MIMO Systems and Transmit Diversity

1 Introduction

So far we have investigated the use of antenna arrays in intéerence cancellation and for receive
diversity. This nal chapter takes a broad view of the use of antenna arrays in wireless communi-
cations. In particular, we will investigate the capacity of systems using multiple transmit and/or
multiple receive antennas. This provides a fundamental linit on the data throughput in multiple-
input multiple-output (MIMO) systems. We will also develop t he use of transmit diversity, i.e.,
the use of multiple transmit antennas to achieve reliability (just as earlier we used multiple receive
antennas to achieve reliability via receive diversity).

The basis for receive diversity is that each element in the reeive array receives arnindependent
copy of the same signal. The probability that all signals arein deep fade simultaneously is then
signi cantly reduced. In modelling a wireless communicaton system one can imagine that this
capability would be very useful on transmit as well. This is especially true because, at least in the
near term, the growth in wireless communications will be asynmetric internet tra c. A lot more
data would be owing from the base station to the mobile device that is, say, asking for a webpage,
but is receiving all the multimedia in that webpage. Due to space considerations, it is more likely
that the base station antenna comprises multiple elements Wile the mobile device has only one or
two.

In addition to providing diversity, intuitively having mul tiple transmit/receive antennas should
allow us to transmit data faster, i.e., increase data throudhput. The information theoretic analysis
in this chapter will formalize this notion. We will also intr oduce a multiplexing scheme, transmitting
multiple data streams to a single user with multiple transmit and receive antennas.

This chapter is organized as follows. Section 2 then presesia theoretical analysis of the capacity
of MIMO systems. The following two sections, Sections 3 deueps transmit diversity techniques
for MIMO systems based on space-time coding. Section 4 then ddesses the issue of maximizing
data throughput while also providing reliability. We will a Iso consider transmitting multiple data
streams to a single user. This chapter ends in Section 5 withtating the fundamental tradeo
between data throughput (also called multiplexing) and diversity (reliability).

2 MIMO Capacity Analysis

Before investigating MIMO capacity, let us take a brief look at the capacity of single-input single-
output (SISO) fading channels. We start with the original de nition of capacity. This set of
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Figure 1: A single-input-single-output channel

notes assumes the reader knows the basics of information they. See [1] for a detailed background.
Consider the input-output system in Fig. 1. The capacity of the channel is de ned as the maximum
possible mutual information between the input (x) and output (y). The maximization is over the
probability distribution of the input fx (x), i.e.

C= gn%[l (X;Y)]= max [(h(Y) h(Y=X)]; (1)

where h(Y) is the entropy of the output Y.

For a SISO additive white gaussian noise (AWGN) channely = x+ n, with n CN (0; 2) and
with limited input energy ( E  jxj? Es), one can show that the capacity achieving distribution
is Gaussian, i.e.,x CN (0;Eg) andy CN (0;Es+ 2). Itis not dicult to show that if n is
Gaussian and has variance 2, h(N) = log,( e ?). Therefore h(Y) = log,(e(Es+ 2)). Also,
h(Y =X) is the residual entropy in Y given the channel input X, i.e., it is the entropy in the noise
term N. Therefore, h(Y=X) =log,( e 2) and the channel capacity, in bits/s/Hz, is given by

2

Es+
[h(Y) h(¥=X)]=log, =log,(1+ ); 2)

c 2

where = Egs= 2 is the signal-to-noise ratio (SNR).

In the case of a fading SISO channel, the received signahat mk-gh symbol iq.F,tant isoy[k] =
h[k]x[k]+ n[k]. To ensure a compatible measure of power, set Ejh[k]j2 =landE jx[k]j2 Es.
At this point there are two possibilities, a xed fading channel with a random but unchanging
channel gain and a slow, but uctuating channel. In the rst c ase, the capacity is given by

C=log, 1+jhj* ; 3)

where = Eg= 2. An interesting aspect of this equation is that in a random, but xed channel, the
theoretical capacity may be zero. This is because, theoratally, the channel gain could be as close
to zero making guaranteeinga data rate impossible. What is possible in this case is detenining
what are the chances a required capacity is available. Thisaquires de ning a new probability of
outage, Poyt, as the probability that the channel capacity is below a threshold rate Ry.

o 2Ro 1
Pot = P(C<Rg)=P jhj*> ; 4)

Ro
= 1 exp 2 ! : (5)




where the nal equation is valid for Rayleigh fading. Note that in the high-SNR regime ( !'1 ),

1
Pout /' —; (6)

i.e., at high SNR, the outage probability falls o inversely with SNR.

In the case of a time varying channel, assuming su cient interleaving that the channel is
independent from one symbol to the next, the average capagjtover K channel realizations is

1 o
Ck = i log; 1+jh® )
k=1

Based on the law of large numbers, aK !1  the term on the right converges to the average or

expected value. Hence,

n 0}
C=Ep log, 1+jhj® (8)

where the expectation operation is taken over the channel Vaes h. Note that this expression is
non-zero and therefore with a uctuating channel it is possible to guarantee the existence of an
error-free data rate.

2.1 MIMO Systems

We now consider MIMO systems with the goal of evaluating the apacity of a system usingN
transmit and M receive antennas. We begin with the case oN parallel channels - basicallyN
SISO channels operating in parallel. However, we will assumthat the transmitter knows the N
channels and can thereforeallocate powerintelligently to maximize capacity.

2.1.1 Parallel Channels

The N parallel channels are AWGN with a noise level of 2. The received data /) from input data
x over N channels is modelled as

y = x+n )
2N (10)

Efnntg

The transmitter has an energy budget ofEs which must be allocated across theN channels. The
capacity of this channel is
X Enjhnj?

C= p max log, 1+ 5 ;
fEng ,-1 En EsiEn On:l n

(11)
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Figure 2: lllustrating Water lling.

where E,, is the energy allocated to then® channel. The equivalent Lagrange problem i&:
! !

x En jhni? X
L(fEng; ) = log, 1+ ——— + En Es (12)
n=1 n=1
@L ihnj>  log,(e
) @—E = anj 1 gEZ(jh)jz + =0; (13)
+ n n
2
)8 n; ™ >+ En = (a constant): (14)
JNn)
SinceE, O,
2 +
En: jhnj2 a (15)

where (x)* indicates only positive numbers are allowed, i.e.X)™ = x if x 0, else k)* =0. The
constant is chosen to meet the total energy constraint. Equation (15) tlls us how to allocate
energy given knowledge of the channel attenuation through which the datamust su er.

Interestingly, the optimal power allocation scheme doesot allocate all the power to the best
channel. This is because the log(1 + ) expression for capacity implies a diminishing marginal
returns on adding signal power (the capacity grows only as Ig, at high SNR, but linearly at
low-SNR). So providing some power to weaker channels can aally increase overall sum capacity.

!Note that the Lagrange problem being set up ignores the constraint that E, 0 for now and that this constraint
is \added" later. A formal proof that this is OK will take us into a detour . The proof uses the fact that if we were to
add this constraint ( N of them), the associated Lagrange multiplier is either zero or the constraint is not met with

equality.



