formula provides a surprisingly accurate es-
timate of the required number of function evaluations, as
exemplified in Table | for a set of polynomials that closely
approximate the shape of typical EXIT charts. We note that
one can generate functions for which the measure is arbitrarily
inaccurate, but that for the class of EXIT-chart-like functions,
such pathological cases do not arise.

Of course, to obtain f(p) one must perform density evo-
lution, from which one could directly obtain the required
number of iterations to achieve a target error rate. Thus
the value of the measure lies not so much in its ability to
accurately predict the number of iterations but rather as an
objective function for an optimization program that seeks to
determinean f(p) = >, A\i fi(p) that minimizes NV, subject to
a rate congtraint. This is facilitated by the fact that the above
expression for N is differentiable with respect to the design
parameters \;. More importantly, under a mild condition, (15)
can be shown to be a convex function of \;.

Theorem 1. Let f(p) = > . \ifi(p), where f(p) < »p.

The function f;io pln(d;:(p)) is convex in A; in the region
J(p

{xi | flp) = e ?p}.

Proof: Convexity of theintegrand is sufficient for convex-
ity of the integral. Further, to show convexity of the integrand
as a function of \;, we need only show convexity along an

(14)

(15)

arbitrary line in \-space that intersects its domain [19]. Let
A = ty; + ; for arbitrary ~; and ;. The convexity of the
integrand as a function of ¢ (on its domain, {t | >, (tv; +
¥;) fi(p) < p}) can be verified directly by taking its second
derivative. The integrand, restricted to the line, is of the form:

_ 1/p
9(t) = O —In(tT' + V)

where & = In(p), I' = }>,vifi(p) and ¥ = 3=, i fi(p).
Using the fact that ® > In(¢tT" + ¥) on the domain of g(¢),
a direct computation reveals that the second derivative with
respect to ¢ is always positive if ® — In(tI" + ¥) < 2, which
is equivalent to f(p) > e~ 2p. [

Convexity is crucia for fast algorithms for numerical op-
timization. In Section 111-D1, we describe how to determine
whether the optimization region of interest lies entirely within
the region for which the measure is a convex function of ;.

(16)

C. Optimization Problem Formulation

We are now ready to formulate the problem of minimizing
the complexity of a code subject to a rate constraint. The
optimization variables are the variable degree distribution
parameters \;. Implicitly, we must have > . \; = 1 and
A; > 0. It is easy to see from (1) that if the check-degree
distribution p; is assumed to be fixed, the code rate is simply
afunction of ;. More specifically, the rate constraint becomes
a linear constraint:

SNz e S el
i J

Clearly, the above constraint would be met with equality for
the minima complexity code. In this case, the complexity
measure K is then directly proportional to the number of
iterations N.

The idea is now to start with some initial )\, compute its
associated EXIT functions f;(p), and update A by solving the
following optimization problem:

(17)

minimize < L >/p0 .
, .
BoXiridi) o pin (st
1
subject to Z:Az/@ “1- Ro Z:W/Z
Z/\i =1
A >0
A=Al < .

Here, p; is fixed, Ry is the fixed target rate, and ¢ is the
maximum permissible change in any component of A, which
is set to a small number to ensure that the elementary EXIT
charts f;(p) remain accurate.

In practice, the above optimization problem is solved re-
peatedly, with A updated in each step. The initia \ can be
set to be the variable degree distribution of the threshold-
optimized code for some target channel condition. Such a
distribution can be obtained by solving (9). Next, we set R
to be the target rate, (which must be lower than the rate of the
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threshol d-optimized code), and solve the optimization problem
to obtain a minimal complexity code. However, because of
the e constraint, the achievable complexity reduction in one
iteration is typicaly limited. To further reduce complexity,
we set \ to the most recently computed )\, and repeat the
optimization procedure using the updated elementary EXIT
charts. This iterative process should be repeated until the
complexity reduction from one iteration to the next falls below
some threshold value.

D. Design Notes

While the preceding optimization program forms the core of
our design procedure, several further comments are in order.

