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Abstract—Hybrid analog and digital beamforming is a promis-
ing technique for large-scale MIMO systems since it can achieve a
performance close to the performance of the conventional fully-
digital beamforming schemes, but with much lower hardware
implementation complexity and power consumption. One of the
major challenges in hybrid beamforming is to design the hybrid
beamformers for broadband systems with frequency-selective
channels. This is because in broadband systems, it is desirable to
design the same analog beamformers for the entire band while
adapting digital beamformers in each frequency tone. In this
paper, we consider the hybrid beamforming design for large-scale
MIMO systems with orthogonal frequency division multiplexing
(OFDM) modulation. Specifically, we propose a unified heuristic
design for two different hybrid beamforming structures, the fully-
connected and partially-connected structures, to maximize the
overall spectral efficiency of a broadband system. Numerical
results show that the proposed algorithm outperforms the existing
hybrid beamforming designs and further the proposed algorithm
for the fully-connected structure can achieve spectral efficiency
close to that of the optimal fully-digital solution with much less
number of RF chains.

I. INTRODUCTION

Investigation of the mmWave frequency spectrum for the
next generation of wireless standard has recently received
significant attention due to the bandwidth shortage in the
conventional bandwidth spectrum that is currently used in
3G or LTE systems [1]. The pathloss and absorption in the
mmWave frequency band is much higher than those in the
conventional frequency bands. However, since the wavelength
is shorter in high frequencies, more antenna elements can
be packed in the transceivers of the mmWave systems to
overcome the poor characteristics of the channel [2]. One
of the challenges in designing the systems with large-scale
antenna arrays is that the implementation of the conventional
fully-digital beamforming schemes is not practical. This is
because the fully-digital beamforming requires one dedicated
RF chain per antenna element which imposes a large hardware
complexity and power consumption to the system.

To reduce the number of active RF chains, this paper
considers the hybrid analog and digital beamforming in which
the overall beamformer is implemented by concatenation of a
low-dimensional digital beamformer and a high-dimensional
analog beamformer which is realized with simple analog
components such as phase shifters. The hybrid beamform-
ing design for point-to-point multiple-input multiple-output
(MIMO) systems with flat fading channel model has been

studied in the literature [3]–[7]. In [5], it is shown that for flat
fading channels, if the number of RF chains at the transceivers
is twice the number of data streams, the hybrid beamforming
can exactly achieve the performance of the fully-digital beam-
forming. Moreover, [3]–[5] propose different heuristic hybrid
beamforming designs that approach the performance of fully-
digital beamforming.

Most of the existing results however are restricted to the flat
fading channel model. But practical large-scale MIMO sys-
tems also need to be implemented in the broadband mmWave
spectrum with frequency selective channels. This motivates
us to consider the hybrid beamforming design for orthogonal
frequency division multiplexing (OFDM) based large-scale
MIMO systems. In particular, this paper considers designing
the hybrid beamformers for two different hybrid beamforming
architectures, the fully-connected and partially-connected ar-
chitectures, to maximize the overall spectral efficiency under
the total power constraint for each subcarrier. Toward this aim,
we first find the optimal design for the digital beamformer
of each subcarrier assuming the given analog beamformer.
Further, by exploiting the structure of those optimal digital
beamformers, we derive an upper-bound on the overall spectral
efficiency that can be used to design the analog beamformer in
the entire spectrum. Numerical results show that the proposed
algorithm for fully-connected hybrid beamforming with rela-
tively few RF chains can already achieve a performance close
to the performance of the optimal fully-digital beamforming.

It should be mentioned that some recent work also considers
the hybrid beamforming design for frequency selective channel
model [8]–[10]. Among those, [10] considers the same system
model as in this paper; i.e., hybrid beamforming for point-to-
point MIMO systems with perfect channel state information
(CSI) knowledge. In the numerical part of this paper, it is
shown that the proposed method achieves a higher perfor-
mance as compared to the algorithm in [10] for both fully-
connected and partially-connected structures.

