Receive Diversity !

1 Introduction

When discussing beamforming we used the resources of an ante array to service multiple users
simultaneously. The interference cancellation schemes we formulated independent of whether the
channels were line-of-sight (LOS) or fading. Diversity combning devotes the entire resources of
the array to service a single user Speci cally, diversity schemes enhanceeliability by minimizing
the channel uctuations due to fading. The central idea in diversity? is that di erent antennas
receive di erent versions of the same signal. The chances @il these copies being in a deep fade
is small. These schemes therefore make most sense when thdife is independent from element
to element and are of limited use (beyond increasing the SNR)f perfectly correlated (such as in
LOS conditions). Independent fading would arise in a dense tlban environment where the several
multipath components add up very di erently at each element.3.

Early in this course we saw that fading has three componentspath loss, large-scale and small-
scale fading. Over fairly long periods the rst two componeris are approximately constant and can
be dealt with using power control. Furthermore, these compaents of fading are very close to being
constant across all elements of the array (perfectly correlted). Diversity combining is speci cally
targeted to counteract small scale fading. We will therefoe use slow, at, Rayleigh fading as our
model for the signal uctuation. It must be emphasized that t he Rayleigh model is the easiest and
most tractable. However, this model is not valid in all situations. The results we present here will
therefore be only \ballpark" gures, to illustrate the work ings of diversity combining.

The physical model assumes the fading to be independent fromne element to the next. Each
element, therefore, acts as an independent sample of the rdom fading process (here Rayleigh),
i.e., each element of the array receives an independent comyf the transmitted signal. Our goal
here is to combine these independent samples to achieve theesired goal of increasing the SNR
and reducing the BER. Diversity \works" because givenN elements in the receiving antenna array
we receiveN independent copies of the same signal. It is unlikely that dl N elements are in a
deep fade. If at least one copy has reasonable power, one slidgonceivably be able to adequately
process the signal. We emphasize that the model developed lo is for a single user

Most of the material in this review is from Janaswamy [1]. This material als o appears in the book by Godara [2]
2Diversity arises in various forms - time, frequency, spatial (our cas e), etc.
3Saying two random variables are independentis a far stronger statement than saying they are uncorrelated



2 The Model

Consider a single-user system model wherein the received sa@g is a sum of the desired signal and

noise:
X = hu(t)+ n 1)

where u(t) is the unit power signal transmitted, h represents the channel (including the signal
power) and n the noise. The power in the signal over a single symbol periqdls, at elementn, is
Z Z .

P Jhn(t)JZJU(t)szt=Jhn(t)JZT—S . ju(t)j?dt = jhaj?; ()

_T_So

where, since we are assuming slow fading, the ternh, (t)j remains constant over a symbol period
and can be brought out of the integral andu(t) is assumed to have unit power. Setting B n,(t)j?g =
2 and we get the instantaneous SNR at then-th element ( ) to be

.h .2
e 3)

This instantaneous SNR is a random variable with a speci ¢ ralization given the channel realization
h,. The expectation value taken to estimate the noise power is lierefore taken over a relatively
short time period. Later on we will also nd a long-term average SNR.

We are assuming Rayleigh fading, sd, = jhnjeigh", where 6 h,, is uniform in [0;2 ) and jhyj
has a Rayleigh pdf, implying jh,j? (and ,) has an exponential pdf

iNnj @ej th'2=Po; (4)
Po
1 _
n —e "7 (5)
Efj hpj? P
= Ef g= O Z”ng—g: (6)

The instantaneous SNR at each elementhat is an exponentially distributed random variable.
represents the average SNR at each element. This is also th&NR of a single element antenna,
i.e., the SNR if there were no array. will, therefore, serve as a baseline for the improvement in
SNR.

2.1 Figures of Merit

In general we will use two gures of merit - outage probability and the bit error rate (BER) for
BPSK modulation. In this section we develop these gures of nerit for the single-input single-
output (SISO) case.



Output Signal

Figure 1. The receiver in a diversity combining system

The outage probability is de ned as the probability that the output SNR, is below a threshold,
s. Since the SNR is exponentially distributed,

Z 1
Pout = P( < S) = _e = d
0
= []_ e s- ] (7)
Note thatas '1 |, Pout/ 1=.
The bit error rate of a BPSK system given a SNR of is given by erfc(p 2)=0Q - where
p 21
Qx)=(1= 2 ) e P24t
X
The BER averaged over the Rayleigh fading of Eqn. (4) is theréore
Z, ... .
BER = AN gi o N gih)
0 P0r |
1
=31 1+ (8)
The nal equation uses Eqgn. (3.61) of Verdu [3]. Note,
lim BER = 1 9
11 T4

Using the BER and Pg; expressions an important conclusion is that both these erroexpressions
fall as (1=SNR) as SNR! 1 . This extremely slow fall o in error rate is due to the variance in
the SNR arising from the random channel.



