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Abstract—In a conventional wireless cellular system, signal
processing is performed on a per-cell basis; out-of-cell interfer-
ence is treated as background noise. This paper considers the
benefit of coordinating base-stations across multiple cells in a
multi-antenna beamforming system, where multiple base-stations
may jointly optimize their respective beamformers to improve
the overall system performance. Consider a multicell downlink
scenario where base-stations are equipped with multiple transmit
antennas employing either linear beamforming or nonlinear
dirty-paper coding, and where remote users are equipped with
a single antenna each, but where multiple remote users may
be active simultaneously in each cell. This paper focuses on
the design criteria of minimizing either the total weighted
transmitted power or the maximum per-antenna power across
the base-stations subject to signal-to-interference-and-noise-ratio
(SINR) constraints at the remote users. The main contribution of
the paper is an efficient algorithm for finding the joint globally
optimal beamformers across all base-stations. The proposed
algorithm is based on a generalization of uplink-downlink duality
to the multicell setting using the Lagrangian duality theory.
An important feature is that it naturally leads to a distributed
implementation in time-division duplex (TDD) systems. Simula-
tion results suggest that coordinating the beamforming vectors
alone already provide appreciable performance improvements as
compared to the conventional per-cell optimized network.

Index Terms—Beamforming, dirty-paper coding, uplink-
downlink duality, multiple-input multiple-output (MIMO), mul-
ticell systems

I. INTRODUCTION

CONVENTIONAL wireless systems are designed with a
cellular architecture in which base-stations from different

cells communicate with their respective remote terminals
independently. Signal processing is performed on a per-cell
basis; intercell interference is treated as background noise;
intercell coordination is limited to the handling of mobile
handoff. Conventional cellular networks are also typically
designed to operate in the intercell-interference limited regime.
Consequently, the performance of a conventional network can
be significantly improved if joint signal processing is enabled

Manuscript received June 23, 2009; revised November 27, 2009; accepted
January 26, 2010. The associate editor coordinating the review of this paper
and approving it for publication was A. Hjørungnes.

The material in this paper was presented in part at the Conference on
Information Sciences and Systems (CISS), Princeton, NJ, U.S.A., March
2008.

The authors are with The Edward S. Rogers Sr. Department of Electrical
and Computer Engineering, University of Toronto, 10 Kings College Road,
Toronto, Ontario M5S 3G4, Canada (e-mail: hayssam.dahrouj@utoronto.ca,
weiyu@comm.utoronto.ca).

This work was supported by LG Electronics and by Natural Science and
Engineering Research Council (NSERC) under the Canada Research Chairs
program.

Digital Object Identifier 10.1109/TWC.2010.090936

across the different base-stations to minimize or even to cancel
intercell interference.

This paper evaluates the benefit of one particular type of
base-station coordination for the multicell downlink system.
The setup here is a scenario in which the base-stations are
equipped with multiple antennas and the remote receivers
are equipped with a single antenna each. Within each cell,
multiple remote users may be active simultaneously and are
separated via spatial multiplexing using beamforming. In a
conventional system, the beamforming vectors in each cell
are set independently. The main point of this paper is that
it is possible to improve the overall network performance by
allowing beamforming vectors from different base-stations to
be coordinated.

The system setup in this paper differs from many of the
coordinated joint processing systems studied in the literature
(e.g. [1], [2], [3], [4]) where antennas from multiple base-
stations act as a single antenna array. Such a fully coordinated
case is sometime referred to as “network MIMO” (multiple-
input multiple-output), where much larger performance gains
are conceivable. However, network MIMO comes at a cost
of signal-level coordination, i.e. data streams intended for
different mobile users belonging to different cells need to
be shared among the base-stations. In contrast, the system
considered in this paper only requires coordination at the
beamforming level, and is therefore much easier to implement.

Downlink beamforming for multi-antenna wireless systems
has been studied extensively in the literature. A concept
known as uplink-downlink duality has emerged as a main
tool. This paper extends duality to the multicell setting by
establishing that the multicell downlink beamforming problem
for minimizing either the total weighted transmit power or the
maximum per-antenna power subject to the received signal-to-
noise-and-interference-ratio (SINR) constraints can be solved
via a dual uplink problem. The duality holds for both linear
transmit beamforming and for the nonlinear dirty-paper coded
system. The main contribution of this paper is an efficient
algorithm, which is capable of finding the globally optimal
downlink beamforming vector across all base-stations. This
algorithm is a multicell generalization of a similar algorithm
proposed in [5] for the single-cell case. A key advantage of
the proposed algorithm is that it naturally leads to a distributed
implementation in a time-division duplex (TDD) system.