1) Convexity and Optimality: Each iteration of the design
procedure consists of finding the minimum-complexity code
whose degree distribution deviates from the initial condition
X\ by a most ¢, by solving the optimization problem (18).
This is done for a fixed channel condition and a given target
rate Ry. Note that the constraints of (18) are linear. Thus,
when the objective function of (18) is indeed convex (as
per Theorem 1), the optimization problem (18) belongs to a
class of convex optimization problems for which the globally
optimal solution can be efficiently found using standard convex
optimization techniques [19]. However, as shown in Theorem
1, convexity holds only in aregion {\; | f(p) > e~ 2?p}. Thus,
to ensure that a numerical solution for (18) indeed yields the
minimum-complexity code in a global sense, one must be able
to argue that the globally optimum solution always lies in the
convex region, in which case, one may then restrict {\;} to be
within the convexity region a priori, without affecting global
optimality. Note that it is not sufficient to verify that the f(p)
associated with a locally optimal solution lies in the convex
region.

Toward this end, we argue that for all cases of interest
(i.e., for any useful code), when the convexity condition is
violated, it is violated at (and in the vicinity of) the origin of
the EXIT chart. To understand the implications of this fact,
it is instructive to consider a modified version of the rate-
optimization program (9), wherein the constraint

Z/\ifi(p) <e?p, p—0

is added to the existing set of constraints, and in practice
the constraint is enforced for p € (0,¢) (a reasonable value
for € is 105). The solution to the modified rate-optimization
program (at some fixed channel condition) corresponds to a
code of rate R.., which is the maximum rate code whose EXIT
chart lies outside the convex region (near the origin), since
the added constraint requires the resulting code to violate the
convexity condition near the origin. It follows that any code
of rate greater than R. will necessarily have an EXIT chart
that does not violate the convexity condition near the origin,
since otherwise its existence would violate the optimality of
the solution (i.e., the code of rate R.) to the modified rate-
optimization program. Therefore, if the target rate Ry of a
complexity-minimized code (for the same channel condition)
is greater than R, this strongly suggests that all codes of

rate Ry have EXIT charts that lie in the convex region, and a
globally optimal solution to (18) can be efficiently found via
convex programming.

In practice, threshold-optimized codes always lies inside the
convex region. Thus, as one alows the target complexity to
increase, the minimal complexity code must aso eventually
be inside the convex region. Indeed, our calculations of R,
for arange of channel conditions suggest that when the target
number of decoding iterationsis greater than 65, the equivalent
target rate R is always greater than R... Thus, the complexity-
optimized code always lies in the convex region.

When the convexity condition is not satisfied, one may
aways repeat the optimization with different initial conditions
and choose the best among the local optimal solutions. In
our code design examples, we find that locally optimal codes
designed for a target complexity of 50 iterations aways lie
in the convex region. At a target of 20 iterations, the locally
optimal codes may lie outside the convex region, but all local
optimal solutions have effectively the same complexity. This
suggests that the structure of the optimization problem is
such that the optimal solution is not very sensitive to initial
conditions.

Finally, we argue that the successive optimization approach
where f;(p) is updated by \; in each step does not affect
convexity. First, note that under the assumption that the density
of variable-to-check messages is Gaussian, the EXIT charts
are independent of \(x). Therefore, in this case, a globally
optimal solution can be found with respect to the resulting
EXIT charts, while ignoring the ¢ constraint. Now, the EXIT
charts due to a Gaussian assumption are close approximations
to the true EXIT charts. Therefore, whenever the EXIT charts
obtained from a Gaussian assumption give rise to a convex
optimization problem, we argue that convexity holds when
the EXIT charts are updated with X;. Indeed, iteratively
updating the EXIT charts simply servesto eliminate any minor
inaccuracies, and seemingly does not affect the convexity of
the optimization program.

2) Setting a Target Message Error Rate: The proposed
design procedure involves tracking the evolution of the av-
erage message error rate over al variable nodes. In practice,
however, we are not directly interested in achieving a target
message-error rate p;, but rather a target bit-error rate p, over
the information bits of the code. In the following, we relate
pp With p, and give guidelines as to how to set p; in practice.

First, the message error rates at different variable nodes are
different and they depend on the variable degrees. Further,
when a decoder completes its alloted quantity of iterations,
making a decision at each variable node involves combining
the channel message and all d check-to-variable messages.
Note that this is equivalent to the extrinsic message error rate
for a degree d + 1 variable node, which is different from
that of the outgoing message of a degree d variable node,
(which involves a channel message and d—1 check-to-variable
messages.)