Within diversity combining (or diversity reception) are th ree common techniques: Selection
Combining, Maximal Ratio Combining (MRC) and Equal Gain Com bining (EGC). For all three,
the goal is to nd a set of weightsw, as shown in Fig. 1. The structure is similar to what we used in
developing interference cancellation. Here, however, thereights are chosen to minimize the impact
of fading for a single user. The three techniques di er in howthis weight vector is chosen. In all
three cases we assume thahe receiver has the required knowledge of the channel fagdirvector h.

3 Selection Combining

Selection combining is to the elements what switched beamfming was to beams. As each element
is an independent sample of the fading process, the elementitlv the greatest SNR is chosen for
further processing. In selection combining therefore,

(
1 = maxnf
W = < = Mnl n (10)
0 otherwise
Since the element chosen is the one with the maximum SNR, the usput SNR of the selection
diversity scheme is = max,f ,g. Such a scheme would need only a measurement of signal power,
phase shifters or variable gains are not required. To analyz such a system we look at the probability

of outage, BER, and resulting improvement in SNR.

The probability of outage is the probability that the output SNR falls below a threshold s,
i.e., the SNR of all elements is below the threshold. Theref,

=maxf ng; (11)

N(l
Pout = P[ < s]=Plo; 25t n< s]= Pl n< sl (12)
n=0

where the nal product expression is valid because the fadig at each element is assumed inde-
pendent. This would not be true if we had only assumed the fadig to be uncorrelated from one
element to the next. Using the pdf of ,,

Z s Z s 1
Pl[n< s] = f (n)dn= —e "“dp;
0 0
h i
= 1 e s (13)
h iy
) Pou(s) = 1 e == (14)

The outage probability therefore decreasesxponentially with the number of elements. Figure 2
illustrates the improvement in outage probability as a function of the number of elements in the
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Figure 2: Performance of a selection combining system

array. As is clearly seen, selecting between just two elemén results in signi cant performance
improvements, almost 7dB at an outage probability of 1%. Nog that if using two elements the
output SNR can, at best, double. Note also the linear relatimship (in the log-log plot) in Fig. 2
(expected given the exponential relationship betweerPy; and s=. The slope of the plot increases
with increasing N. We will later de ne this notion rigorously as the diversity order.

Pout also represents the cdf of the output SNR as a function of thetlireshold 5. The pdf of the
output SNR, , is therefore

h i
f():M:Ee: 1 e ~ Nl: (15)

At this point we have derived the probability of outage and the pdf of the output SNR. Two
other possible gures of merit are the improvement in the aveage SNR (versus the average SNR
at each element, ) and the improvement in BER. The average ouput SNR is

Z4 Z, N h In 1
Ef g = f ()d = —e -~ 1 e~ d;
0
X
= 3 (16)
n=1n
1 1 .
C+inN+ oo (17)

where the nal approximation is valid for relatively large v alues ofN. C is Euler's constant. The
improvement in SNR over that of a single element is of order ofln N).



The overall error rate is obtained by integrating the conditional error rate at a given SNR. For
BPSK modulation, the conditional bit error rate (BER) is erf c(p 2 ) and the overall error rate is

Z4 Z, p_nN _ D IN 1
Pe = (BER=)f ()d = erffc( 2)—e = 1 e - d: (18)
0 0

This equation can be evaluated as a series fdd > 1 [1]. The resulting BER has been veri ed
by measurements in [4].

4 Maximal Ratio Combining

In the above formulation of selection diversity, we chose tle element with the best SNR. This
is clearly not the optimal solution as fully (N 1) elements of the array are ignored. Maximal
Ratio Combining (MRC) obtains the weights (see Fig. 1) that maximizes the output SNR, i.e., it
is optimal in terms of SNR.

Writing the received signal at the array elements as a vectorx(t), and the output signal asr (t)

x(t) = h(@)u(t)+ n(t); (29)
h = [ho he;:iihy 415 (20)
n = [no;ng:iinn 1l ; (21)

rt) = whx=wHlhu@)+ whn: (22)

Since the signalu(t) has unit average power, the instantaneous output SNR is
wHh 2

E jwHnj

The noise power in the denominator is given by
n ,0
P, = E w'n® = wlfnmn"w =w"E nn" w= 2wHiyw;

= 2H

w= Fjwij?; (24)

wherely represents anN N identity matrix. Since constants do not matter, one could always scale
w such that jjwjj = 1. The SNR is therefore given by = wHh ?= 2. By the Cauchy-Schwarz



inequality, this has a maximum when w is linearly proportional to h, i.e.,

w = h; (25)
n=0
1
= n. (26)
n=0

The output SNR is, therefore, the sum of the SNR at each eleméan The best a diversity combiner
can do is to choose the weights to be the fading to each elementin some sense, this answer is
expected since the solution is e ectively the matched lIter for the fading signal. We know that the
matched lIter is optimal in the single user case.