This optimal scheme is known aswater lling . An intuitive understanding of water lling (and
why it is called so) may be obtained from Fig. 2, borrowed fromProf. Schlegel [2]. In the gure,
2 refers to the e ective noise power at each time instant, 2=jhnj2. Water lling tells us that the
optimal strategy is to “pour energy' (allocate energy on eale channel). In channels with lower noise
power, more energy will be allocated. In channels with largenoise power, the energy allocated is
low . Some channels are so weak that the e ective noise powerdeomes very large. Water lling
tells us that transmitting any information on these channels is a waste of energy. If energy is
allocated, the sum of the allocated energy and the e ective nise power (2 = ?5jh2) is a constant
(the \water level', ). Finally, if the channel were all equal, i.e. 2 were a constant, water lling
leads to an equal energy distribution. Determining the wate level, , is an iterative process.
The capacity on using the water lling approach is
|
C= X log, 1+ —E””;”JZ
n=1

(16)

Aside: The result also leads to an interesting observation: if one auld only focus on the times
that the channel is in a \good" condition one could get enormais gains in capacity. Of course,
this may not always be possible. However, thinking of amultiuser situation, if the channel to each
user is changing with time, it is likely that at any time insta nt, one user has a good channel. By
transmitting energy on that channel, overall capacity can be achieved in amultiuser situation. This
is a new form of diversity called \opportunistic beamforming" [3].

Finally, if the channel is not available at the transmitter, clearly the best distribution scheme
is to spread the energy evenly between all transmitters, i.eE, = Es=N and
X Es

C= lo 1+
n=1

> (a7)
Note that since the log function increases signi cantly slaver than the linear N term, the overall
capacity is signi cantly larger than that for the SISO case.

2.1.2 Known MIMO Channels

We now turn to the more practical MIMO situation with N transmitters and M receivers with a
full M N channel matrix H in between. We will assume we know the channel matrixd at both
the transmitter and receiver. Also, we will setM N, however, the results here are easily extended
for M > N . To ensure no arti cial ampli cation in the channel, we shal | set Efj hmnjzg =1. The
data received at theM elements can be modelled as

y = HX + n; (18)
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Figure 3: A communication system that achieves capacity.

whereH is the full M N channel matrix.

Based on the singular value decompositioh, one can decomposéd asH = UV " with
= [diag(dy; d2; :::;dm)jOm N wm1, where dny 0 are the M singular values of H. Using
Eqn. (18) and the fact that UHU = Iy,

y = UV "x+n; (19)

y UMy = v Hx+ufn; (20)

) ¥ = el (21)

wherey = UHy and x = VHx. This transformed data in Eqn. (21) is equivalent to M parallel
channelswith e ective noise powers of 2, = 2= . Note that if Efnntg =21, Efprtg =
EfUfnnHug= 2U"IU = 2. Furthermore, sinceVHV = Iy, the energy constraint remains

P

the same, i.e., r’}':l E, = Es. SincethelastN M) columns of are all zero, thelast(N M)
entries in x are irrelevant. In fact, if the rank of H is r, the system is equivalent tor parallel
channels only. Note thatr min(N; M ).

In the rotated (tilde) space MIMO communications is exactly the same asr parallel channels.
The optimal power allocation is, therefore, the same waterlling scheme as with the N parallel
channels in Section 2.1.1. However, now the energy is spreawer the eigen-channels, as opposed
to physical channels. Figure 3 illustrates the communicaton system being considered. The data
to be transmitted in encoded (if the encoder achieves capatyi in an AWGN channel the overall
scheme achieves channel capacity) and sent onto a serial-t@afallel converter with r outputs, where
r is the rank of the channel matrix. The water lling scheme is used to determine the powers of
each element in these outputs. The r outputs are augmented with (N  r) zeros to form the
data vector x. Multiplying with the right singular vector matrix V leads to the data vector x
to be transmitted over the N elements. This transmission su ers channelH. At the receiver the

H

2Any M N matrix A can be decomposed asA = UV " . The columns of U are the M eigenvectors of HH "

and the columns of V are the N eigenvectors ofH"H. The M N matrix s a diagonal matrix of singular values.
IfM N, =[diag( 1; 2;:::; m)jOw ~ wm]where 2 aretheM eigenvalues ofHH " . Note that this is for an
arbitrary rectangular matrix A and these singular values should not be confused with the noise power.Since HH "
and H" H are positive semi-de nite matrices, UU" = UMU = Iy, W " = v"Vv = Iy and » 0. The matrix

U (V) is the matrix of left (right) singular vectors.



length-M data vector y is multiplied by the left singular vectors (U") resulting in the transformed
vector y. This transformed vector is used for decoding the original dta symbols.

The optimal energy distribution E, on the m-th channel and overall capacity are given by

2 +
En = @ : | (22)
)6 E d2 '
C = log, 1+ -1 (23)

m=1
To illustrate the workings of this capacity formula, let us consider four examples:
Case I 1 transmitter and M receivers,H =[hgq; hy; :::; hy ]T, rank(H) = 1.

Since rank(H) = 1, only one singular value is non-zero and all the energy is kocated to this
eigen-channel. This singular value and the resulting capaty are given by

P — — —
di = jhaj?+ jhoj? + itjhy 3 (24)
N I
C = log, 1+ 52 jhmj? (25)
m=1
Case 2 N transmitters and 1 receiver,H =[hq; hy; :::; hy], rank(H) = 1.

Since rank(H) = 1, only one singular value is non-zero and all the energy is ocated to this
eigen-channel. This singular value and the resulting capaty are given by

P o
di = jhaj?+ jhoj? + irjhn 3 (26)
W !
C = log, 1+E2 jhnj? (27)
n=1

Note that this result is valid only if the channel is known at the transmitter.
Case 3 N transmitters and M receivers with perfect line of sight (LOS), without multipa th.

Let d; be the distance between the transmit elements andi, the distance between the receive
elements. The transmitter transmits in direction  with respect to its baseline while the receiver
receives from angle ; with respect to its baseline. In this case,

hmn = exp(jkd,(m 1)cos [)exp(jkd¢(n 1)cos y): (28)

Note that even though the channel matrix H is M N, it is still rank-1 and d; = P NM . The
capacity is given by

E
C=log, 1+NM = ; (29)



i.e., in line-of-sight conditions, the arrays at the transmitter and receiver only provide a power gain
of NM .

Case 4 N = M and the channel has full rank with equal singular values.

Since the square of the singular values ofl are the eigenvalues oHH 1,

2 H X 2
ds, = trace HH = hmnij<:
m=1 n=1 m=1
Since, on average, the each channel has unit power and we assel equal singular values,d?, =
NM=M = N, 8m. Since all singular values are equal the energy allocationsiclearly uniform
(Em = Es=N) and

b E.d2 X E
C-= log, 1+ﬁ = log, 1+ =

m=1 m=1

E
=Nlog, 1+ = : (30)

Note the signi cant di erence in the capacities described in Egns. (29) and (30). Under perfect
LOS conditions, the transmit and receive array only provide power gain and the capacity increases
as the log of the number of elements. However, when the chanhé set up such that each eigen-
channel isindependentand has equal power, the capacity gainare linear. The independent channels
allow us to transmit independentdata streams (N in the nal example above), thereby increasing
capacity.

In summary, in this section we have shown that a system withN transmitters and M receivers
can be reduced to a problem ofr parallel AWGN channels, wherer is the rank of the channel
matrix. To achieve the greatest gains in capacity, the chanmls from two di erent transmitters
to the receivers must be independent and have equal power. Thmaximum possible gain in the
channel capacity (over the SISO case) is the minimum of the nmber of transmitters and receivers,
i.e., min(N;M ). We will address this nal constraint on the linear growth i n capacity again in
Section 2.1.4.

2.1.3 Channel Unknown at Transmitter

The analysis in Section 2.1.2 assumes both the transmitter red receiver know the channel matrix
H. However, in the more practical case that the channel is not kown at the transmitter, but is
known at the receiver, the approach is not valid. In this case channel capacity must be determined
as the maximum possible mutual information between inputX and output Y .