As an alternative to the transmit power minimization prob-
lem mentioned above, one can also formulate a rate-region
maximization problem subject to power constraints at the base-
stations. Both problems are of practical interest. Although it
is possible to show that uplink-downlink duality continues to
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hold for the rate region maximization problem under suitable
conditions (e.g. sum power constraint across all the trans-
mitters), numerical optimization of achievable rate regions
becomes much more difficult. For this reason, the remainder
of this paper restricts its attention to the power minimization
problem subject to SINR constraints.

A. Related Work

The benefit of base-station coordination in a cellular net-
work has been a subject of many recent studies. Motivated
by the joint detection and cooperation techniques for intracell
interference mitigation, [1], [2], [3], [4], [6], [7], [8] study the
capacity improvement due to the joint encoding or decoding
across the base-stations for intercell interference mitigation.
Base-station coordination is practically conceivable because
in a cellular network base-stations are connected by high-
capacity backhaul links. However, the amount of backhaul
communications required to achieve joint processing is also
substantial. This motivates network models with either con-
strained backhaul capacity [9], [10], [11] or with cooperation
only among neighboring base-stations [12], [13], [14] or
among cluster of base-stations [15].

The problem setting in this paper differs from the above
series of works in that rather than joint processing at a
signal level, we consider coordination at the beamformer level,
which requires much less overhead and is more practical to
implement. In particular, the data stream for each user only
needs to be (pre-)processed at its own base-station (and not
across all the base-stations). Further, the base-stations need
not be symbol synchronized as required with signal-level
coordination. With these practical considerations, this paper
focuses on the joint optimization of transmit beamformers
across the base-stations for minimizing the transmit power
subject to quality-of-service constraints at the mobiles. This
setup is suitable for constant bit-rate traffic with stringent
delay constraints. As the simulation results of this paper
show, appreciable performance gain can already be obtained
with this limited form of coordination. Related works based
on the minimization of packet loss probability [16] and the
maximization of capacity [17], [18] have also been reported
in the literature.

The transmit beamforming design problem goes back to
the classic work of [19], where an iterative algorithm is
proposed for the optimization of the beamforming vectors
and power allocations to satisfy a set of target SINRs for an
arbitrary set of transmission links. The main contribution of
[19] is a beamformer-power update algorithm based on an
uplink-downlink duality that converges to a feasible solution
to the problem. In the single-cell multi-user downlink case,
the optimality of this duality-based approach is proved in
[20] and [21], [22]. More recently, [5] shows that the single-
cell downlink beamforming problem can be formulated as a
second-order cone-programming problem. This crucial insight
allows an interpretation of duality via Lagrangian theory in
convex optimization [23].

The single-cell uplink-downlink duality can be immediately
generalized to the multicell setting if signal-level coordination
between the base-stations is assumed. This is shown in [24]

in a CDMA context, where a beamformer-power iteration
algorithm similar to that of [19] is proposed.

Less obvious is the question of whether uplink-downlink
duality continues to hold in a multicell network with
beamforming-level coordination only. This paper uses a La-
grangian duality approach to establish that duality indeed
exists in this case. In addition, this paper proposes an op-
timization procedure based on power iteration alone. The
proposed algorithm has a key advantage of being amenable
to distributed implementation, which is highly desirable in
a multicell network. Further, this paper takes realistic power
constraint into account by solving the problem of minimizing
the maximum per-antenna power constraint across all the base-
stations. Finally, this paper provides a generalization to include
dirty-paper coding within each cell.

The multicell uplink-downlink duality considered in this
paper is related to the concept of network duality proposed
in [25]. However, the network duality established in [25] is
derived based on a linear programming approach, which is
different from the Lagrangian approach taken in this paper.
Consequently, [25] arrives at a different set of numerical
algorithms for the coordinated beamforming problem, which
happen to be not as easily implementable in a distributed
fashion. In fact, to obtain distributed solutions, [25] has to
resort to suboptimal algorithms. As a further note, [25] deals
with the more general problem of joint transmit and receive
beamforming optimization for a multicell network where both
the base-station and the remote users are equipped with mul-
tiple antennas. Although uplink-downlink duality continues to
hold, one consequence of this more general setup is that the
proof of global optimality is no longer available, in contrast
to the simpler single-antenna-per-remote-user case considered
in this paper. Finally, the coordinated beamforming problem
can also be solved using yet another different approach based
on treating all the base-stations as a single transmitter, then
modifying the corresponding channel matrix and determining
the corresponding optimal beamforming vectors [26]. How-
ever, distributed implementation of the resulting algorithm is
not yet available.