Using Eqgn. (26), the expected value of the output SNR is theréore N times the average SNR at
each element, i.e.,
Ef g= N ; (27)

which indicates that on average, the SNR improves by a factorof N. This is signi cantly better
than the factor of (In N) improvement in the selection diversity case.

To determine the pdf of the output SNR, we use fact that the pdf of the sum of N independent
random variables is the convolution of the individual pdfs. Further, the convolution of two functions
is equivalent to multiplying the two functions in the freque ncy (or Laplace) domain. We know that
each , in Eqn. (26) is exponentially distributed. The characteristic function of a random variable
X is given by Efe SXg, i.e., the characteristic function is the Laplace transfom of the pdf.

F .(s) = Efe ®nrg= 1+1s ; (28)
N
) FO = o 29
zZ .

_ _ 1 _ 1T e .

) PDF()=f () = L [F(S)]—ﬁle md, (30)
1 N1

= W N € (31)

whereL 1 denotes the inverse Laplace transform.



Using this pdf, the outage probability for a threshold s is

Z s 1 N 1 _
Pou = PL< 9= v
K 1
=1 e s° sl (32)
n!
n=0 ’

Figure 3 illustrates the performance of a MRC with multiple antenna elements. Again, the
large performance gains from using two or more elements ise#r. At a outage probability of 1%,
we achieve a SNR gain of greater than 8dB. To compare the perfmance of the MRC and selection
combining techniques, we plot the outage probability for the two techniques in Fig. 4 withN = 4.
At outage probability of 1%, MRC is about 3dB better than selection combining.

The nal gure of merit is the BER in a BPSK system. The BER is gi ven by

Z, f Z, f p__ 1 N1
Pe = (BER=)f ()d = . erfc( 2 )W—Ne d;
N i1 #
_ 1 1 XN 1+ny 1+ " 33
(N 1) 2 - n! 2
!
2N 1 N
' N 4i ; forlargeN; (34)
r
= 1+ : (35)

The approximation for large value of N is obtained using only the nal term of the summation
in Egn. (33). Note the BER reduces exponentially as a function ofN. The rate of fall o (the
exponent) is the diversity order. This is consistent with the fact that in a SISO systemP, / 1=SNR.

De nition : The a diversity system is said to havediversity order D if, in Rayleigh fading,

_ log(Pe)
D = log(SNR (36)
equivalently;
1
—_— 37
e SNRD ( )

for large SNR.

In a diversity system, therefore, we expect the BER to be a lirear function of the SNR (in
a log-log plot). The slope of the plot indicates the diversity order. The BER, in a system with
diversity order two, would fall o by a factor of 10 2 for every 10dB gain in SNR.
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Figure 3: Performance of a maximal ratio combining system

100

T T =
f| = = Maximal Ratio -7
[| — Selection
10" | -l
i
20
(i
107 | : -l
10° | =
10" I I I I I
-10 -8 -6 -4 -2 2 4 6 8 10

0
/G (dB)

Figure 4. Comparing selection and maximal ratio combining



10°k | I 4 1 S L N

L
-10 -5 0 5 10 15 20 25 30
<

Figure 6: BER versus average output SNR for Maximal Ratio Conbining.

10



Figure 5 plots the BER of our MRC system as a function of the aveage SNR at each element
()- The gains in performance are clear (and expected). Figue 6 plots the BER versus the output
SNR (N ) of the MRC system. This plot proves that the MRC system does notact as a single
element with N times the SNR. Even in this plot the slope of the BER changes adN increases.
This plot is the essence of diversity - since each element reives an independently faded copy of the
same signal the output SNR not only increases, but also the w@tuations in the output SNR reduce.
With N copies, it is unlikely that all copies are in a deep fade, i.e.the chances of an error fall
o exponentially. Note that if diversity worked just to incr ease output SNR (which beamforming
would do), the BER would be P / 1=(N ). In the diversity case, due to the fact that we are
receiving independent copies, the BER falls of exponentidy, Po/ (1=) N.

Figure 6 also illustrates the fact that line-of-sight communications is always better than com-
munications through a fading channel - with LOS communications the BER drops o as with erfc
function, i.e., exponentially in . In fact, as N ! 1 , the MRC scheme is equivalent to LOS
communications.