The capacity is given by

C=;ne(1;<)l(X;Y)=rfn6}>x<)[H(Y) H (Y =X)]; (31)



where H (X) is the entropy in X with probability density function fx (x) and is not to be confused
with the channel matrix H. Assuming channel matrix H is known at the receiver the entropy in
Y, given the input data X, is clearly only due to the noiseN. Assuming the noise to be complex,
white and Gaussian with variance 2,

H(Y=X)=H(N)= M logy(e *) =log,(e *"; (32)

Given the channel, the entropy isY is determined by the distribution of X. We invoke the fact

that the input distribution required to achieve capacity is Gaussian i.e., X must be Gaussian
distributed with X N (0; ) where  is the covariance matrix of X and whose diagonal entries
are such that they meet the criterion of limited transmit energy.

From Eqn. (18), given H, Y is also Gaussian withY ~ N (0; y) where = 2l + H yHH
and Iy isthe M M identity matrix. Using the entropy result for the Gaussian p df [1],

h i
H(Y) = log, (e)"det  ; (33)
h i
) C:T%X)I(X;Y) = log, (e)" det 2y +H (H" log, e 2" (34)
x (X
= |ngdet |M+i2H XHH : (35)

Based on an eigendecomposition of the covariance matrix ohe input data, «, one can show that
the optimal covariance matrix is x = (Es=N)In [1,2,4] which corresponds to independent data
streams and equal power distribution over all available chanels. The capacity is therefore,

E
C=logpdet Im + S

SHHP (36)

Note that, as with SISO channels, for a xed MIMO channel unknown at the transmitter, the true
capacity is zero since we cannot guarantee any minimum charat quality.

2.1.4 Fading MIMO Channels

So far we have focused on xed channels. In the most practicasituation, the channels vary as a
function of time. In this case, the channel can change from oa time instant to the next. Assuming
su cient interleaving to make the channel independent from one symbol instant to the next, the
average capacity over a block oK data symbols is given by

C

1 X I (X[K]Y [K
Kﬁﬂm% (XK] Y [K])

1 X Es o
R—k:1log2det lw+ T pHKHK (37)




Figure 4: MIMO capacity in fading channels [5].

Based on the law of large numbers a¥ ! 1  this approaches the expectation value of the right
hand side in Eqgn. (36) [4]

E
C=E log,det Iy + NSZHHH : (38)
Iffd2; m=1;2:::;MgaretheM eigenvalues oHH ", the eigenvalues of Iy + Es=(N 2)HH
are 1+ Es=(N 2)d?,. The capacity in Eqn. (38) is then
( W e, ) |
C=E |0g2 1+ de , (39)
m=1

where the expectation is taken over theM eigenvalues.

This result in Egns. (38) and (39) is valid for any type of fading. Specializing this to the case
of completely independent Rayleigh fading from each transm element to each receive element,
each individual entry in H is an independent complex Gaussian random variable. In thizase, the
matrix HH " is Wishart distributed [6]. In addition, the pdf of its eigen values are known [5, 7].

20 e 2 1 Pu c|2\M ZNMY 2 2 2.
f(dg; i, dy)= MK e m=1%m (ds,) d, d7 (40)
M:N m=1 m<n
where K.y is @ normalizing factor and
X Esd?

C = Ergzg 109, 1+ Ns’; ; (41)

m=1

E 2

) C = M Eygglog, 1+NS—O'21 (42)
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where the nal expectation is taken over the pdf of an individual eigenvalue, found by marginalizing
the multivariate pdf in Eqn. (40). The resulting capacity ha s been obtained by Telatar in [5] and
shown in Fig. 4. The gure plots the capacity (in b/s/Hz) vers us M or N. The eight plots are for
di erent SNRs between 0dB and 35dB in steps of 5dB. Note the Inear relationship between the
capacity and the number of transmit and receive channels.

There are two important results included in here, one positve, one cautionary. First, just as
when the channel is known at the transmitter, if the channel is Rayleigh and independent, it is
possible to havelinear increases in capacity in fading channels as well. The secon@autionary)
result is that the increase is proportional to the minimum of the number of transmitters and
receivers, i.e., min(N; M ). This has important implications in a cellular network - it is reasonable
to assume multiple elements at the base station. But, it is urikely one could have more than one
or two elements in a handheld device. In this case, multiple atennas at one end will only provide
power gains, but not the parallel channels that provide large capacity gains.

The resultin Egn. (42) and Fig. 4 present the true capacity ofa MIMO channel with independent
Rayleigh fading, i.e., it is theoretically possible to haveerror-free transmission with rate below this
capacity. Another gure of merit is outage probability such as derived in Eqgn. (5) for SISO channels.
In [8], Foschini and Gans evaluate the outage probability urder Rayleigh fading. One of their results
is shown in Fig. 5. Note the huge improvement in outage proballity (here they plot the cumulative
distribution, which is (1  Pgoy) by moving from a SISO channel toN = M = 2. With a SNR
of 21dB, the capacity of a SISO channel is larger than approxhately 2.5b/s/Hz 96% of the time,
while for N = M = 2 the capacity is larger than approximately 8.5b/s/Hz 96% of the time.
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3 Transmit Diversity

So far, we have developed the capacity of MIMO systems in thease of the channel being known
at the transmitter and receiver (leading to a water lling so lution) and in the more practical case of
the channel known at the receiver only (the results of [5,8]) This answers the question, \How fast
can data be transmitted?", i.e., what is the theoretical maximum data rate that can be achieved
in a MIMO system. We now investigate a di erent goal, using the multiple antennas to achieve
reliability. We have already addressed this issue when theaceiver has multiple receive antennas
(receive diversity). Here we focus ortransmit diversity. In a departure from the previous discus-
sions, this will involve coding across thespace and time dimensions We begin with two remarkably
simple schemes to achieve diversity on transmit, one ine cent, one e cient.

3.1 Space-Time Coding: Motivation

If using multiple receive antenna elements, we have shown #t the optimal receiver is the maximal
ratio combiner (MRC) which matches the receive weights to the channel. If the transmitted signal
is Aspu(t) within a symbol period of Ts, where sy is the symbol transmitted and u(t) is the symbol
waveform with unit energy, the received signal at theN elements (after the Iter matched to the
symbol waveform) and the combined signal are given by

p__
X = gsp+n= FEshsg+n; (43)
#
p_ X1
y = hHx= Es jhnj? so + noise; (44)
n=0

where Eg is the energy in the signal per symbol and the average energyithe fading term hy, is

unity, i.e. E jhpj?> = 1. The MRC therefore results in the signal being multiplied by the sum of

the powers in the channels. In transmit diversity, the array with N elements is at the transmitter.

We will claim we have optimal (maximal ratio) transmission if we achieve a similar received signal.
In the chapter on receive diversity we considered a system wh a single transmit and N receive

antennas. Here we will consider a system withN transmit and a single receive antenna. The
receiver is assumed to know the channel.

An easy diversity scheme is to repeat the transmission of thesame data symbol &) over N
symbol periods, one element at a time. At the receiver, the dta from the N received signals from
N symbol periods is written as a lengthN vector x which is given by

p__
X = Egshsp+ n; (45)

which has the same form as that for the receive diversity case Note a crucial di erent though.
This vector is the received signal at asingle element overN symbol intervals The vector h is the

12



length-N vector of the channels from theN transmitting elements to the single receive element.

The data vector x is processed as

_x1 T
y=hHx= Eg jhnj? so + noise: (46)
n=0

If the N channels are independent, this transmit scheme achieves\dirsity of order N .

This transmit diversity scheme is clearly very ine cient. W ithin any symbol period, only a single
element is used. A single symbol is sent oveM periods, i.e., one would need a bandwidth expansion
of N to achieve the same data rate. On the other hand, this schemehsws that transmit diversity
is possible. It also illustrates another important point - one cannot achieve transmit diversity by
focusing on a single symbol period only. The scheme must algovolve the time dimension - this is
the basis forspace-timecoding - coding, by de nition, introduces redundancy - to achieve transmit
diversity one must introduce redundancy in both the space ad time dimensions.