Coordination at the beamforming-level for the multicell
multi-antenna channel has also been explored in [27], [28]
from a viewpoint of egotistic vs. altruistic strategies. These
works focus on the Pareto boundary of the achievable rate
region of the multicell network under fixed power constraint,
which is complementary to the problem of power minimization
under fixed SINR constraints considered in this paper. The
achievable rate region of multicell systems has also been
explored in [29] using duality, and in [30]. In particular,
[30] deals with a more general setting with different possible
levels of coordination between the base-stations. The problem
setting of the current paper corresponds to a particular limited
coordination scenario in [30]. Further, [30] also addresses the
issue of imperfect channel knowledge at the base-stations.

The problem setting of this paper assumes that the set
of active mobile users with each cell and their respective
SINR constraints are fixed. User scheduling (e.g. [31], [32],
[33]) and congestion control strategies (e.g. [26]) are assumed
to be performed separately. Throughout the paper, perfect
channel side information for mobile users within each cell
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is assumed to be available at each base-station. In a practical
implementation, channel side information may be estimated
via channel reciprocity for a TDD system or via a feedback
mechanism; see [34], [35].

B. Organization

The remainder of the paper is organized as follows. Section
II contains the problem formulation and the system model.
In Section III, we establish uplink-downlink duality for the
multicell network for problem of minimizing either the total
weighted transmit power or the maximum per-antenna power
subject to SINR constraints. Section IV contains distributed
algorithms for multicell downlink beamforming. Section V
provides simulation results. Concluding remarks are made in
Section VI.

Notations: R and C denote the real and complex spaces. The
identity matrix is denoted as I . The transpose and Hermitian
transpose of a matrix are denoted as (.)T and (.)H respectively.

II. PROBLEM FORMULATION

A. System Model

This paper considers a multicell multi-user spatial multiplex
system with N cells and K users per cell with Nt antennas
at each base-station and a single antenna at each remote
user. Multiuser downlink transmit beamforming is employed
at each base-station. Let xi,j be a complex scalar denoting
the information signal for the jth user in the ith cell, and
wi,j ∈ CNt×1 be its associated beamforming vector. The
received signal at the jth remote user in the ith cell, denoted
as yi,j ∈ C, is a summation of the intended signal, intracell
interference, and intercell interference:

yi,j =
∑

l

hH
i,i,jwi,lxi,l +

∑
m �=i,n

hH
m,i,jwm,nxm,n + zi,j (1)

where hl,i,j ∈ CNt×1 is the vector channel from the base-
station of the lth cell to the jth user in the ith cell, and zi,j

is the additive white circularly symmetric Gaussian complex
noise with variance σ2/2 on each of its real and imaginary
components. Fig. 1 illustrates the system model for a network
with seven cells and three users per cell.

B. Transmit Beamforming Problem

The beamformer design problem is that of minimizing some
function of transmit power across all base-stations subject
to SINR constraints at the remote users. With wi,j as the
beamforming vectors, the SINR for the jth user in the ith
cell can be expressed as:

Γi,j =
|wH

i,jhi,i,j|2∑
l �=j |wH

i,lhi,i,j|2 +
∑

m �=i,n |wH
m,nhm,i,j|2 + σ2

(2)
Let γi,j be the SINR target for the jth user in the ith cell.
We can then formulate, for example, a total transmit power
minimization problem as follows:

minimize
∑
i,j

wH
i,jwi,j (3)

subject to Γi,j ≥ γi,j , ∀i = 1 · · ·N, j = 1 · · ·K
where the minimization is over the wi,j’s. Throughout this
paper, we assume that the set of SINR targets are feasible.

Fig. 1. Multicell wireless network.

C. Conventional Systems

In a conventional wireless cellular system, the multiuser
beamforming problem is solved on a per-cell basis; out-of-
cell interference is regarded as a part of background noise.
In particular, for a fixed base-station î, a conventional system
finds the optimal set of wî,j, j = 1 · · ·K , assuming that all
other (N − 1)K beamformers are fixed:

minimize
∑

j

wH
î,j

wî,j (4)

subject to Γî,j ≥ γî,j, ∀j = 1 · · ·K
where Γî,j is given by (2). This single-cell downlink problem
has a classic solution as given in [19], [20], [21], [5].