5 Equal Gain Combining

In Section 4 we developed the combiner that is optimal in the ense of SNR. However, the technique
requires the weights to vary with the fading signals, the magitude of which may uctuate over
several 10s of dB. The equal gain combiner sidesteps this pgotem by setting unit gain at each
element. In the equal gain combiner,

wy = %M (38)

) Wohn = jhnj; (39)
K 1

) whh = jhj: (40)
n=0

Also, the noise and instantaneous SNR are given by

P, = whw 2=N 2 (41)
Pu 1., .2
rl:lzol jhn]
Using the fact that jh,j is Rayleigh distributed, using the pdf of Eqn. (4),
- p—
E(ihnj)) = Po; (43)
E jhaj® = Po; (44)
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Using the SNR de ned in Eqgn. (42) together with Egns. (43) and (44) we nd the mean SNR
is given by

h i
P L2
Ef r’?':ol jhnj 9 1 ( X ikt _)
n=0 m=0
2 ( ) 8 93
1 oo sxtoxtoo =
= oz E jhnj> +E jhniihmi, S
n=0 " n=0 m=0;mén !
2 3
L S S
= ozt B it o+ Efj hnjg Efj hmjg® ;
n=0 n=0 m=0;m6n
- " By
- Yo Fo
= 5oz NPo+N(N 1) —° 2
_ 1 Po .
= oo MNPo+ NN )L
h i
= +(N D = 15N Dy (46)

The point of this analysis is to show that, despite being sigmcantly simpler to implement, the
equal gain combiner results in an improvement in SNR that is omparable to that of the optimal
maximal ratio combiner. The SNR of both combiners increasedinearly with N.

There is no closed form solution for the BER for generalN, but several researchers have in-
vestigated the BER performance in several kinds of fading cannels [5, 6]. There are several other
papers that also address this issue. In particular, in [5], BHang nds the closed form solutions in
Rayleigh fading for N = 2 and N = 3 based on the characteristic function method. For BPSK they

are:
n p #
1 (+2)
Pe=5 1 —————  N=2 47
£ 2 +1 ! ’ (47)
S S
1 1 (2+3) 2 111 2 3
Pe=> - ——335 2F1 S5 o3 T 55 N=3;
*T2 2 3(+13 Pt 222 @+3)2 4 27(+1)3

(48)

where >F1 is a hypergeometric function. See [6] for more general redsl

Figure 7 plots the BER for the case of equal gain combining. Tks plot is taken from Zhang [5].
Again the signi cant gains in performance are clear. In the dot the number of elements (ourN)
is represented ad.. Note again that an array with N elements provides ordemN diversity.

12
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6 Comparison of the Three Techniques

We compare the performance of the three techniques in termsfahe complexity and improvement in
SNR. Figure 8 plots the improvement in SNR as a function of thenumber of elements. As expected
the best improvement is for the maximal ratio combiner, while the worst is for the selection diversity
technique. Note that the improvement in the case of equal gai combining is comparable to that

of maximal ratio combining.

In terms of the required processing, the selection combineis the easiest - it requires only a
measurement of SNR at each element, not the phase or the amplide, i.e., this combiner need not
be coherent. Note, however, that the results presented use eoherent receiver (the phase of channel
is removed after the fact). Both the maximal ratio and equal gain combiners, on the other hand,
require phase information. The maximal ratio combiner requres accurate measurement of the gain
too. This is clearly di cult to implement, as the dynamic ran ge of a Rayleigh fading signal may be
quite large. For this additional cost, for two elements, the MRC improves performance by about

0.6dB over the equal gain combiner at a BER of 1%.
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7 Diversity Order, Diversity Gain versus Antenna Gain

Diversity order is de ned as the slope of the BER curveas a function of SNR (in a log-log scale),
i.e., for diversity order D, BER / (SNR) P. Note that this slope is the same for the outage
probability too. The key to diversity is that each element is assumed to receive arindependent
copy of the same signal, overall there areN independent copies. The performance gains arise
because it is unlikely that all these independent samples othe fading process are in a deep fade.

Diversity order measures how many \independent” copies arevailable. For the analysis so far
all N elements receive independent copies and so the diversity @er for all cases isN. However,
as we shall while discussing more realistic scenarios, angicelation between elements reduces this
measure of independence. Diversity order, therefore, tedlus how much independence is \left over".
For example, if all the channels were perfectly correlatedjf one channel were in a deep fade, all
channels would be in a deep fade, i.e., there is no diversitytall. In addition to the analysis of
receive diversity here, diversity order will play an important role when we discuss transmit diversity,
especially space-time coding.