3.2 Diversity without wasting bandwidth

In [9] Alamouti presents a remarkably simple scheme to achiee transmit diversity, for an array of
two elements, without any loss of bandwidth. The scheme trasmits two symbols over two time
periods (note again the time dimension is used). In the simpdst case, the receiver has only a single
element, though extensions are possible to receivers of nigle elements as well.

Denote two symbols to besy and s;. In the rst symbol interval, transmit  sg from the element
#0 and s; from the element #1. In the next symbol interval, transmit ( s;) from element #0 and
(sp) from element #1 where the superscript represents conjugation. The channel from the two
elements to the receiver is assumed constant over both inteals (2Ts). The two transmit antennas
have a total energy budget ofEg, each symbol is transmitted with half the energy. Overall, the

received signal over the two symbol intervals Yo and y1) can be written as
r

E
Yo = 75 [hoSo + hlsl + no] ; (47)
r
Es
Y1 = > [ hosy + hisg+ ni]; (48)
mn # r —Il #Il # n # mn #
h h S n S
) Yo _ % 0 1 o 0 ) y=H 0 n (49)

Note that the second entry in the vector y is the conjugate of the data received on the second

13



Figure 6: Performance of Alamouti's transmit diversity scheme

symbol interval.

" r__ t#
r S
) r= 0= oy = Ssyry 0 yny, (50)
r 2 S1
&
) rg = 73 jhoj2+ jhlj2 Sp + h0n0+ hlnl; (51)
"E
r{ = 78 jhoj® + jh1j® s1 hgny + hyng: (52)

Note that the equations for rg and r; include the squares of the two channel magnitudes, i.e., the
received signal incorporates order-2 diversity. In additian, two symbols are transmitted over two
symbol intervals and no bandwidth is wasted. This is the beaty of Alamouti's scheme. With
a remarkably simple arrangement of transmitted and receive data coupled with purely linear
processing, order-2 diversity is achieved without any lossn bandwidth. The only "penalty’ is the
halving in transmitted energy per symbol. We expect, therebre, the performance of Alamouti's
scheme to be 3dB worse than the corresponding 2-element reeeidiversity case.

Figure 6 is taken from Alamouti's original paper [9]. The line furthest to the right corresponds
to the SISO case of a single transmitter and receiver. The otér two groups compare transmit and
receive diversity. The middle curves compare two-element @nsmit and receive diversity. The 3dB
loss for transmit diversity is clear. However, note Alamout's transmit diversity scheme does achieve
the order-2 diversity. This is similar to the curves on the let which compare four element receive
diversity with the case of 2-transmit and 2-receive elements Again, sharing the total power between
the two transmitters causes a loss of 3dB. We will see soon thislamouti's scheme, basically found
serendipitously, is unique in its simplicity and e ciency.
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3.3 Good Codes

In Section 3.2 we developed an excellent scheme to achievevelisity in the specic case of two
transmit antennas. The scheme required careful arrangemérof data over both space and time,
introducing redundancy in the transmission process. This$ reminiscent of error controlling coding
wherein controlled redundancy is introduced to achieve reable transmissions. Alamouti's scheme,
therefore, is a goodspace-time code

Left open, so far, are e cient schemes for transmit diversity in the general case. However, an
immediate question arises \what are good codes?". This lealto an important question, \what
makes a code good?". In [10], Tarokh, et al. answer this queln in terms of a bound on the
probability of error. The notes in this section are taken in alarge part from their presentation on
space-time coding (STC) in [10]. We will focus on independenRayleigh fading.

Consider a MIMO system with N transmit and M receive antennas. The space-time code spans
L symbols. TheM N channel matrix H =[hmn] is assumed constant over thesé symbols. The
symbols themselves are normalized to have unit energy and el entry in the channel matrix sat-

i? es Ef hmng = 1. The transmitter transmits the coded sgquencec =

el NDL 0o d o INDL 0 d L (N
ki dN ek Y Yy N D

ments. At time instant |, the symbol ¢! is transmitted from element # n. At each time instant |,

over L time instants from the N ele-

the received data is given by

y() = Hx()+ n; (53)
p_X1

) ym(l) = Es hmn Q' + Nim; (54)
n=0

where Eg is the energy recgived per symbol. A maximum-likelihood (ML)decoder uses this data to
decode to a sequence = & ¢} i N Ve N Vieet; e Y which may
not be the same as the transmitted sequence. However, note that since the transmitted sequence
is ¢c and the ML decoder decides orc~both ¢ and € are valid codewords

Given the channel at the receiver, the probability of error, i.e., the probability that c is trans-
mitted and € is decoded is bounded by

P(c! ¢ exp d*(c @)% ; (55)

whered(c; €) is the Euclidean distance betweerc and e weighted by the known channel,H, at the
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receiver.

, S ! 2
d°(ce) = hon (¢! &) (56)
m=0 |=1 n=0
VEVEL'E! e o
= hmﬂhmno (CIn eln) CIn eIn ; (57)
m=0 n=0 n0%=0 1=1
l\y( 1
= mEEH H. (58)
m=0

where represents the conjugate transpose and

m = hmohmi i hpw g s (59)
2 3
qd o G & C
c ¢ 1 c e
E - é 1 | 1 @ . & | Lo : (60)
o' &gt &t a '

Note that keeping with the notation [10], , the channel from the N transmitters to the m-th
receiving element is a row vector. AlsoE isthe N L error matrix of the di erences between the
two codewordsc and € over the N transmit elements and L time instants.

SinceEE" is a positive semi-de nite matrix, its eigenvectors are orthogonal to each other and
oneEEM = QQ ", where Q is a unitary matrix. All eigenvalues in the diagonal of  satisfy

n 0. Dening a new vector ,, = ;Q, we have
mEEH m = mQQ H rl-r|1: m m: (61)
g 1
= nj mnjz; (62)
n=0
Ikl
) d*ce = nj mnj®: (63)
m=0 n=0

Now, since the channel is assumed to be Rayleigh and any two ahnels are assumed in-

dependent, with unit average power, is zero-mean complex Gaussian and E H ., = 1y.

Since , is a linear combination of ,, it too is zero-mean complex Gaussian and E = =
QHE H . Q=Iy,ie. ., isalsoRayleigh distributed andj mnj2 is exponentially distributed

with unit mean.

We know that if X is exponentially distributed with unit mean, Efe *g=1=1+ ). Putting
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this fact together with Eqgns. (55) and (63),

EfP(c! 99 E ep dce,y (64)
( ) Wo1x 1 #)
E exp 4—52 nj mnj2 ; (65)
m=0 n=0
M( 1N( 1 E
E exp rsz ni mnj2 ; (66)
m=0 n=1
ll,Y 1 1 #M
e (67)

n=0 1+ 42

Note that if rank EEHM = R, the product in Eqn. (67) is only upto R and

mn W 1 l #M
EfP(c! €9 1+ Eigo ; (68)
n=0 42
R 1 MoE. Ru
- (69)
n=0
" #1-r1 RM
RR1 7L RA B, RM
n 72 : (70)
n=0

Such a code is a called &-space-time code.