II. SYSTEM MODEL

Consider a single-user OFDM-based large-scale MIMO
system in which a transmitter with Nt antennas and NRF
transmit RF chains sends Ns data streams per subcarrier to
a receiver equipped with Nr antennas and NRF receive RF
chains. In practice, the number of available RF chains in the
large-scale MIMO systems is much smaller than the number
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Fig. 1: A block diagram of an OFDM-based large-scale MIMO system with hybrid analog and digital beamforming architecture at the transceivers.

of transceiver antennas, i.e., NRF � min(Nt, Nr). Hence, it is
not feasible to use the conventional fully-digital beamforming
schemes which require one dedicated RF chain per antenna.
To address the challenge of this hardware limitation, this
paper considers the hybrid beamforming architecture as shown
in Fig. 1 in which the overall beamformer at each end is
constructed by the concatenation of a low-dimensional digital
beamformer and a high-dimensional analog beamformer where
that analog beamformer is implemented using simple analog
components such as analog phase shifters and adders.

In OFDM-based hybrid beamforming architecture shown in
Fig. 1, the transmitter first precodes Ns data streams s[k]
at each subcarrier k = 1, . . . ,K, using a low-dimensional
digital precoder, VD[k] ∈ CNRF×Ns , then transforms the
processed signal to the time domain employing NRF K-
point inverse fast Fourier transforms (IFFTs). Finally, after
adding a cyclic prefix, the transmitter uses an analog precoder,
V RF ∈ CNt×NRF , to construct the transmitted signal. Note
that since the analog precoding is a post-IFFT process, the
analog precoder is identical for all subcarriers. As a result,
the transmitted signal at kth subcarrier can be written as

x[k] = VRFVD[k]s[k], (1)

where s[k] ∈ CNs×1 is the vector of intended symbols
to the receiver at the kth subcarrier, normalized such that
E{s[k]s[k]H} = INs

. Considering a block-fading channel
model with additive white Gaussian noise for each subcarrier,
the received signal at the kth subcarrier can be modeled as

y[k] = H[k]VRFVD[k]s[k] + z[k], (2)

where H[k] ∈ CNr×Nt and z[k] ∼ CN (0, σ2INr ) are the
channel and Gaussian noise for the kth subcarrier, respectively.

At the receiver side, the received signals of all subcarriers
are first processed in time domain using an analog combiner,
WRF ∈ CNr×NRF . Then, the cyclic prefix is removed and the
NRF K-point fast Fourier transforms (FFTs) are applied to
recover the frequency domain signals. At the end, the receiver
employs an NRF×Ns digital combiner per subcarrier, WD[k],
to obtain the final processed signal at subcarrier k as

ỹ[k] = Wt[k]
H

H[k]Vt[k]s[k] + Wt[k]
H

z[k], (3)

where Vt[k] = VRFVD[k] and Wt[k] = WRFWD[k] are the
overall hybrid precoder and combiner for the kth subcarrier,
respectively.
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Fig. 2: (a) The architecture of an analog precoder with fully-connected
structure. (b) The architecture of an analog precoder with partially-connected
structure.

As it is mentioned, the analog part of the hybrid beamformer
is typically implemented with simple components such as
analog phase shifters which can only adjust the phases of
the signals. Hence, the non-zero elements of the analog
beamformers should satisfy the constant modulus constraint,
i.e., |VRF(i, j)| = |WRF(i, j)| = 1. Two widely-used analog
beamformer architectures for hybrid beamforming are
• Fully-connected Architecture: In this structure, the out-

put signal of each RF chain is sent to all the antennas after
passing through a network of phase shifters as shown
in Fig. 2(a). Therefore, the total number of active phase
shifters in this structure is NtNRF.