Diversity gain is de ned as the improvement in some resourcgusually power) required to achieve
a certain performance criterion (usually a required BER). Hence, from Fig. 3, the diversity gain
for MRC is approximately 13dB for N = 2. Note that there exists a law of diminishing marginal
returns in diversity gain. The additional gain by adding another element is only about 5dB (the
diversity gain for N = 3 is approximately 18dB).

14



Antenna gain, on the other hand, is the gain in output signal-to-noise ratio, i.e., antenna gain
tells us how the use of multiple elements improves signal sength. As shown before, the antenna
gain for MRC is N while for selection combining its of order of In(N).

8 Impact of Correlation

So far we have assumed that the fading signal at each elemens independent of the signal at
other elements. This is the ideal situation, one that is not ahievable in practice. (This is one
of the few cases where signal processing researchers can ptately ignore electromagnetism and
still arrive at a non-ideal situation!). In this section we will analyze the causes, magnitude and
impact of correlation between the signals at two elements. Nte that we will only address cross-
correlation (uncorrelated signals need not be independeit However, we know that for Gaussian
fading (Rayleigh fading is complex Gaussian) uncorrelatedading also implies independent fading.

There are two main causes of correlation between signals. h rst, from the point of view of
electromagnetism, is due to the mutual coupling between elments. The second, is the fact that
even after propagating through the channel, the signals atwo elements of the receiving array are
not completely decorrelated. In point of fact, the correlation is dependent on the spacing between
the elements - in general, increased spacing implies decid correlation.

In an array of two elements, using MRC, if the signals at the two elements are individually
Rayleigh distributed and have a correlation of , the pdf of the SNR, outage probability, and BER
are given by [1]:

1 b o
f () = 7 e =(@+jj) e =i 1) (49)
1 h o o
Poar(s) = 1 5= (+jje D@ je =0 (50)
" ! I#
1 . 1 . 1
Pe = m 1+j) 1 1+ 1 @jjp1 1+ 1 (51)

Figure 9 plots the outage probability of an MRC system for various values of correlation. As is
clear, going from perfect decorrelation (as assumed in sdon 4) to perfect correlation ( = 1)

results in signi cant loss of performance. At about a 1% outage probability, the loss is about 8dB.
In the rest of this section we will investigate models to detemine the correlation. Note that for

a correlation below = 0:5 the performance degradation is negligible. In practice, esearchers
assume uncorrelated fading if this criterion is met (analyzng independent fading is much easier
than correlated fading). In designing a system to exploit sgtial diversity one would generally space

the antenna elements to ensure < 0:5.
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Figure 10: An array of dipoles

8.1 Correlation due to mutual coupling

Consider an array of N elements, an illustration of which is given in Fig. 10. The ekments here
are dipoles, but the following argument is valid in general. The incoming signal causes a current in
each element. The current radiates causing a reaction sighan the other elements, i.e.,all elements
are mutually coupled clearly voiding the assumption of independence.

Compensation for the mutual coupling starts by recognizingthat eliminating the currents on
the array would also eliminate the mutual coupling. The simplest formulation for compensation
suggests that if the current at the port were set to zero (the prt were open-circuited), the mutual
coupling would be eliminated. In practice, there is a residal mutual coupling due to the fact that

16



there is a residual current on the arms of the dipole. Howeverthat is a second order e ect which

may prove to be important in a realistic system. Analysis of the second order e ect is given in [7,8].

As we are attempting to (virtually) open circuit the dipoles , we are e ectively focusing on the

ports of the array - we will analyze the array as aN -port network. If the signal received at the n-th

element isV, and the open circuit voltage at the same element iSVocn.

can be written as

Vh = Zpln
2
2 3
Vo 0 Z.
V]_ 0 ZL
) V = . =
W 1
= Z|_|

0O O
0 O
0 O
ZL 0
0 Z_

The resulting equations

(52)

(53)

(54)

But, treating the array as an N port network, results in the impedance matrix formulation

2 3
5 Zo1 Zo2 ZoN 2) ZoiN 1) 2 3 2
Zn Z1o Zin 2 ZiyN 1) lo Voco
g Zn Z3 ZyN 2 ZyN 1) g I 24_; Voc1
Z(N 20 Z(N 21 Z(N 22 ZiN 2N 2) Z(N 2(N 1) In 1 Voe(N 1)
Zin 10 Z(N 11 Z(N 12 ZiN 1N 2) Z(N 1(N 1)
(55)
V = ZI + Ve (56)
Using Egns. (54) and (56), we get
Voc=[Z+2Z.]Z,V; (57)

e., it is possible to evaluate the open circuit voltages (he voltages compensated for mutual

coupling) using the measured voltages and knowledge of thegot impedance matrix. Similarly,

Egn. (57) can be used to model mutually coupled signals. The ector V o¢ is the signal without

mutual coupling, while the vector V is the mutually coupled received signal.