In the chapter on receive diversity we de ned the diversity order to be the slope of the BER v/s
SNR curve (on a log-log scale). From Eqn. (70) we see that the gze-time code provides a diversity
order of RM . Second, the product of the eigenvalues of the error matrix pvides an additional
coding gain. Sincec and ¢ are two arbitrary codewords, we now know what makes a code gab

1. A good code has highest possible rank in the error matrix b®veen any two codewords (
L N and R = N), i.e., the Hamming distance between any two codewords musbe N.
This will provide the greatest coding gain

2. A good code has the highest product of eigenvalues of therer matrix 2, i.e., this gain, purely
due to the choice of code is an additionatoding gain

In [10], Tarokh et al. also prove two limitations on the spacetime code.

3This is not exactly the determinant since this is only the product of non-zero eigenvalues. However, since any
decent space-time code design would have full rank, in practice this is often referred to as the determinant criterion.
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Figure 7: Space-Time Trellis Codes proposed by Tarokh et.alfor a 4-PSK constellation

Figure 8: Results for the Space-Time Trellis Codes proposedi[10] for a 4-PSK constellation
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Theorem 1. If the signal constellation has 2 elements andA . (N; R) is the number of codewords
over L time instants with Hamming distance R, then the rate of the code ), in bits/sec/Hz satis es

|ng A2bL (N, R) A
L .

(71)
Furthermore, A (N;R) < 2° i.e.

r b (72)

This tells us that to achieve a certain data throughput, one needs a certain level of complexity
in the signal constellation. However, clearly that also males for a more complicated code. This is
especially true of the trellis codes suggested in [10].

The second result is speci cally for trellis codes. The consaint length of a code is the number
of steps before again reaching the all-zero codeword.

Theorem 2 A R-space-time code must have constraint length greater than orgualto R 1.

The second theorem tells us that to achieve a certain diversy order (R) one needs a suitably
complicated trellis. Since ML decoding is exponential in tre constraint length, this also means one
needs a signi cantly complicated decoding mechanism. The écoding may therefore restrict the
diversity achievable by a code. Note that the transmit diversity order cannot, in any case, greater
than N, the number of transmit antennas.

3.4 Space Time Coding

Having described what makes a code good, Tarokh et al. also pposed some space-time trellis
codes that meet the criteria developed in Section 3.3. Figwr 7 provides the trellis diagrams for
three codes presented in [10]. All three codes are for a 4-PSkoustellation, achieving a rate of 2
b/s/Hz for a two-element array. The pairs of numbers on the lett of the code represent the outputs
of the encoder to be transmitted from element. For example, he rst trellis code has four states
(states 0-3). The data input is a serial train of 4-PSK symbols @ata 0-3). If the code is in state O
and the input is "1', a "0 is transmitted from antenna #0 and a "1' is transmitted from antenna #1.
Similarly, if the code is in state 2 and the input is a "1', a "2'is transmitted from antenna #0 and
a 1'is transmitted from antenna #1. The other two codes preented have 8 and 16 states. They
all achieve a transmit diversity order of 2, but with increasing coding complexity, the coding gain
is signi cantly increased.

Figure 8 plots the frame error rate versus SNR for several trilis codes with varying number
of states. The system has two transmitters and two receivers All codes achieve diversity order 4
(2 on transmit and 2 on receive). However, note the addition& gain in error rate with increasing
complexity of code. This is due to the coding gain, as describd in Eqn. (67) in Section 3.3.
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The work of [10] has served as a huge step forward in the undagending of transmit diversity
and the area of space-time coding. The paper describes the esgial properties to look for in a
proposed space-time code and provides certain codes with the properties. However, the paper
also points out some signi cant limitations of space-time caling. The two theorems in the earlier
section in particular point out that there is no free lunch. Data transfer and coding gain arise
at the expense of encoding complexity. There is another sigrrant problem with the approach
developed so far - the trellis code needs to be designed, etdely, by brute force. Furthermore,
each code must be designed for every possible data consteiten used, i.e., changing from a 4-PSK
to a 8-PSK required complete redesign of the code. Finally, tellis decoding is inherently complex
with exponential complexity in the number of states.

These problems, coupled with the extremely simple and exilte (in terms of signal constellation)
encoding block coding scheme proposed by Alamouti, led Takd and others to investigate generalize
the block coding concept.

3.5 Space-Time Block Codes

We saw in Section 3.2 a simple scheme for space-time coding thallows for order-2 diversity. This
section illustrates another approach to space-time codingpne based on encoding blocks of data
(a block of 2 data symbols in the Alamouti scheme). The symbad are arranged in a such a way
that, at the receiver, ML decoding can be performed individwally on each symbol independent of
the other symbols. The data symbols, e ectively, are “orth@onal' to each other. In [11], Tarokh
et.al. develop the theory for orthogonal space-time block cding (OSTBC) for an arbitrary number
of elements, allowing for extremely simple decoding with ahost no growth in complexity.

The development of OSTBC is based on the theory of orthogonatlesigns for real symbols un-
earthed by Tarokh and his co-authors in [11]. The authors exted these designs to include complex
symbols. The discussion summarizes some of the key resultsat leads to OSTBC. Consider again
a communication system with N transmitters and M receivers. The data is encoded oveL time
slots. At the I-th time instant, the transmitter transmits data vector c;. The received data is

yi = Hc + ni: (73)

Over the L time instants, the ML decoder nds the solution to

X X 2

€=min v hmnc' (74)

I=1 m=1 n=1

Ina N N orthogonal design,N data symbolsfc,; g are transmitted over N time instants using
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the N elements. The ML decoder is equivalent to

X
€=min €n; (75)
feng n=1
where e, is some measure of error. The key is thae, depends onc, only, i.e., each symbol can be
decoded individually*. Note that an orthogonal code has full rank in its correspondng error matrix.
Hence, the transmit diversity order, determined by the rank of the error matrix as in Eqn. (60), is

N.

3.5.1 Real Designs

The theory of OSTBC starts with real designs, assuming real dta. A real orthogonal design is a
N N matrix of \indeterminates" made of N variables x, or Xxp. Given a block of N symbols,
the indeterminates are replaced with the corresponding syiols. At time instant |, the I-th row is

transmitted over the N antenna elements. For example, a 2 2 orthogonal design is
!
X X
0, = rot2 (76)
X2 X1
Given a block of two symbolss; and sy, at the rst time instant, s; is transmitted from the rst
element ands, from the second element. In the second instant, s, is transmitted from the rst

element ands; from the second element. Note thatO,0) = x2+ x3 |,.

A linear processing orthogonal desigrk allows each row of the design to be linear combinations
of the N indeterminates. Given a row vector of indeterminates,x = ( X1; X2; :::; Xn), the I row
of the matrix E is given by XA | for some matrix A,. The authors show that any linear design is
equivalent to another linear designL where

T X 2
LL ' = x5 In: 77)
n=1
Constructing an orthogonal design therefore becomes equilent to constructing matrices A; | =
1; :::; N that satisfy this requirement. The theory unearthed by Tarokh et al. is the Hurwitz-Radon

family of K matricesB,, 1 =1; :::; K that satisfy
B/B =1 Bl = B, BIBm= BmB (78)

The I-th row of a linear design L is given by xB,. Note that to construct a square orthogonal
design, we needK = N 1 (in addition, the rst row of the design set to be the data vector x
itself, i.e. B1 = 1).

“See [11] for the expression detailinge, .
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According to the theory of Hurwitz and Radon, if N = 22b with b odd and a = 4c+ d with
c;d 0, the number of matrices in this family satis es, K < (N) = 8c+ 29. Therefore, the only
numbers that satisfy K = N 1 areN = 2; 4, or 8. Therefore, only for a few speci c cases is it
possible to construct aN N orthogonal design (a square design).