To compute the message error rate of variable nodes of dif-
ferent degrees, it is necessary to compute the node-perspective
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(rather than edge-perspective) variable degree distribution:

Ax) =" Aia', (19)
=2
where N
A= —i (20)
dy  Nj
Zj:Q 7

Furthermore, in a systematic readization of an LDPC code,
one can assign information bits to high-degree variable nodes
and parity-check bits to low-degree variable nodes. In the
case of threshold-optimized codes, this is without loss in
performance [20, Theorem 1]. Thus, we define a node-
perspective variable degree distribution over the information
bits as follows. Let k be such that >°%, A; > R, and
S, .1 Ai < Ro, where Ry is the target rate. The degree
distribution T'(x) over the information bits is:

[(z) =) T, (21)
i=k
where
d,
P ,
rk:1—@ andrj:ﬁforwk. (22)

Ro ’ RO
Finally, for a given code and channel condition, the bit-error

rate over the information bits p;,, and the average message-
error rate p; can be related as follows:

d,
po=BER(p:) = > Tifir1(pr), (23)
ik

The above relation allows one to determine the appropriate
p¢ in code design, for a given target p,. In each iteration
of the optimization procedure, p; can be computed based on
the target p, and the A(z) in the current iteration. Note that
equation (23) can be easily solved numerically, as BER(p;)
is a gtrictly increasing function of p;.

3) Setting the Maximum Change in \;: The optimization
problem also involves a constant ¢, which constrains the
maximum change of any component of A(z) in each step.
Clearly, for uniparametric decoders, ¢ can be made arbitrarily
large, since the elementary EXIT charts are not functions of
. In the genera case (e.g., for the sum-product agorithm),
we found that setting e to be on the order of 10 ~2 works well.

4) Optimizing Check-Degree Distribution: The proposed
design procedure assumes a fixed check-degree distribution
p(z). We now discuss the optimal choice of p(x). The check-
degree distribution affects the decoding complexity (10) in
two distinct ways. On the one hand, given a fixed channel
condition, the elementary EXIT charts (6) implicitly depend on
p(z), and therefore the number of decoding iterations depends
on the check-degree distribution. On the other hand, for some
fixed block length and target rate, the number of edges E is

proportional to
-1
7 pi
)

(24)

the average check-degree. Given some fixed average check-
degree, there exists convincing evidence that it suffices to
consider only check-degree distributions whose degrees are
concentrated on two consecutive values [21], [22]. That is
to say, if the average check node degree is chosen to be
n < d. < n+ 1, where n is an integer, then non-zero weights
exist only on degree-n and degree-n + 1 check-nodes, and p,,
satisfies

1—pn
n+1°

1 pn

T (25)

For complexity-minimized codes, it is possible to use a
procedure similar to the proposed complexity-optimization
program to provide further evidence in favor of concentrated
check distributions. Given atarget rate R and a corresponding
A(z), we wish to determine p(z) such that the decoding
complexity is minimized. Note that the average check-degree
is fixed (due to Ry and A(z)), therefore minimizing the com-
plexity is equivalent to minimizing the number of decoding
iterations. It is possible to use an approach analogous to that
outlined in Section 11-B to define a check-perspective EXIT
chart (i.e., one that tracks the message error rate of check-
to-variable messages). One can then express the decoding
complexity as a function of p(z) and the elementary check-
perspective EXIT charts, and a suitable optimization program
can be formulated to find the complexity-minimizing check-
degree distribution. We have carried out this process and found
that in all investigated cases, the resulting check-degree distri-
bution was indeed concentrated on two consecutive degrees.

Finaly, in many cases it suffices to consider only regular
check degrees, i.e. p,, = 1 for some n, with negligible perfor-
mance degradation. Note that with regular check degrees, the
capacity of the BEC can be achieved [10], and for the Gaussian
channel, performance very close to the Shannon limit has also
been reported [9]. Under the regular check-degree assumption,
the search for the best check-degree distribution reduces to
a search over a smal number of candidate check degrees.
For each of these values, one determines the complexity-
minimizing A(z), and selects the resulting code with the
smallest complexity.

IV. CODE-DESIGN RESULTS

We now compare the BER performance of complexity-
optimized codes, designed by the methodology outlined in
this paper, with the performance of threshold-optimized codes
from Ldpcopt [23].