17



The port impedance matrix can be obtained using EM analysis bols such as the Method of
Moments [9]. It is instructive to think of the open circuit vo ltages and the impedances as the
Thevenin equivalent of the port.

The goal of the network analysis above is to compensate for #amutual coupling, i.e., it is hoped
that the correlation between the signals after compensatia (the open circuit signals) is lower than
before compensation (the measured signals in vectdov ). Note that this compensation does not
account for the fact that the incoming signals may themselve be correlated from one element to
the next. This is the subject of the discussion in the next setion.

8.2 Correlation modelling a realistic channel

In developing the theory of diversity combining, we assumedthe channel to be so severe that
the short dierence in the path from the transmitter and one element and the path from the
transmitter and another element in the array is \enough" to cause the received signals at the two
elements to be independent. In a more realistic channel, ths is not the case and there is a residual
correlation between the received signals. The degree of getation depends on the channel and
the physical location of the receiver antenna with respect o its surrounding scatterers. We will
therefore consider two di erent cases: diversity at the moble (antenna surrounded by scatterers
in all directions) and diversity at the base station (assumal to be at a su cient height that the
received signals arrive from a limited angular region).

Consider an array placed along thex-axis and an incoming signal from angle ¢ ). Using the
steering vector derived earlier the signals at the two elemets are sp = 1 and s; = ekdcos sin
whered is the spacing between the two elements. Remember, in clasag ignored the term. The
correlation is de ned as

3 Ef sos;0
" Ef s0j20Efj s1j%0’
Efsps,0.
Efj soj?g’ 8)
z z,
Efj soj’g = f.( )dd; (59)
0 0
Z Z, _ _
Efs;Sog = ghdcos sin ¢ (- )d d; (60)
0 o0

wheref . (; ) is the pdf of the power in the incoming signal as a function ofthe elevation and
azimuthal angles. In practice, this pdf would be either be rg@laced with a measurement of the power
received as a function of the two angle®r a realistic model would be chosen and the parameters of
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Figure 11: The model for angle spread in a communication sysim

the model would be t to the available measurementsA common choice of parameter to match is
the RMS angle spread.

Equations (58-60) are the general form of the correlation bewveen the signals at two elements
placed along thex-axis. As we have done throughout, we will choose particular gimple) models
for each term to get a feel for the degree of correlation. Hergve will assume that the overall power
pdf can be written as the product of two marginal pdfs, i.e.,f . (; )=f ()f ().

We now distinguish between correlation at the mobile and corelation at the base station. The
physical model we consider is shown in Fig. 11. The mobile istaground height, surrounded by
scatterers in all directions. The basestation, on the otherhand, is at a considerable height over
the surrounding scatterers. This simple model is valid for nacrocell environments. Note that other
models have been developed for other environments [1,10].his model for the physical surroundings
of the receiving antenna will play a signi cant role in the correlation between diversity branches.
Realistic models for the resulting power pdfs in these two cses will result in hugely di erent results.
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8.2.1 Spatial correlation at the mobile

At the mobile, as the receiving antenna is surrounded by scagrers, on average, the received power
is uniformly distributed over the azimuthal angle, i.e.,

f():zi;0<<2; (61)
L2 7,
) — 2_ e jkd cos sin f ( )d d, (62)
0 O
Z
= Jo(kdsin )f ()d: (63)
0

where Jo(x) represents the zerd' order Bessel function of the rst kind, de ned as
T
Jo(X) = — cosk cos ]d
2

Note that the imaginary part of integral in Eqn. (62) is zero. For some sample realistic pdf choices
for , we can now evaluate the correlation between the signak at two elements [1].

f () (o) = Jo(kdsin o) (64)

b kdsin(kd) bcoskd)+ bé

— bcos —
PO =2a™) =51 (7 + (Kd)2

(65)

The rst model assumes that all the energy from the basestatbn arrives from the same elevation
angle, i.e., elevation angle spread may be ignored. The sew (and more realistic) model implies
that most of the energy arrives from broadside (elevation agle of =2), but the power drops
o exponentially. In practice, one would measure the receied power (as a function of angle) at
various mobile locations and match the resulting RMS spreadto the model above (to determine
the parameter b. The parameter a acts as a normalization and is determined fromb) .

For the -function model, we see that even with complete loss of direadn information (the
signals arrive with equal power/probability from all angles) the resulting correlation is non-zero.
In fact, the correlation falls o as the zero™ order Bessel function. Note that the Bessel function
is not uniformly decreasing. Choosing a maximum allowed correldabn sets the minimum spacing
between elements.