The authors then generalize linear designs to non-square mates. A block of K data symbols
(and possibly their negatives) are arranged in a lineal. N design. Thel™ row of this matrix is
transmitted in the 1™ time slot over the N elements. The rate of this code is clearhR = K=L. A
generalized linear desigrG satis es

GG = Xg | (79)
k=1
Clearly a desirable property is to minimize L for a given rate R. This would minimize the block
size in the encoding and decoding process. Denote &R; N ) the minimum L for which a linear
design exists. The authors show thatfor real symbols there exists a rate-1 linear design for an\\ .
For example,

0 1
X1 X2 X3
X2 X1 X4 .
G3 = ’ (80)
X3 Xa X1
X4 X3 X2

which transmits K =4 symbols over L =4 time instants using N = 3 antennas.

3.5.2 Complex Designs

So far, we have focused on real designs only, i.e., designg feal symbols. Clearly, in a commu-
nication system we are also interested in designs for comptesymbols. A complex design uses
as indeterminates symbol manipulations of the form x; x ; jx; jx where the superscript
represents the complex conjugate.

Some important results:
Any complex design is equivalent to a real design withx, (= x|, + jx 1) replaced with
Xh o Xp
Xn Xp
Complex designs exist forN =2 only.

Any complex linear design is equivalent to a linear desigrL ¢ such that each entry inL is a
linear combination of x, or its conjugates.
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P
A L N generalized linear design satis edGG' = Ezl jxej2 I
Full rate linear designs exist for N=2 only.

The maximum rate that can be guaranteed for an arbitrary N is R = 1=2. However, rate-3/4
\sporadic" codes exist for N = 3 and N = 4 and are provided in [11]. For example, the
rate-3/4 code forN =3 and N =4 are

0
X1 X2

1
Xy Xg
G = X1 X +X2 X, , (81)
— 2

B ol

N[
N1

X3 X3 X2+ X+ X1 Xy
p—i p_i B E—
and
0 1
X1 X2 P ¥
3 3
Xy X é—é ﬁ—i
Gy = ; (82)
X3 X3 X1 X3+X2 X, X2 Xo+X1 Xg !
LR 2 7
2
X35 X3 X2+ X+ X1 Xq X1+ X+ X2 X,
BS BS 7 7
respectively.

In 2001, an alternative G, matrix was proposed in [12]:

0 1
X1 0 X2 X3
0 X; X3 X3
Gy = ; (83)
X, Xz X; O
X3 X2 0 Xxq

which interestingly may \save" on power due the inclusion of some zeros in the transmission.

The performance of OSTBC codes are presented in a companionaper [13]. Figure 9 plots
the BER versus SNR for two cases - rate of 3 b/s/Hz and 2b/s/Hz. For two antennas, as per the
theorem in [10] and in Section 3.4, achieving this rate requis constellations of 8 and 4 elements
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(8-PSK and 4-PSK here) respectively. However, for 3 and 4 antemas, achieving 3b/s/Hz requires a
constellation of 16-elements (16-QAM here) since one can onlgchieve a rate-3/4 code. Similarly,
for 2b/s/Hz, the transmitter uses 16-QAM with a rate-1/2 code.

Note that in the second gure, due to the greater number of corstellation points to achieve
the same rate, using only two elements does better than 3 or 4l@ments even for up to a BER of
10 3! This is because to satisfy the budget of a maximum total trarsmit energy of Es, with three
elements the signal from each element is transmitted with eargy Es=3. However, note that the
three and four element schemes do achieve diversity orders 8 and 4 respectively.

One interesting point listed above is that orthogonal compkx rate-1 codes exist forN = 2
only. Alamouti's code, the orthogonal code forN = 2 is therefore unique in its simplicity and
e ciency. This issue and the work in [11] has set 0 a lot of research in STBC that has higher
spectral e ciency, e ciencies close to unity. In general, t hese codes trade-o spectral e ciency for
complexity in decoding.

4 Tradeo s Between Reliability and Throughput

So far we have analyzed the use of MIMO systems from two oppasj points of view - how fast we can
transmit data (capacity in Section 2) and reliability (tran smit diversity in Section 3). Admittedly,
unlike with transmit diversity, we have not developed any practical schemes that could achieve
the promised data throughput (which is probably impossible but we haven't even attempted to
come close). In particular, as with capacity a good practichscheme should be able to achieve the
linear gains (of order min(M; N )) in data throughput. However, intuitively we understand t hat
in transmitting data faster we will have to sacri ce reliabi lity. This section discusses schemes to
achieve greater throughput, before concluding a statemenbf the fundamental tradeo between
throughput and reliability.

In any case, for arrays with more than very few elements consticting a trellis code is di cult
and ML decoding becomes prohibitively complex. We also sawhiat e cient and simple block codes
exist only for N 4.

4.1 Combined Beamforming and STC

In [14], Tarokh et al. present a scheme that represents a traéo between data throughput and
diversity order. The scheme is based transmitting multiple data streams while limiting the coding
complexity but yet exploiting all available spatial degrees of freedom. Consider a transmitting array
of N elements divided into Q groups of sub-arrays, each withN4 elements, i.e., qu1 Ng= N. At
the input, B bits are divided into Q blocks of By bits each. Using a low-complexity encoder
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(denoted asCq, the B bits are encoded, yieldingN, symbols per time slot for transmission using
Nq elements. The overall code can be represented & C, ::: Cq. Note that each code may
itself be a trellis or block code. Letcq denote the data transmitted using the q" subarray.

The receiver decodes each block of data successively. Withbloss of generality we start with
decoding the rst block. The data received at the M receiving elements is given by

= + N
y = He+m 32 3 (84)
hir  ha hin,g hing+1) hin C1
_ har  ha hon, hZ(N.1+1) han C2 7, N (85)
hm1 hm2 hvn, | By ng+y hmn Cq

where the channel matrix H is partitioned to isolate the channel from the rst subarray to the
receiver. Only N1 of the N transmitters are of interest. The data transmissionsc, to cq (through
the channels from their respective transmitters) act as inerference and degrade the decoding of
the data in the rst block, c;.

Denote as (Ci) the M Nj channel matrix from the N1 elements in the rst subarray to
the M receive elements. Similarly denote as (C1) the M (N N31) matrix of the \interfering"

channeP, i.e.
2 3 2 3
hi11  hi hin, hing+1)  NiNg+2) hin
h h h h h h
(Cy) = .21 .22 2.N1 ; (C) = 2(N.1+1) 2(N.1+2) N T (86)
hvi hmo hmn v na+) D (N1+2) hmn

Since (Cp) hasN Njcolumns,ifM >N N, rank( (C1)) N N and there exist at least
M (N Ni)=(M N + Njp) vectors that are orthogonal to all (N  N3p) vectors in  (Cy).
Denote as (C;) astheM (M N + Nj;) matrix whose columns are orthogonal to (C1). In

addition, one can assume the columns of (C1) are mutually orthonormal. Note that due to the

constraint M >N Nj, it is always possible to create matrix (C;) given the channel matrix H.
Now consider a new set of \received" data

y1i = (C)"y; > 3 (87)
C2

= (C)" (Cpe+ (C)M (Cy) g : Z + (Cof'n; (88)
CQ

= (C)" (Cpei+ (Cy)n (89)

5The notation is in a large part from Tarokh et.al. [14]
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The noiseterm (C1)"nis also zero-meanandsatisesE (C))"nnH? (Cy) = 2 (C)" (Cy) =
2w N+N;, I-€., the noise term is still white. Note that all the interf erence has been eliminated.

This nal equation is that of an equivalent space-time coded @mmunication system with N1
transmitters and (M N + Nj) receivers. On the data inc; we therefore get a diversity order
of N7(M N + Nj3), which is signi cantly lower than the potential diversity gain for a single
data stream of MN . Note that the achieved diversity order makes sense since #thdata stream
is transmitted using N; antennas and theM receivers must use 8 N1) degrees of freedom to
suppress the N N1) transmissions, leaving M N + N1) degrees of freedom to enhance reliability
(diversity) on the N transmissions of interest.