Note that in a conventional system, the choice of beam-
formers at each base-station affects the background noise level
at neighboring cells, and hence the setting of beamformers
in neighboring base-stations. Thus, the above per-cell opti-
mization is in practice performed iteratively until the system
converges to a per-cell optimal solution.

D. Motivating Example for Joint Optimization

This paper is motivated by the observation that the per-
cell optimization above does not necessarily lead to a joint
optimal solution. Significant performance improvement may
be obtained if base-stations coordinate in jointly optimizing all
of their beamformers at the same time. The following example
illustrates this point.

Consider a multicell network but with only a single user per
cell. The per-cell optimization reduces to the optimal transmit
beamforming problem for a multi-input single-output (MISO)
system with a background noise level which includes out-
of-cell interference. Note that regardless of the level of the
background noise, the optimal per-cell transmit beamformer is
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a vector that matches the channel. Thus, in this example, per-
cell optimization across the cells converges in one iteration—
every base-station uses a transmit beamformer that matches
the MISO channel.

This channel-matching solution is not necessarily the joint
optimum. For example, when two users belonging to two
different cells are near each other at the cell edge, it may
be advantageous to steer the beamforming vectors for the two
base-stations away from each other so as to reduce mutual
interference. Such a joint optimal beamforming solution may
lead to higher received SINRs at a fixed transmit power, or
conversely a lower transmit power at fixed SINRs.

One of the first algorithms for solving the multicell
joint beamforming optimization problem is given by Rashid-
Farrokhi, Liu and Tassiulas [19]. They showed that the optimal
downlink beamforming problem under SINR constraints can
be solved efficiently by an iterative uplink beamformer and
power update algorithm. It is well known that the uplink
beamforming problem is much easier to solve [36]. Thus, by
transforming the downlink problem into the uplink domain,
the downlink problem may be solved efficiently as well.

The global optimality of the beamformer-power iteration
algorithm has been shown for the single-cell case in [20],
[21], [5]. This paper gives a rigorous derivation of duality for
the multicell case, then proposes a new algorithm for solving
the joint multicell downlink beamforming problem.

III. UPLINK-DOWNLINK DUALITY FOR MULTICELL

SYSTEMS

A. Minimization of Weighted Transmitted Power

We begin by formulating a slightly more general version of
the transmit beamforming problem (3). In a multicell system,
each base-station (or sometime each antenna) typically has its
own power constraint. Thus, it is useful to consider a problem
of minimizing the weighted total transmit power, with the
transmit power at the ith base-station weighted by a factor
αi. In this case, (3) becomes

minimize
∑
i,j

αiwH
i,jwi,j (5)

subject to Γi,j ≥ γi,j , ∀i = 1 · · ·N, j = 1 · · ·K
The SINR target constraints in (5) may appear nonconvex.
In a study of single-cell downlink beamforming problem, [5]
showed that SINR constraints of this type can be transformed
into a second-order-cone constraint (see also [37]). This cru-
cial observation enables methods for solving (5) via convex
optimization.

Uplink-downlink duality refers to the fact that the minimum
transmit power needed to achieve a certain set of SINR
constraints in a downlink channel is the same as the minimum
total transmit power needed to achieve the same set of SINR
targets in an uplink channel, where the uplink channel is
obtained by reversing the input and the output of the downlink.
The main goal of this section is to show that uplink-downlink
duality, previously established for the single-cell case, carries
over to the multicell setting. The following theorem is a
multicell generalization of the single-cell duality result as

stated in [23]. The proof is based on a Lagrangian technique,
similar to the approach used in [23].

Theorem 1: The optimal transmit beamforming problem
(5) for the downlink multiuser multi-cellular network can
be solved via a dual uplink channel in which the SINR
constraints remain the same and the noise power is scaled
by αi. Mathematically, a Lagrangian dual of the optimization
problem for the downlink (5) is the following uplink problem:

minimize
∑
i,j

λi,jσ
2 (6)

subject to Λi,j ≥ γi,j

where the minimization is over λi,j , and

Λi,j = max
ŵi,j

λi,j |ŵH
i,jhi,i,j|2∑

(m,l) �=(i,j) λm,l|ŵH
i,jhi,m,l|2 + αi||ŵi,j||2 .

The optimal ŵi,j has the interpretation of being the receiver
beamformer of the dual uplink channel, and is a scaled version
of the optimal wi,j. The optimal λi,j has the interpretation of
being the dual uplink power, and it corresponds to the dual
variable associated with the SINR constraint of (5).