• Partially-connected Architecture: In this architecture,
only Nt/NRF portion of antennas is dedicated to transmit
the different phase shifted version of the output signal of
each RF chain, as shown in Fig. 2(b). This architecture
implies that the analog beamformer has a block-diagonal
structure, i.e., for the analog precoder,

VRF =


v1 0 · · · 0
0 v2 0

0 0
. . . 0

0 0 · · · vNRF

 , (4)

where each element of vi satisfies the constant modulus
constraint. Therefore, it can be seen that the total number
of phase shifters in this structure is reduced to Nt.

The fully-connected structure can achieve the full beamform-
ing gain for the signal of each RF chain, while the partially-



connected structure can only achieve Nt/NRF of the full beam-
forming gain. On the other hand, the hardware implementation
complexity and power consumption of the partially-connected
architecture are lower as compared to those of fully-connected
structure. Therefore, there is a performance-complexity trade-
off in choosing the above structures [10].

In this paper, for both fully-connected and partially-
connected structures, we consider the problem of designing
the hybrid beamformers for maximizing the overall spectral
efficiency with a power budget constraint for each subcarrier
assuming perfect CSI, namely,

maximize
VRF,WRF,{VD[k],WD[k]}Kk=1

1

K

K∑
k=1

R[k] (5)

subject to Tr(Vt[k]Vt[k]
H

) ≤ P,
|VRF(i, j)| = 1,∀non-zero entires,
|WRF(i, j)| = 1,∀non-zero entires,

where P is the transmit power budget per subcarrier, and R[k]
is the overall spectral efficiency of the kth subcarrier assuming
Gaussian signalling, i.e.,

R[k] = log2

∣∣∣INr +
1

σ2
C[k]H[k]Vt[k]Vt[k]HH[k]

H
∣∣∣, (6)

where C[k] = Wt[k](Wt[k]
H

Wt[k])−1Wt[k]
H , Vt[k] =

VRFVD[k] and Wt[k] = WRFWD[k].

III. HYBRID BEAMFORMING DESIGN

This paper considers the design of hybrid precoders and
combiners for the cases that NRF ≥ Ns by solving the
problem in (5). In general, solving the optimization problem
(5) requires a joint optimization over the hybrid precoders and
combiners. However, similar to [4], [5], this paper considers
a decoupled design in which the hybrid precoders are first
designed assuming that the perfect receiver is used and then
the hybrid combiners are designed given the already designed
hybrid precoders. Following this strategy, the transmitter de-
sign problem can be written as

max
VRF,{VD[k]}Kk=1

1

K

K∑
k=1

R̃[k] (7)

s.t. Tr(VRFVD[k]VD[k]
H

VH
RF) ≤ P

|VRF(i, j)| = 1,∀non-zero entires,

where

R̃[k] = log2

∣∣∣I +
1

σ2
H[k]VRFVD[k]VD[k]

H
VH

RFH[k]
H
∣∣∣ (8)

is the achievable rate on subcarrier k. The optimization prob-
lem (7) is challenging even for single-carrier systems, i.e.,
K = 1, since it is not convex [5]. In this paper, we consider
the following procedure to decouple the design of the digital
precoders and the analog precoder. First, we find the closed-
form solution of the optimal digital precoders, {VD[k]}Kk=1,
that solves problem (7) for a given analog precoder, VRF.
Further, we exploit the structure of the optimal digital precoder

of each subcarrier and show that the term VD[k]VD[k]
H in

(8) can be approximated by γ2U[k]

[
INs 0
0 0

]
U[k]H where

γ is a constant and U[k] is a unitary matrix. Using this
approximation and the concavity property of log2 | · | function,
we derive an upper-bound for the objective function in (7).
Finally, we propose an iterative algorithm to find the analog
precoder such that it locally maximizes the obtained upper-
bound.