The proposed optimization program determines the degree
distribution of the minimum complexity code (relative to our
measure) for a fixed rate, a target BER, and a fixed channel
condition. However, the performance of practical codes are
always evaluated at a fixed rate and a fixed target decoding
complexity (i.e., with a target number of iterations of the
sum-product algorithm in a practical decoder) over a range
of channel conditions. We argue that the best code for a target
decoding complexity is one that achieves the target BER on
the worst channel, given a fixed number of decoding iterations.
This is an approach analogous to the optimality of threshold-
optimized codes when the number of iterations is unbounded.
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Roughly speaking, such a code can be understood as the
highest threshold code for the target decoding complexity.
Toward this end, we design a series of minimum-complexity
codes at a fixed rate, but over a series of channel conditions.
The code that meets the target complexity exactly is then
chosen as the best code.

In practice, the optimization problem is solved numerically
with an interior-point method, using Newton’s method with
equality constraints for the inner iterations [19].

A. Degree Distributions

We present degree distributions for codes with optimal
complexity-rate tradeoff for arange of rates and for two differ-
ent target numbers of decoding iterations. Target decoders with
50 iterations and 20 iterations are considered, respectively. The
degree distributions of the corresponding threshold-optimized
codes at the same rates is also presented.

A binary-input AWGN channel with noise variance o2 and
a target probability of bit error p, = 10~° are assumed. The
sum-product algorithm is used at the decoder.

1) Rate=0.2 Codes. We design complexity-optimized
codes at a code rate R = 0.2 and over a range of channel
variances. The complexity-minimized code C; that requires
exactly 50 iterations to reach a BER of 106 is found to
correspond to o2 = 2.28. The complexity-minimized code
C,, that requires exactly 20 iterations is found to correspond to
0% = 1.64. In contrast, the threshold-optimized code C 5 has an
asymptotic threshold of o2 = 3.04. Clearly, the complexity-
optimized codes have lower threshold. For each code, the
check degree distribution is fixed to be p(x) = 0.5z +0.52%.
The variable degree distributions are as follows:

Ci: Mx) = 0.18411z + 0.5089122 + 0.09001x*
+0.2169721°

Co: Az) = 0.00566z + 0.80228z% 4 0.09878z'6
+0.09328x17

C3: Mz) = 0.33666z + 0.1892122 + 0.10352*

+0.037692° + 0.01622% + 0.142832°
+0.0391522 + 0.02941225 + 0.0345226
+0.02105227 + 0.011323° + 0.0385239

2) Rate=0.5 Codes: We now design complexity-optimized
codes at a code rate R = 0.5 and over a range of channel
variances. The complexity-minimized code C; that requires
exactly 50 iterations to reach a BER of 106 is found to
correspond to o2 = 0.84. The complexity-minimized code
C,, that requires exactly 20 iterations is found to correspond to
o2 = 0.73. The threshold-optimized code C 3 has an asymptotic
threshold of o2 = 0.943. For each code, the check-degree
distribution is p(x) = ®. Their variable degree distributions

are as follows:
Ci: AMz) = 0.09302z + 0.445442% + 0.058z'2
+0.24452213 + 0.1590222°
Co: Mz) = 0.00284x 4 0.563z% + 0.035352°
+0.1033421° 4 0.037912' + 0.12935219
+0.10006222 4+ 0.028152°
C3: Ax) = 0.212362 + 0.1985322 + 0.00838x*

+0.074692° + 0.014242° + 0.16652x7
+0.009122% + 0.02002z° + 0.00025z1°
+0.29589%29

3) Rate=0.8 Codes. Finaly, we design complexity-
optimized codes at a code rate R = 0.8. The complexity-
minimized code C; that requires exactly 50 iterations to reach
a BER of 1076 is found to correspond to o2 = 0.367.
The complexity-minimized code C- that requires exactly 20
iterationsis found to correspond to o2 = 0.342. The threshold-
optimized code C3 has an asymptotic threshold of o2 = 0.386.
For each code, the check-degree distribution is p(z) = 224,
Their variable degree distributions are as follows:

Ci: Mz) = 0.06427z 4 0.4001322 + 0.3214621
+0.042312%6 + 0.17182%7

Co: Azx) = 0.00533z + 0.4448622 + 0.0.065092>
+0.004822° 4 0.015492% 4- 0.17032°
+0.094942' 4 0.199172%4

C3: Ax) = 0.15211z + 0.2151222 + 0.0142425

+0.164182° + 0.09083z7 + 0.017z13
+0.06875x'4 4+ 0.2777722°

B. Smulation Results

We first compare the performance of these codes at long
block lengths, for which density evolution provides a close
approximation to the true decoding behavior. For each degree
distribution, we design a parity-check matrix for a code of
length n = 105. We ensure that the matrix does not have
any cycles of length 4, but the matrix is otherwise randomly
constructed. We compare the performance of the complexity-
minimized codes with that of the threshold-optimized codes.
The complexity-minimized codes are evaluated for their target
number of decoding iterations, while the performance of the
threshold-optimized codes are presented for a range of allow-
able iterations. The BERs, computed over the information bits
of the code, as a function of the signal-to-noise (SNR) ratio
are plotted.