Proof: The proof hinges upon the fact that the SINR
constraints can be reformulated as a second-order cone-
programming problem as shown in [5]. Therefore, strong
duality holds for (5). This allows us to characterize the solution
of (5) via its Lagrangian:

L(wi,j, λi,j) =
∑
i,j

αiwH
i,jwi,j −

∑
i,j

λi,j

[
|wH

i,jhi,i,j|2
γi,j

−

∑
l �=j

|wH
i,lhi,i,j|2 −

∑
m �=i,n

|wH
m,nhm,i,j|2 − σ2

]
(7)

Rearranging (7), we get:

L(wi,j, λi,j) =
∑
i,j

λi,jσ
2 +

∑
i,j

wH
i,j

[
αiI−

(
1 +

1
γi,j

)
λi,jhi,i,jhH

i,i,j +
∑
m,n

λm,nhi,m,nhH
i,m,n

]
wi,j

(8)

The dual objective is

g(λi,j) = min
wi,j

L(wi,j, λi,j) (9)

It is easy to see that if αiI −
(
1 + 1

γi,j

)
λi,jhi,i,jhH

i,i,j +∑
m,n λm,nhi,m,nhH

i,m,n is not a positive definite matrix, then
there exists a set of wi,j that would make g(λi,j) = −∞.
Thus, the Lagrangian dual of (5), which is the maximum of
g(λi,j), is

maximize
∑
i,j

λi,jσ
2 (10)

subject to Σi �
(

1 +
1

γi,j

)
λi,jhi,i,jhH

i,i,j

where
Σi � αiI +

∑
m,n

λm,nhi,m,nhH
i,m,n (11)
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Next, we show that the above dual is equivalent to (6). The
problem (6) corresponds to an uplink channel with receive
beamformers ŵi,j, where the noise power of the dual channel
is scaled by αi. The optimal receive beamformers ŵi,j that
maximize the SINR are the minimum-mean-squared-error
(MMSE) receivers, which can be expressed as:

ŵi,j =

⎛
⎝∑

m,l

λm,lσ
2hi,m,lhH

i,m,l + αiσ
2I

⎞
⎠

−1

hi,i,j (12)

Plugging ŵi,j into the SINR constraint of (6), one can show
that the SINR constraint is equivalent to

αiI +
∑
m,n

λm,nhi,m,nhH
i,m,n �

(
1 +

1
γi,j

)
λi,jhi,i,jhH

i,i,j

Thus, one can rewrite (6) as follows:

minimize
∑
i,j

λi,jσ
2 (13)

subject to Σi �
(

1 +
1

γi,j

)
λi,jhi,i,jhH

i,i,j

Note that the problems in (10) and (13) are identical except
that the maximization is replaced by minimization and the
inequality constraints are reversed. It can be shown that
the optimal solutions for both problems are such that the
constraints are satisfied with equality. Thus, (10) and (13) give
the same solutions.

In addition, it can be shown that wi,j and ŵi,j are scaled
versions of each other. Thus, one would be able to find wi,j

by first finding ŵi,j, then updating it through scalar multiples
δi,j

wi,j =
√

δi,jŵi,j. (14)

The δi,j can be found through a matrix inversion using the
fact that the SINR constraints in (5) are satisfied with equality.
Plugging (14) into the SINR constraint of (5), one can rewrite
the SINR contraint as:

1
γi,j

|ŵH
i,jhi,i,j|2δi,j −

∑
n�=j

|ŵH
i,nhi,i,j|2δi,n

−
∑

m �=i,n

|ŵH
m,nhm,i,j|2δm,n = σ2 (15)

Define δiδiδi = [δi,1, δi,2, · · · , δi,K ]T for i = 1 · · ·N and δδδ =
[δδδT

1 , δδδT
2 , · · · , δδδT

N]T . Based on (15), one can write

Fδδδ = 111σ2. (16)

Here, 111 is the NK × 1 all ones-vector and F is the following
NK × NK matrix:

F =

⎡
⎢⎢⎢⎢⎢⎢⎣

F11 F12 · · · F1N

F21 F22 · · · F2N

.

.