Clearly one could repeat the process and achievdq(M N + Ng) diversity order. However,
there is a more intelligent way of processing the same data. #sume the data inc; is accurately
decoded. At the receiver, we now know the transmitted data fom the rst subarray and the channel

(C1) and so when decodingc,, one caneliminate this source of interference from the data. Let
2 3
C2

C3
y2=y (Cier= (C)g . 2+n (90)
Ca
This is equivalent to a communication system with M receivers andN N1 transmitters (or
N Nz Ny interfering sources). To decodec;, only N, of these transmitters are of interest. Using
the same scheme as described above, one can achi®g(M (N N3+ N2)) = N(M N +
N1+ Nj)-order diversity. This is greater than the N>(M N + N») order diversity attained using
the \obvious" approach.

Repeating this process for each subarray, to decodey one can achieve diversity order
Ng M N+ gzl Np , i.e., each successive data block can be decoded with greatgiversity
order. This also leads to a variant on this scheme - since eachlock gets a dierent order of
diversity, one can transmit these blocks with di erent power levels to achieve somewhat equal error
rates. In [14] the authors suggest a power allocation in invese proportion to diversity order.

IMP:  The famous Bell Labs Layered Space-Time (BLAST) scheme [15]3esNq = 1, with the
maximum data throughput but minimum diversity. The scheme is impracticalin M N. In fact,
it should be noted that the BLAST scheme was known before Tar&h's paper was published and
probably inspired this work.

The scheme presented in [14] is exible in that it allows for atradeo between throughput
(multiplexing) and required reliability. However, it su e rs from one signi cant drawback - the need
for an adequate number of antennasM > N N3 such that a null space can be formed to cancel the
interference. As mentioned earlier, in cellular communicéons, one could expect multiple antennas
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at the base station, however, a mobile device would not have mny antennas. Thinking in terms
of the downlink, expectingM >N  Nj; may not be realistic. Note that BLAST requires M N.

An alternative analysis of the BLAST scheme (and one that clarly identi es the successive
interference cancellation structure of the scheme) uses thQR decomposition. Consider the simple
case ofM = N. The transmission transmits N data streams in parallel (Nq = 1). Let the
transmitted vector be ¢ =[c1¢2:::¢cy]. The received signal is

y = Hc + n: (91)

SinceM = N, H is square and we can writtH = QR whereQ is unitary and R is upper triangular.
Therefore,

y QRc + n;

y=Q"y

Rc + R; (92)

wherer = Q" n is the noise term with the same statistics as the original nase termn (since Q is
unitary).

SinceR is upper triangular, note that the M ™ data stream e ectively \sees" a SISO channel.
Once this symbol has been decoded it can be cancelled beforeabding the M 1) stream. Note
that since the M " data stream sees a SISO channel, the diversity order is 1.

4.2 Linear Dispersion Codes

In 2002 Hassibi and Hochwald [16] published their work orinear dispersion codes, a variation on
block codes, to address the problem of exibility in terms of system design, data rate coupled with
diversity order. LD codes have some very useful properties:

BLAST (as described above) and STBC are special cases of LD des, though LD codes
generally outperform both while being simple to encode.

LD codes are extremely exible and can be used for any valuesfaM and N .

They can be decoded using the successive interference caltet®on technique described above
(in Section 4.1) and others such as sphere decoding.

LD codes are designed to maximize the mutual information betveen input and output (closely
tied to capacity)

LD codes have one other property that the authors present as dsirable, but may not be - the
codes are designed with the speci c values d#i and N in mind, i.e., changing the number of receive
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antennas implies changing the code used. In practice the sagrntransmitter may be communicating
with many types of receivers - or receivers with di erent numbers of antennas. Using a di erent code
for each receiver is impractical. The authors propose desiing the code for a minimum number
of receive antennas; however, that would in practice beM = 1 thereby signi cantly reducing the
data throughput gains provided by LD codes.

Let us begin by investigating the information theoretic aspects of Alamouti's STBC for two
transmit elements. Remember that Egn. (36) tells us that a MIMO system with N transmit and
M receive antennas has capacity,

E
C =E log,det IM+N52HHH : (93)

With N =2and M =1, H =[hg; hjJandC =E log, 1+ £% jhoj?+ jhaj?

In using the Alamouti scheme, transmitting symbols sy and s; over two time slots, Eqn. (49)
indicates that the received data can be written as

n # r_ _II #ll # n #
h h S n
) Yo _ % 0 1 o 0 ; (94)
Y1 . 121 ho S1 n
S
)y = H ° +n (95)
S1

whereHH " = jhoj2 + jhyj? 1,. This nal equation suggests that the mutual information be tween
the input and the output for Alamouti's scheme is

1 E
Calamouti = EE |ngdet >+ TSZHHH ; (96)

where we useC that seems to indicate capacity, but in reality is only the maximum mutual infor-
mation between the input and output using Alamouti's scheme The factor of half is because of
the fact that we transmit the two symbols over two time slots. Using the fact that the determinant
of a matrix is the product of its eigenvalues,

Es .. » . .
Caamoui =B logz 1+ = jhoi+ jhaj® (97)

implying that if the encoder used to obtain symbols sp and s; is capacity achieving, Alamouti's
code forN =2 and M =1 is also achieves capacity!

However, if one is using Alamouti's code folN =2 and M = 2, the maximum mutual informa-
tion between the input symbols and output can be shown to be

s . o o o
Caamoui =E 109 1+ 7=3 jhooi” + jhosi® + jhaoi® + jhug® (98)
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where h,n is the channel from antenna #n to antenna # m. This expression is the capacity of
N =4, M =1 not N =2 M =2. Due the linear gains in capacity with N =2,M =2, Alamouti's
space-time code does not achieve capacity fad =2,M = 2.

A similar analysis of the BLAST scheme as described in Sectin4.1 indicates that the BLAST

scheme achieves capacity since it transmitBl data streams, but provides no diversity (the reliability
of a SISO channel).

4.2.1 Linear Dispersion Code Design

Consider a linear code that transmitsK data symbols overL time symbols, i.e., achieves a rate of
R = K=L. The K complex symbols aresy = ¢+ ] k, k=1;:::;K. The linear dispersion code is
aL N matrix S given by

% -
S= ( kAx+ ] «Bk); (99)
k=1

where A and B areL N matrices that de ne the code. For example, Alamouti's code tses
K =L =N =2 with
" # " # " # " #
10 0 1
A= ;A= , B1= ; Bo= ; (100)
0 1 0 10

In time slot | the I row of S is transmitted over the N transmit antennas. In the I time slot,
the received data is

x(1)= Hs()+ ny; (101)

where s(I) is transmitted at time slot |. Since s(l) is linearly dependent on the data symbols
(represented in its real and imaginary parts ¢ and ), if we were to stack the real and imaginary
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3
Xr1(1)

Xi1(1)
Xr2(1)
Xi2(1)

Xrv (1)
Xim (1)

2
Xr1(2) i
Xil_(z) =H 2 + n; (102)
Xrm (2)

Xim (2)

Xr1(L) K1

xij1(L)

Xr2(L)

Xi2(L)

Xrm (L)

Xim (L) Ly 1

where X (1)=xim (1) is the real/imaginary part of the received data at the m™" element at the I
time slot. The 2ML 2K e ective channel matrix H is dependent on the code matricedA ¢ and

The linear dispersion code maximizes the mutual informatim between the input data and the
output, given by

1 E
——Wngdet lomL + S_HH"H

N 2 ;

fAk;BkgzargA max (103)
k

B k=1;:K 2L
where the factor of half is due to the fact that we are now usingreal data (we have separated out

the real and imaginary parts). This optimization problem must be constrained to ensure that the
transmit energy is bounded. The constraint is

X
tr AGA + BBl 2NL: (104)
k=1

The solution to this constrained optimization problem de n es the code. The authors also show that
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Figure 10: Comparing the performance of Alamouti and lineardispersion space-time codes.

the average pairwise error probability (Pe(avg:) C.,9%0), i.e., maximizing the mutual information
also enables reliability.