While it is traditional to discuss the coding gain (in dB)
of one coding scheme relative to another, we prefer to eval-
uate the complexity-reduction afforded by our complexity-
minimized codes. Fig. 3 shows the BER curves of R = 0.2
codes. It can be seen that relative to the threshold-optimized
code Cs3, C, achieves a BER of 10~% with approximately
25% fewer decoding iterations. Indeed, while C5 reguires
20 decoding iterations, C's would require approximately 27
iterations to reach a BER of 106, Similarly, relative to Cs,
C; achieves a BER of 10~% with approximately 33% fewer
decoding iterations; C; requires 50 decoding iterations, while
C3 would require approximately 75 iterations to reach a BER
of 106, The equivalent coding gain at a fixed 20 or 50
iterations at 10~° is approximately 1dB.
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Fig. 3. Performance of long-block-length complexity-optimized codes G
(optimized for 50 iterations), C> (optimized for 20 iterations), and threshold-
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Fig. 4. Performance of long-block-length complexity-optimized codes G

(optimized for 50 iterations), C; (optimized for 20 iterations), and threshold-
optimized code C3 at various numbers of decoding iterations. R = 0.5. Block-
length n = 10°.

Fig. 4 shows the BER curves for codes of rate R = 0.5. It
can be seen that relative to the threshold-optimized code C's,
C, achieves a BER of 106 with approximately 33% fewer
decoding iterations; while C's requires 20 decoding iterations,
Cs requires approximately 30 iterations to reach a BER of
10—6. Similarly, relative to C5, C; achieves a BER of 106
with more than 33% fewer decoding iterations; C'; requires 50
decoding iterations, while C'3 requires more than 75 iterations
to reach a BER of 106, The equivalent coding gain is about
0.6dB.

Finally, for codes of rate R = 0.8, it can be seen from Fig. 5
that relative to the threshold-optimized code C'3, Cy achieves
a BER of 10~* with approximately 33% fewer decoding
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Fig. 5. Performance of long-block-length complexity-optimized codes G

(optimized for 50 iterations), C> (optimized for 20 iterations), and threshold-
optimized code Cs at various numbers of decoding iterations. R = 0.8. Block-
length n = 10°.

iterations. Indeed, while C5 requires 20 decoding iterations,
Cs5 requires approximately 30 iterations reach a BER of 10 4.
Similarly, relative to C3, C; achieves a BER of 10~* with
more than 33% fewer decoding iterations, C'; requires 50
decoding iterations, while C'3 requires more than 75 iterations
to reach a BER of 10~%. The BER target of 10~ is chosen
as a point of comparison here, because the performance of
the threshold-optimized code appears to suffer from a severe
error floor; the performance improvements diminish as SNR
increases. A discussion of the mechanisms by which error
floors are introduced is beyond the scope of this paper, but
it is important to note that the complexity-minimized codes
do not display an error floor for error rates greater than 10 —°.

1) EXIT Chart Interpretation of the Results. To further
explain the observed results, Fig. 6 shows the EXIT charts
of two codes of rate 0.5, C; and C3 for 2 = 0.84. The
behavior of the EXIT charts near the origin on a log-scale
is plotted in Fig. 7. One interesting observation is that the
complexity-optimized code has a more closed EXIT chart in
the earlier iterations and a more open EXIT chart at the later
iterations. It is shown in [4] that, for a wide class of decoding
agorithms, when the EXIT chart of two codes f¢,(p) and
fCB (p) SatISfy fCA(p) < fCB (p) 1Vp € (07]90], then Cp has
a higher rate than C 4. In this example, since both codes
have the same rate, one EXIT chart cannot dominate the
other one everywhere, but the optimization program carefully
trades the area underneath the EXIT chart for the complexity.
Furthermore, for the complexity-minimized codes, the delayed
appearance of the waterfall region is due to the fact that their
EXIT charts are initially less open than the EXIT chart of the
threshold-optimized code. On the other hand, the openness
of the complexity-minimized EXIT charts near the origin,
trandlates to the steeper waterfalls in the above figures. These
effects can be attributed to the decreased fraction of degree-
two nodes in the complexity-minimized codes. Furthermore, it
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is well known that the minimum distance [24] and the size of
the smallest stopping set [25] are strongly dependent on the
fraction of degree-two nodes. Therefore, it is not surprising
that the complexity-minimized codes do not appear to suffer
from error floors, even when the number of decoding iterations
is small.