A. Digital Precoding Design

This part seeks to design the digital precoders assuming
that the analog precoder is given. Under this assumption,
Heff[k] = H[k]VRF can be seen as the effective channel for
the kth subcarrier. Further, it is easy to see that without loss of
optimality, we can consider solving the following subproblem
for designing the digital precoder of the kth subcarrier instead
of solving the optimization problem in (7), i.e.,

max
VD[k]

log2

∣∣∣I +
1

σ2
Heff[k]VD[k]VD[k]

H
Heff[k]

H
∣∣∣

s.t. Tr(QVD[k]VD[k]
H

) ≤ P, (9)

where Q = VH
RFVRF. The problem (9) has a closed-form

water-filling solution as

VD[k] = Q−1/2Ue[k]Γe[k], (10)

where Ue[k] is the set of right singular vectors corresponding
to the Ns largest singular values of Heff[k]Q−1/2 and Γe[k]
is the diagonal matrix of allocated powers to each symbol on
the kth subcarrier.

Now, for large-scale antenna arrays, i.e., N → ∞, we
want to show that the optimal digital precoder in (10) can
be approximated as VD[k] ≈ γUe[k] where γ is a constant
value. The following Lemma helps us to prove that.

Lemma 1. Consider a hybrid beamforming transceiver with
N antennas, NRF RF chains and FRF as the analog beam-
former. For fully-connected structure, the analog beamformer
typically satisfies FHRFFRF ≈ NI when N → ∞, while the
analog beamformer of a partially-connected structure exactly
satisfies FHRFFRF = N

NRF
I.

Proof: For hybrid beamforming with fully-connected
architecture, the diagonal elements of FHRFFRF are exactly
N while the off-diagonal elements can be approximated as
a summation of N independent unit-norm complex numbers
which implies that the norm of off-diagonal elements are
much less than N with high problibility when N → ∞.
Therefore, FHRFFRF can be approximated by NI for fully-
connected architecture.

For hybrid beamforming with partially-connected architec-
ture, the diagonal elements of FHRFFRF are N/NRF, while
the off-diagonal elements are zero due to the block diagonal
structure of the analog beamformer (as in (4)). Therefore for
the partially-connected architecture, we have FHRFFRF = N

NRF
I.



Now, using Lemma 1, it can be seen that Q is approximately
proportional to the identity matrix, i.e., Q ∝ I, for both fully-
connected and partially-connected structures. Further, assum-
ing equal power allocation for all streams, i.e., Γe[k] ∝ I, we
have VD[k] ≈ γUe[k] where γ should be chosen such that the
power constraint in (9) is satisfied. Therefore, it can be shown
that for fully-connected structure γ =

√
P/(NtNs) and for

partially-connected structure γ =
√

(PNRF)/(NtNs). Finally,
it is easy to see that such a digital precoder satisfies

VD[k]VD[k]
H ≈ γ2U[k]

[
INs

0
0 0

]
U[k]H , (11)

where U[k] ∈ CNRF×NRF is a unitary matrix.

B. Analog Precoding Design

This part considers designing the analog precoder assuming
that the digital precoders for all subcarriers satisfy (11). Under
this assumption, i.e., VD[k]VD[k]

H ≈ γ2U[k]ĨNRFU[k]H

where ĨNRF =

[
INs

0
0 0

]
, the achievable rate of subcarrier

k in (8) can be upper-bounded as

R̃[k] = log2

∣∣∣I +
γ2

σ2
U[k]HVH

RFH[k]
H

H[k]VRFU[k]ĨNRF

∣∣∣
(a)

≤ log2

∣∣∣I +
γ2

σ2
U[k]HVH

RFH[k]
H

H[k]VRFU[k]INRF

∣∣∣
(b)
= log2

∣∣∣I +
γ2

σ2
VH

RFH[k]
H

H[k]VRF

∣∣∣, (12)

where (a) is satisfied with equality if NRF = Ns and (b) is
obtained using the properties of the unitary matrices. Finally,
an upper-bound for the objective function in (7) can be
obtained as

1

K

K∑
k=1

R̃[k]
(c)

≤ 1

K

K∑
k=1

log2

∣∣∣I +
γ2

σ2
VH

RFH[k]
H

H[k]VRF

∣∣∣
(d)

≤ log2

∣∣∣I +
γ2

σ2
VH

RFF1VRF

∣∣∣, (13)

where

F1 =
1

K

K∑
k=1

(
H[k]

H
H[k]

)
, (14)

and (c) follows (12) and (d) is due to the concavity property of
log2 | · | function; i.e., for a concave function f(·), if

∑
i αi =

1, then
∑
i αif(Xi) ≤ f(

∑
i αiXi).