.
FN1 FN2 · · · FNN

⎤
⎥⎥⎥⎥⎥⎥⎦

where the (j, n)-th entry of each K × K sub-matrix Fim is
defined as follows:

Fim
jn =

⎧⎪⎨
⎪⎩

1
γi,j

|ŵH
i,jhi,i,j|2 if m = i and n = j,

−|ŵH
i,nhi,i,j|2 if m = i and n �= j,

−|ŵH
m,nhm,i,j|2 if m �= i

(17)

The δi,j’s can be found by taking the inverse of the matrix F:

δδδ = F−1111σ2 (18)

B. Minimization of Maximum Antenna Power

The weighting factors αi in Theorem 1 provide a mecha-
nism to trade off the power consumptions at different base-
stations in a multicell network. It is also straightforward to in-
troduce additional weighting factors to account for power con-
sumption tradeoff at the per-antenna level. However, choosing
the right weights is often not easy. But if we consider a
practical scenario of minimizing the maximum antenna power
across all the base-stations, the weights adjustment can be
done automatically using a further extension of duality. The
optimization problem in this case is formulated as follows:

minimize τ (19)

subject to Γi,j ≥ γi,j , ∀i, j⎡
⎣∑

j

wi,jwH
i,j

⎤
⎦

m,m

≤ τ, ∀i, m

where [·]m,n denotes the (m, n)-th entry of a matrix. The
following theorem is a multicell generalization of the single-
cell per-antenna power minimization problem treated in [23].

Theorem 2: The optimal maximum antenna power transmit
beamforming problem (19) for the downlink multiuser multi-
cellular network can be solved via a dual uplink channel
in which the SINR constraints remain the same and the
noise is uncertain. Mathematically, a Lagrangian dual of the
optimization problem (19) is the following max-min problem:

max
Qi

min
λi,j

∑
i,j

λi,jσ
2 (20)

subject to Λi,j ≥ γi,j ∀ i, j

tr(Qi) ≤ Nt, Qi diagonal,

Qi � 0 ∀ i

where

Λi,j = max
ŵi,j

λi,j |ŵH
i,jhi,i,j|2∑

(m,l) �=(i,j) λm,l|ŵH
i,jhi,m,l|2 + ŵH

i,jQiŵi,j
.

The optimal ŵi,j has the interpretation of being the receiver
beamformer of the dual uplink channel, and is a scaled version
of the optimal wi,j. The optimal λi,j has the interpretation of
being the dual uplink power, and it corresponds to the dual
variable associated with the SINR constraint of (19). The op-
timal uplink noise covariance matrix Qi = diag(qi,1, ..., qi,Nt)
is a diagonal matrix of dual variables associated with the
downlink per-antenna power constraint in (19).
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Proof: The proof mirrors that of Theorem 1. It again
hinges upon the fact that the SINR constraints can be re-
formulated as a second-order cone-programming problem.
Therefore, strong duality holds for (19). This allows us to
characterize the solution of (19) via its Lagrangian. First, one
can rewrite (19) as follows:

minimize NNtτ (21)

subject to Γi,j ≥ γi,j , ∀i, j⎡
⎣∑

j

wi,jwH
i,j

⎤
⎦

m,m

≤ τ, ∀i, m

The Lagrangian of (21) is

L(wi,j, λi,j ,Qi, τ) =
∑
i,j

λi,jσ
2 +

∑
i,j

wH
i,j

[
Qi−

(
1 +

1
γi,j

)
λi,jhi,i,jhH

i,i,j +
∑
m,n

λm,nhi,m,nhH
i,m,n

]
wi,j

− τ
∑

i

[tr(Qi) − Nt] (22)

Using the same argument as in the proof of Theorem 1, we
can write the Lagrangian dual of (19) as

max
Qi

max
λi,j

∑
i,j

λi,jσ
2 (23)

subject to Θi �
(

1 +
1

γi,j

)
λi,jhi,i,jhH

i,i,j

tr(Qi) ≤ Nt, Qi diagonal,

Qi � 0 ∀ i

where

Θi � Qi +
∑
m,n

λm,nhi,m,nhH
i,m,n (24)

Also, following the same steps as in the proof of Theorem
1, one can rewrite (20) as follows

max
Qi

min
λi,j

∑
i,j

λi,jσ
2 (25)

subject to Θi �
(

1 +
1

γi,j

)
λi,jhi,i,jhH

i,i,j

tr(Qi) ≤ Nt, Qi diagonal,

Qi � 0 ∀ i

The problems in (25) and (23) are identical except that the
maximization is replaced by minimization and the inequality
constraints are reversed. Thus, as in the previous proof, (25)
and (23) give the same solutions.

Comparing (6) and (20), it is now clear that the weighted
power minimization problem with αi as weights corresponds
to the setting of Qi = αiI in (20). An outer maximization over
Qi provides a way to set the weights optimally to minimize
the maximum per-antenna power.