Numerical Examples The design methodology described above is tested againgué Alamouti code

for the case ofN =2, M =2 and R = 8bits/channel use. The Alamouti code must therefore use a
256-point constellation (here 256-QAM). The dispersion codedesigned forK =4 and L = 2, uses

a 16-QAM constellation. Figure 10 compares the performance fahe two space-time codes. The
line marked \OD" corresponds to the orthogonal Alamouti design whereas the lines marked (31)
and (34) are two variations on the LD code design. Clearly boh codes achieve order-2 diversity
though both LD codes perform signi cantly better than Alamo uti's code. Note that the there is a

tradeo in that ML decoding of the Alamouti code requires only symbol by symbol decoding where
the LD code requires successive interference cancellatiar sphere decoding.

The LD design methodology is also compared to the BLAST schem for the case ofN = 2,
M = 2, R = 4 bits/channel use. The design usesK = 4. Figure 11 plots the results of using
the two transmission schemes. The top two curves correspontb the BLAST scheme - the worse
performance corresponds to the case (described above) withe successive cancellation and nulling
which su ers from error propagation. The lower curve correponds to ML decoding. The two
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Figure 11: Comparing the performance of BLAST and linear digpersion space-time codes.

better curves correspond to the LD codes with sphere decoda?. Clearly, again, LD codes perform
signi cantly better than the BLAST scheme. Note speci call y that the LD codes achieve a greater
diversity order.

In summary, linear dispersion codes, designed to maximizehe mutual information between
input and output ,with the specic values of M, N and rate in mind signi cantly outperform
other well known codes. If required to deal with several typs of receivers with varying numbers of
receive antennas, the authors suggest to use a design for tingéinimum numbers of receive antennas.
However, this, of course, results in some performance loss.

5 Diversity-Multiplexing Tradeo

We end this chapter by stating the fundamental tradeo , stated by Zheng and Tse, between diversity
order and data throughput (also multiplexing) [17]. We have seen that given a diversity order ofd
the probability of error in Rayleigh channels is given by P/ SNR ¢ at high SNR. Similarly, with
a system usingN transmit and M receive antennas, the capacity of the system raises (in theigh
SNR limit) as C/ min(M; N )log(SNR).

®Qutside the scope of this course. A sub-optimal e cient decoding t echnique.
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Figure 12: lllustrating the diversity-multiplexing tradeo .

Note that the capacity expression indicates that to achievecapacity one must transmit data
faster as the SNR increases. The authors de ne a schem&SNR) to achieve diversity gain d and
multiplexing gain r if

logP<(SNR)

SNR!1 log SNR d (105)
R(SNR)

sNRiL  1og SNR (106)

where R(SNR) is the data throughput of the scheme. Note that the schene assumes that as the
SNR increases the data rate rises as well (possibly throughdaptive modulation). Any scheme
with a xed data rate, however high, is said to have a multiplexing gain of zera In this regard,
all schemes we have developed so far have a multiplexing gaof zero. The thinking behind such
a de nition is that as the SNR increases one could either gairreliability (reduce Pg) or increase
throughput or part of each. The de nition determines how much of each we gain as SNR increases.

Let d’(r) be the supremum of all possible schemes with multiplexing ain r. Clearly dmax =
d’(0) and rmax = sup(r : d’(r) > 0). The authors state the most interesting result:

Diversity Multiplexing Tradeo . Consider the case ofN transmit and M receive antennas.
For a block lengthL>M + N 1, the optimal tradeo curve, d’(r) is given by the piecewise-linear

34



function connecting the points (r;d?(r)), r =0;1;:::;min (M;N ), where
d’(r)=(M )N r): (107)

In particular, dnax = MN and rpax = min( M; N ).

Figure 12 illustrates the fundamental tradeo between reliability (diversity order) and data
rate (multiplexing). The curve is piecewise linear joining the points (k;d’(k)) with d’(k) de ned
in Eqn. (107). The theorem states that it is not possible to ue the available SNR in any manner
better than this curve. Note that as expected at zero multiplexing gain, the diversity order that can
be achieved isSMN whereas if one where increasing the data throughput as mind; N ) log(SNR),
there is no diversity, i.e., the error rate does notfall with SNR.

Equation (107) suggests that at the integer points, when themultiplexing rate is r, the system
communicatesr parallel data streams. The transmitter and receive each use degrees of freedom
to eliminate the inter-stream interference leaving a diversty order of (M r)(N  r). Another
interpretation uses the eigenvalues of the channel matrix18]. A multiplexing rate of r says that the
raw data rate of transmission isR = r log(SNR). An outage occurs when the mutual information
falls below this rate. The mutual information is given by

E. minkN;M )

E
C =logpdet Iw + SHHP = log, 1+N—S2

m o (108)

m=1
where m;m=1;:::M are the eigenvalues oHH H.

At high SNR, we can ignore the \1 + ". For an outage to occur we nead

D SNR
log, N

<r log,(SNR): (109)

m=1

The outage events are therefore controlled by the eigenvaks ofHH " . For an outage to happen,
these eigenvalues have to be \bad" (small).

If r is close to zero, an outage occurs ill eigenvalues are poar This happens rarely (and
yields diversity order MN ).

If r = min( N; M ), we needall eigenvalues to be largéo avoid an outage (note that the number
of the “large’ eigenvalues e ectively provides the linear €rm in front of the log,(SNR).)

Somewhere in between, to avoid an outage, we neadof the eigenvalues to be large enough,
resulting in a diversity order of (M r)(N ).
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6 Summary

This chapter has covered a lot of ground. We started by develping the information theory of

multiple input multiple output systems. The key was that in f ading channels, the gains in capacity
were linear in the number ofindependentchannels between transmitter and receiver. The maximum
gain is on order of min(N;M ). So while all of this is very exciting, note that there are sane

signi cant costs that must be met to achieve these great gails. This set the theoretical limit on

how fast we could transmit in a MIMO channel.

We then investigated transmit diversity - using the multipl e inputs and outputs for reliable
communications. In this regard, the work of Tarokh [10, 11, ¥] proved crucial. We began with the
extremely simple Alamouti code [9]. We showed that transmitdiversity is possible, though requires
use of the time dimension as well. We then asked the questionwhat makes a particular code good?
In [10], the authors develop two criteria for good codes: theerror matrix in Egn. (60) must be full
rank (diversity order) and the product of the eigenvalues muwst be maximized (to achieve coding
gain). However, they also show that for largeN , the coding must necessarily become prohibitively
complex. In [11], the authors generalize the Alamouti spacgime block coding scheme for an
arbitrary number of elements. They show that it is not possible to have rate-1 orthogonal codes
for N > 2. However, forN =3 or N =4, rate-3/4 orthogonal codes are possible. Finally, in [14]
Tarokh et.al. generalize the BLAST concept to combine the bae ts of space-time coding while
yet using all available degrees of freedom.

We also investigated other schemes achieve a speci c rate Wha attempting to maximize diver-
sity. The linear dispersion codes of Hassibi and Hochwald &wed for a simple framework to design
such codes. We wrapped up this chapter by stating a fundamemtl tradeo between reliability
(diversity order) and throughput (multiplexing gain).
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