Using the -function model, if we want a correlation below 0.5, we neekdsin ¢ > 1:52 and
for o= =2,d > 0:24 . Any other value of ¢ will only increase the required spacing between
elements. In a realistic system, therefore, we need a spagnon order of half a wavelength for
reasonable diversity gain.
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Figure 12: A disk of scatterers surrounding the mobile.

8.2.2 Spatial correlation at the basestation

The situation for the basestation is considerably more comficated. The model shown in Fig. 11
implies that the signals arrive at the basestation from a rehtively narrow azimuthal region, after
re ecting and refracting o local scatterers near the mobile The model we will use then is to
assume the signals arrive in elevation from a single anglef (( ) = ( 0)). In azimuth, the

signals arrive from within a disk of scatterers surroundingthe mobile. On average the transmit
power is distributed uniformly throughout the disk.

Figure 12 shows a top view of the physical situation. The molde (marked M on the gure) is
at the center of a disk of scatterers of radiusR, a distance D from the basestation (marked BS).
Due to scattering, the power transmitted by the mobile is uniformly distributed within this disk.
The basestation is at the origin. Remember that the array is asumed oriented along thex-axis.
The azimuthal angle to the center of the disk is marked as , and the incremental angle , i.e., any
point within the disk is at azimuthal angle =+ . Assuming the power distribution to be
uniform within this disk, we need to translate this power distribution to a pdf for the azimuthal
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angle (or equivalently ). By de nition of the pdf,

fg( )d = Power received from within angle and ( +d );
1 .
= R? (Area of shaded region)
1 rm + 1
= fz 54w )
I T R
- R?2 7 4
1 r3 r2
) fs() W% (66)

wherery, is the distance to point of intersection of the line at angle and the farther point on the
circle, while rp, is the distance to the near point on the circle. Therefore,

q___
rm = Dcos R2 D2sin? ;
q___

rm = Dcos + R2 D2sin?;
q___

) r3 r2 = 4Dcos R2 D2sin?:

Recognizing that the range of is xed by sin max = R=D, the pdf for is given by

2cos P sin? max SiNZ ..
fe( )= 5 J 1< max: (67)

Note that this pdf is valid only for the uniform disk of scatte rers model assumed. Other models
are discussed in [1,10].

Based on this pdf, the resulting correlation is given by

z
— e jkd cos( + )sin OfB( )d : (68)
which can only be evaluated in closed form for = =2. Note that since the array is assumed to
be oriented along thex-axis, we cannot pick the axes to have = =2 always For this case,

_ 2J1(kdsin max Sin o)
~ kdsin qmaxSin o (69)

For < 0.5, we getkdsin max Sin o > 2:026. Choosing sample values dR = 1:2km, D = 50m,
0 =80° we getd > 88 .

22



There are two important issues to note here. As always, the aalysis and numbers presented
here are ball park gures only. This analysis may not be valid if the underlying model is not
valid. Due to the fact that the signals arrive from within a ra nge of max, the correlation between
elements increases signi cantly. However, since the baseagtion is expected to have more available
\real estate", this increased spacing may not pose a signi ent problem. As the mobile moves
further and further away, max decreases, resulting inncreased correlation This is expected from
a physical point of view, as the signals appear to arrive froma narrower spread. Remember that if
the signal arrived from a single point, the signals at any twoelements would be perfectly correlated.

9 Interference Cancellation Coupled with Diversity

The analysis, so far, has focused exclusively on a single wsstuation, assuming no interference.
However, clearly, this is not a practical situation. In discussing beamforming we saw several iterative
algorithms to suppress interference - these algorithms ragjred the interference statistics to remain
constant while converging to the optimal weights. This secton may also be considered an analysis of
the performance of interference cancellation, something evdid not attempt in the previous chapter
on interference cancellation. In practice this meant the clannel vectors remain constant while the
iterative process converges. The signal model is

pd

X = hot+ hm + n; (70)
m=1

= ho+ xi; (71)

where h, is the channel vector associated with them-th interfering user and x; is the vector of
interference-plus-noise. Due to the Doppler frequency of a mang user, each of these vectors is
changing with time. Therefore, interference cancellationonly makes sense if these channels are
approximately constant over some signi cant length of time.

Using back-of-the-envelope calculations, for a user moving av¥ = 30m=s (108kmph) and a
center frequency off o = 1GHz ( o = 0:3m) the Doppler frequency isfy4 = v= o = 30=0:3 = 100Hz.
The associated channel, therefore, changes at a rate of apmtimately 100 times a second. Assuming
a relatively low data rate of 10ksps, the channel remains apmximately constant for 100 symbols,
i.e., interference suppressions possible though one should plan on using a scheme that converges
to the required solution well within these 100 symbols.