2) Short Block Length Performance: Finaly, we address
the performance of our codes at short block lengths for which
density evolution is not necessarily accurate. For short block
lengths, it is well known that the performance of LDPC codes
is sengitive to the structure of the parity-check matrix. While
it is sufficient to randomly construct the parity-check matrices
when n is large, specific algorithms need to be used to design
graphs for short block length codes. Most prominent among
these is the progressive-edge-growth algorithm [26], which we
use in the following to construct codes of length n» = 1000.
Once again, we compare the performance of the complexity-
minimized codes to that of the threshold-optimized codes.

The BER curves for the R = 0.2, 0.5 and 0.8 cases
are plotted in Figs. 8, 9 and 10, respectively. It is observed
that the relative performance of short-block-length complexity-
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Fig. 8. Peformance of short-block-length complexity-optimized codes G

(optimized for 50 iterations), C> (optimized for 20 iterations), and threshold-
optimized code Cs at various numbers of decoding iterations. R = 0.2. Block-
length n = 1000.

optimized codes as compared to threshold-optimized codes is
code-rate dependent. While at R = 0.2, the short-block-length
complexity-minimized codes seem to be inferior to that of the
threshol d-optimized codes, the performances of short-block-
length complexity-optimized codes at R = 0.5 and R = 0.8
appear comparable to that of threshold optimized codes. (At
R = 0.5, the complexity-optimized code is dlightly inferior
to the threshold-optimized code for a target complexity of 20
iterations, but is comparable at 50 iterations.) We note that
a well-developed theory for short-block-length LDPC codes
is gtill lacking. Most existing methods for designing irregular
LDPC codes rely on the accuracy of density evolution, which
provides a true description of the decoding process only when
n — oo. Therefore, it is not clear that degree sequences
that perform well for long block lengths will aso perform
well at short block lengths. In particular, the design procedure
introduced in this paper relies on the notion of shaping the
EXIT charts to achieve some desired decoding trajectory.
However, predicting how the shape of such EXIT charts varies
as the block length decreases is still an open problem.

V. CONCLUDING REMARKS

This paper presents a methodology for the design of LDPC
codes for optimized complexity-rate tradeoff. Our method-
ology is based on a new measure of complexity, which
accurately models the required number of iterations for con-
vergence in the iterative decoding process, and a novel formu-
lation of the complexity-minimization problem as a convex
optimization problem. From the code design examples, it is
apparent that our complexity-minimized codes provide, at long
block lengths, a superior performance-complexity tradeoff as
compared to threshold-optimized codes. The effectiveness of
our design methodology stems from the accuracy of our
measure of complexity and the convexity of the optimization
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(optimized for 50 iterations), C> (optimized for 20 iterations), and threshold-
optimized code Cs at various numbers of decoding iterations. R = 0.5. Block-
length n. = 1000.
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Fig. 10. Performance of short-block-length complexity-optimized codes G
(optimized for 50 iterations), C; (optimized for 20 iterations), and threshold-
optimized code Cs at various numbers of decoding iterations. R = 0.8. Block-
length n = 1000.

program, but it also rests upon the accuracy of density evolu-
tion analysis. When the block lengths of the codes are such that
density evolution provides an accurate prediction of decoding
trgjectory, our methodology is capable of essentialy finding
minimum-complexity codes.

In the short-block-length case, Amraoui, et al. [27], [28]
recently derived an equation that accurately predicts the per-
formance of LDPC codes at finite block lengths. However,
while eliminating the assumption of n — oo, their analysis
nevertheless assumes an unconstrained number of decoding
iterations. The accuracy of their method lies in predicting the
frequency of ‘bad’ channel events and their contribution to
the waterfall region. However, when the number of iterations

is constrained, an additional error mechanism is introduced.
With a constrained decoding complexity, in addition to the
errors due to atypical channel events, an error due to a
premature termination of the decoding process can also occur.
It would be interesting to generalize their analysis to the case
of a constrained decoder complexity. Such a procedure, if
successful, may permit one to design complexity-minimized
codes with superior performance even at short block lengths.
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