C. Beamforming With Dirty-Paper Coding

Uplink-downlink duality can be extended to include the
possibility of implementing dirty-paper coding (DPC) within
each cell. DPC refers to an information theoretical operation
where the downlink intracell interference can be pre-subtracted
at the base-station. Dirty-paper coding may be implemented
in practice using Tomlinson-Harashima precoding-like tech-
niques. It can be thought of as the dual operation of receiver-
based interference cancellation for the uplink.

Assuming a particular pre-subtraction order 1, 2, ..., K in
each cell, i.e. the jth user of the ith cell, is encoded at base-
station i by subtracting the intracell interference caused by the
first (j−1) users of the same cell. The SINR of the downlink
now becomes

Γ′
i,j =

|wH
i,jhi,i,j|2∑

l>j |wH
i,lhi,i,j|2 +

∑
m �=i,n |wH

m,nhm,i,j|2 + σ2

It is not difficult to see that the dual uplink problem is exactly
the same as in the linear beamforming case, except the uplink
SINRs are modified as

Λ′
i,j = max

ŵi,j

λi,j |ŵH
i,jhi,i,j|2∑

(m,l)�(i,j) λm,l|ŵH
i,jhi,m,l|2 + αi||ŵi,j||2

where the notation (m, l) 
 (i, j) denotes that either m > i
or m = i and l > m. A similar modification applies to the
maximum per-antenna power minimization problem.

IV. DISTRIBUTED DOWNLINK BEAMFORMING

The derivation of uplink-downlink duality via Lagrangian
theory forms the basis for numerical algorithms for comput-
ing the optimal coordinated beamformers for the downlink
multicell system. Our algorithms are based on the idea of
iterative function evaluation, first proposed for the single-
cell case in [5]. This paper generalizes the algorithm to the
multicell system.

An important consideration for algorithms design in a
multicell system is the issue of distributed implementation. In
the second half of this section, we show that for TDD systems,
the proposed algorithms naturally lead to a distributed per-cell
implementation.

A. Iterative Function Evaluation Algorithm

We first present numerical algorithm for finding the optimal
beamformer for the weighted sum power minimization prob-
lem (5). The main idea is to solve the downlink beamforming
problem in the dual uplink domain by first finding the optimal
λi,j , then the corresponding ŵi,j. To find the optimal λi,j , we
first take the gradient of the Lagrangian (8) with respect to
wi,j and set it to zero:[

αiI− (1 +
1

γi,j
)λi,jhi,i,jhH

i,i,j+

∑
m,n

λm,nhi,m,nhH
i,m,n

]
wi,j = 0 (26)

Thus

Σiwi,j =
(

1 +
1

γi,j

)
λi,jhi,i,jhH

i,i,jwi,j (27)
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where Σi is as defined in (11).
Now, multiplying both sides by hH

i,i,jΣi
−1, we get:

hH
i,i,jwi,j =

(
1 +

1
γi,j

)
λi,jhH

i,i,jΣi
−1hi,i,jhH

i,i,jwi,j (28)

Finally, cancelling out the hH
i,i,jwi,j factor on both sides of the

equation, we obtain a necessary condition for optimal λi,j :

λi,j =
1(

1 + 1
γi,j

)
hH

i,i,jΣi
−1hi,i,j

(29)

which can be used iteratively to obtain the optimal λi,j .
The algorithm is summarized as follows:

1) Find the optimal uplink power allocation λi,j using the
iterative function evaluation:

λi,j =
1(

1 + 1
γi,j

)
hH

i,i,jΣi
−1hi,i,j

(30)

where

Σi = αiI +
∑
m,n

λm,nhi,m,nhH
i,m,n (31)

2) Find the optimal uplink receive beamformers based on
the optimal uplink power allocation λi,j :

ŵi,j =

⎛
⎝∑

m,l

λm,lσ
2hi,m,lhH

i,m,l + σ2αiI

⎞
⎠

−1

hi,i,j

(32)
3) Find the optimal transmit downlink beamformers by

scaling ŵi,j:
wi,j =

√
δi,jŵi,j (33)

The global convergence of this algorithm is guaranteed by
the duality result discussed in the previous section together
with the convergence of the iterative function evaluation which
can be justified by a line of reasoning similar to that in [5].
The proof is based on the property of standard functions [38].
In particular, one can stack the dual variables λi,j into one
vector Υ. Then (30) can be rewritten as

λ
(t+1)
i,j = fi,j(Υ(t)), i = 1 · · ·N, j = 1 · · ·K (34)

The function fi,j satisfies the following properties:

1) If λi,j ≥ 0 ∀i, j, then fi,j(Υ) > 0.
2) If λi,j ≥ λ

′
i,j ∀i, j, then fi,j(Υ) ≥ fi,j(Υ

′
)

3) For ρ > 1, we have ρfi,j(Υ) > fi,j(ρΥ) ∀i, j.

as shown in the Appendix. These properties guarantee that
fi,j is a standard function. Thus, starting with some initial
Υ(0), the iterative function evaluation algorithm converges to
a unique fixed point, which must be the optimal downlink
power by duality.