Now, if we consider designing the analog precoder such that
it maximizes the above upper-bound, the optimization problem
for finding VRF can be written as

max
VRF

log2

∣∣∣I +
γ2

σ2
VH

RFF1VRF

∣∣∣ (15a)

s.t. |VRF(i, j)| = 1,∀non-zero entires. (15b)

It can be seen that this problem is now in the form of analog
precoder design problem for single-carrier systems considered
in [5]. Therefore, the same algorithm can be used for designing
the analog precoder of the OFDM-based systems. In the rest

of this section, we present a brief explanation of that algorithm
in order to make the paper easier to follow.

In [5], the decoupled nature of the constraints in (15) is
exploited to develop an iterative coordinate descent algorithm
over the elements of VRF to find the local optimal solution
of (15). Mathematically, it is shown that the contribution of
VRF(i, j) to the objective of (15) can be extracted as

log2

∣∣Cj

∣∣+ log2

(
2 Re

{
V∗RF(i, j)ηij

}
+ ζij + 1

)
, (16)

where Cj = I + γ2

σ2 (V̄j
RF)HF1V̄

j
RF, and V̄j

RF is
the sub-matrix of VRF with jth column removed, and
ηij =

∑
` 6=iGj(i, `)VRF(`, j), and ζij = Gj(i, i) +

2 Re
{∑

m 6=i,n6=iV
∗
RF(m, j)Gj(m,n)VRF(n, j)

}
, and Gj =

γ2

σ2 F1 − γ4

σ4 F1V̄
j
RFC

−1
j (V̄j

RF)HF1. Since Cj , ζij and ηij are
all independent of VRF(i, j), the optimal value for VRF(i, j)
assuming the other elements of VRF are fixed is given by

VRF(i, j) =


ηij
|ηij | , for non-zero entries s.t. ηij 6= 0,

1, for non-zero entries s.t. ηij = 0,

0, otherwise.

(17)

Therefore, by starting with an initial feasible analog precoder
satisfying (15b), and then sequentially updating each element
of the analog precoder according to (17), the local optimal
solution of (15) can be found.

C. Hybrid Combining Design

Finally, we seek to design the hybrid combiners that max-
imize the overall spectral efficiency in the objective function
of (5) for the given overall hybrid precoders. For a fix analog
combiner, the optimal design for the digital combiner of each
subcarrier is the MMSE filter, i.e.,

WD[k] = J[k]
−1

WH
RFH[k]Vt[k], (18)

where J[k] = WH
RFH[k]Vt[k]Vt[k]HH[k]HWRF +

σ2WH
RFWRF. Since WH

RFWRF. ∝ I (see Lemma. 1)
for both fully-connected and partially-connected structures,
the effective noise after the analog combiner approximately
remains white. As a result, when the digital precoder of
each subcarrier is set to the MMSE solution, the mutual
information between the data symbols and the processed
signals before digital combiner is approximately equal to
the mutual information between the data symbols and the
final processed signal. Hence, we can consider the following
problem for designing the analog combiner,

max
WRF

1

K

K∑
k=1

log2

∣∣∣I +
1

σ2
(WH

RFWRF)−1WH
RFF̃[k]WRF

∣∣∣
s.t. |WRF(i, j)|2 = 1,∀non-zero entries, (19)

where F̃[k] = H[k]Vt[k]Vt[k]HH[k]
H . Now by using the

result of Lemma 1, WH
RFWRF ∝ I, and using the concavity
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Fig. 3: Spectral efficiencies versus SNR of different methods for an 64× 32
OFDM-based MIMO system with Ns = 2, NRF = 4 and K = 64 in an
environment with Nc = 5 and Nray = 10.