Having shown that interference suppression is possible, #h analysis below assumes we can
converge to the optimal weights within the available time. De ning the interference covariance
matrix tobe R) = E xixiH , the optimal weights arew = R,  ho. Since the process must converge
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within a short time, this is a short-time covariance matrix. Note that

b
R, = hmhtt + 2| (72)
m=1
h [
since E j mj2 = 1. The matrix itself will change over larger time scales (time scales associated

with the Doppler rate). The instantaneousoutput signal-to-interference-plus-noise ration (SINR)
is given by

wHhg 2 wHhg 2 hHR, the 2

EwHxixiw] wHRyw hER, 'RiR, *ho’

hiR, tho: (73)

The SNR is dependent on two factors that change randomly ovedarge time scales,R, and hy.
Finding the average SNR requires averaging over these two ralom processes. Denoting ak i the
expectation over these large time scaled) ij as this expectation overhg and h i; as the expectation
over Ry,

hi= h§R *ho, ,: (74)

Denoting as ( s) the characteristic function of

(s) = e® ,,; (75)

Using the fact that hg is complex normal, de ne Qo = E hohH as the long-term covariance matrix
of the fading from the desired user, i.e.hg CN (0; Qo).

Z
1

s — H 1 .

e” o = (NdetQO)Zhoexp h§ Qotho s dho;
1

= ——— exp hH 1+ sR, ! hg dhg; 76
(W detQq) p, P Mo Qo * SR fodho (76)

where the integrals are allN -fold. Using the fact that any pdf must integrate to 1, the nal integral

is equal to
Z
exp hH Qul+sR, ! hodng = Ndet Qt+sR, T %
ho
1 1
S — N 1+ 1
) e’ (W detQq) det Q,~ + sR,
1
= T (77)
det Iy + SQQRl
Therefore,
* +
1
(s) = ; (78)

det Iy + sQoR, !



wherely isthe N N identity matrix.

Denoting asf ,; n=1;:::;Ng the eigenvalues ofR, Qol, Egn. (78) can be re-written as
* +
Yoo
(s) = s (79)
n=1 n |
Yoo
' —_— (80)
S
a1 1T AT,

The nal approximation, developed in [11], is a signi cant simpli cation of the analysis.

Finding the average SINR (h i) requires a partial fraction expansion of this result. Unde
independent fading, if there are no interfering users, cledy R; = 2ly and Rg = | onIN. The
eigenvalues ofR ROl are , = 2= (% i.e., all the eigenvalues are equal to the inverse of the
average SNR. For each interfering signal, the one eigenvaduchanges. Therefore, the number of
unique (non-repeated) eigenvalues are the number of interfeng users (M ). AssumingM <N , the
partial fraction expansion is therefore given by

X B, N M Ch

(s)= ﬂm+ . m (81)
The pdf of the SINR is the inverse Laplace transform of this claracteristic function.
) () = )MBne holi + e hNhWMcnnil (82)
n=1 U
hi = X L (83)
NERLLLY

The crucial fact to recognize is that the second term in the pd of Eqgn. (82) is exactly the same
as for the MRC. However, note that the diversity order is (N  M). Note that if M = 0, the
result collapses to the MRC case. WithN elements in the array, there areN degrees of freedom.
M of these degrees of freedom are used to suppress interferdesaving only (N M) left over for
diversity gains. Therefore, there is a trade o between intaference suppression and diversity gains.
There is no free lunch!!

10 Summary

In this discussion of diversity, we have investigated Seld®n (the easiest and least optimal), Maxi-
mal Ratio (the optimal and most di cult) and Equal Gain (atra de o between the two). Selection
combining required no phase shifters or gain elements, onlthe measurement of SNR at each el-
ement. However, the gain in output SNR rose only on order of IN. MRC required both phase

25



shifters (a coherent receiver) and variable gains at each eiment. The gain in SNR rose adN, the
best possible scenario. Finally, EGC required only phase sfters while still providing gain in SNR
on order of N. In the case of uncorrelated fading, all three schemes progée diversity order of N.

We also discussed the impact of correlation between branciseand developed models for the
correlation at the mobile and the basestation separately. Vé then obtained ball park gures for
required spacing between elements for \adequate" decorration.

Finally, we investigated simultaneous interference suppession and diversity combining. The
suppression of each interfering source reduces the divetgiorder by one. Optimal interference
cancellation, therefore, results in atrade-o between cancellation and diversity.
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