property of log2 |·|, this paper considers maximizing the upper-
bound of the objective function of (19) for designing WRF as

max
WRF

log2

∣∣∣I +
1

σ2β
WH

RFF2WRF

∣∣∣
s.t. |WRF(i, j)|2 = 1,∀non-zero entries, (20)

where F2 = 1
K

∑K
k=1 F̃[k], β = Nr and β = Nr/NRF

for fully-connected structure and partially-connected structure,
respectively. It can be seen that this problem is in the same
form as analog precoder design problem in (15). Therefore, the
analog combiner WRF can be found using the same algorithm.

IV. SIMULATIONS

In the simulation, the mmWave propagation environment is
modelled as a geometric channel with Nc clusters and Nray
rays within each cluster. In such an environment, the channel
matrix for the kth subcarrier can be modelled as [10]

H[k] =

√
NtNr
NcNray

Nc−1∑
c=0

Nray∑
`=1

αc`ar(φ
r
c`)at(φ

t
c`)

He−j2πck/K ,

(21)
where αc` ∼ CN (0, 1), φrc` and φtc` are the complex gain,
angles of arrival and departure for the `th path in the cth

cluster, respectively. In the simulations, we generate the angles
of arrival (departure) according to Laplacian distribution with
random mean cluster angels φ̄rc ∈ [0, 2π) (φ̄tc ∈ [0, 2π)) and
angular spreads of 10 degrees within each cluster. Further,
ar(·) and at(·) are the antenna array response vectors at the
receiver and the transmitter, respectively. The antenna array
response vector in a uniform linear array configuration with
N antennas and half-wavelength antenna spacing is modelled
as a(φ) = 1√

N
[1, ejπ sin(φ), . . . , ejπ(N−1) sin(φ)]T . Further, we

consider a 64×32 OFDM-based MIMO system with Ns = 2,
NRF = 4 and K = 64 subcarriers in an environment with 5
clusters and 10 rays in each cluster.

Now, we numerically evaluate the performance of the
proposed method as compared to the performance of the
existing OFDM-based beamforming design in [10] and also
to the performance of the optimal fully-digital beamforming.
Note that [10] proposes two different algorithms for hybrid
beamforming design in fully-connected structure. In our sim-
ulations, we implement the one (referred to “PE-AltMin”
in [10]) with comparable computational complexity to our
proposed algorithm which is also claimed in [10] to have better
performance-complexity trade-off.

In Fig. 3, we plot the average spectral efficiency of
the system against signal-to-noise-ratio in each subcarrier,
SNR = P/σ2, over 100 channel realizations for different
beamforming methods. Fig. 3 shows that the proposed algo-
rithm for both fully-connected and partially-connected struc-
tures achieves a higher spectral efficacy as compared to the hy-
brid beamforming algorithm in [10] which seeks to minimize
the norm distance of the optimal fully-digital beamformers
and the overall hybrid beamformers instead of tackling the
original problem of spectral efficiency maximization. Fig. 3
also shows that the fully-connected hybrid beamforming with
proposed design can approach the performance of the fully-
digital beamforming with much less number of RF chains;
i.e., by using only 4 RF chains at each end instead of 64 and
32 RF chains at the transmitter side and the receiver side,
respectively.

V. CONCLUSION

This paper considers hybrid beamforming for OFDM-based
large-scale MIMO systems with limited number of RF chain.
A unified heuristic algorithm is proposed for designing the
hybrid precoders and combiners for two well-known architec-
tures of hybrid beamforming, fully-connected and partially-
connected architectures. The simulation results verify that
the proposed algorithm can achieve a better performance as
compared to the existing methods for both architectures. Fur-
ther, it is shown that the proposed design for fully-connected
architecture can approximately achieve the performance of
optimal fully-digital beamforming with much less number of
RF chains.
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