B. Minimizing the Maximum Antenna Power

To solve the problem of minimizing the maximum antenna
power (19), we use Theorem 2 to solve the dual uplink beam-
forming problem with uncertain noise (20). Unlike the total
weighted transmitted power minimization problem, solving the
dual of the maximum antenna power minimization problem
requires finding both the uncertain noise covariance matrices

Qi and the transmit uplink powers λi,j . The idea is to solve the
dual problem by iteratively computing the inner minimization
on (λi,j , ŵi,j) and the outer maximization on Qi.

The inner minimization can be solved using the iterative
function evaluation approach presented in the previous section.
As to the outer maximization, we use a subgradient projection
approach similar to the one presented in [23]. Consider the
function φ(Q1, · · · ,QN) which is a subproblem of (20) with
fixed Qi:

φ(Q1, · · · ,QN) = minimize
λi,j

∑
i,j

λi,jσ
2 (35)

subject to Λi,j ≥ γi,j ∀ i, j

where

Λi,j = max
ŵi,j

λi,j |ŵH
i,jhi,i,j|2∑

(m,l) �=(i,j) λm,l|ŵH
i,jhi,m,l|2 + ŵH

i,jQiŵi,j

It is shown in [23] that φ is concave in (Q1, · · · ,QN).
Further, let wi,j be the optimal downlink beamforming vector,
then diag[

∑
j wi,jwH

i,j] is a subgradient for φ with respect to
Qi. Therefore, the outer maximization can be done based on
a subgradient projection approach, with projection onto the
constraint set SQi

= {Qi : tr(Qi) ≤ Nt, Qi � 0}.
The algorithm is summarized as follows:
1) Initialize Qi

(0) for i = 1, 2, ..., N
2) Fix Qi

(n). Find the optimal uplink power allocation λi,j

using the iterative function evaluation:

λi,j =
1(

1 + 1
γi,j

)
hH

i,i,j[Θi
(n)]−1hi,i,j

(36)

where

Θi
(n) � Qi

(n) +
∑
m,n

λm,nhi,m,nhH
i,m,n (37)

3) Find the optimal uplink receive beamformers based on
the optimal uplink power allocation λi,j :

ŵi,j =

⎛
⎝∑

m,l

λm,lσ
2hi,m,lhH

i,m,l + σ2Qi
(n)

⎞
⎠

−1

hi,i,j

4) Find the optimal transmit downlink beamformers by
scaling ŵi,j:

wi,j =
√

δi,jŵi,j (38)

5) Update Qi
(n) using the subgradient projection method

with step size tn:

Qi
(n+1) = PSQi

{
Qi

(n) + tndiag

[∑
j

wi,jwH
i,j

]}
(39)

The projection operation is a simple renormalization, i.e.
multiplication by a constant so that tr(Qi

(n+1)) = Nt.
6) Increment n. Return to step 2) until convergence.
The global convergence of this algorithm is guaranteed

by the duality result discussed earlier, the convergence of
the iterative function evaluation and the convergence of
the subgradient projection method due to the concavity of
φ(Q1, · · · ,QN) [39]. Note that the algorithm can be extended
in a straightforward fashion when dirty-paper coding is used.
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C. Distributed Implementation

An important feature of the iterative function evaluation
algorithms proposed in subsection IV-A and IV-B is that they
can be implemented in a distributed fashion in a TDD system,
where uplink and downlink channels are reciprocals of each
other. In this case the virtual dual uplink is the real uplink.

Consider first the iterative function evaluation step of the
algorithm. The function iteration (30) on the uplink power λi,j

involves channel vectors hi,i,j within each cell only, which the
base-station typically has the knowledge of, and the matrix
Σi. Observe that Σi is essentially the covariance matrix of
the received signal in the uplink direction at the base-station
i, which includes the intended signal, the interference, and a
scaled version of the background noise. In a TDD system,
this covariance matrix may be estimated locally at each base-
station in the uplink direction. Channel reciprocity implies that
the signal and interference covariance matrices at the uplink
receiver are exactly as required. In addition, the background
noise level is typically known, so the scaling factor αi can
be easily compensated for. Thus, we can perform the iterative
updates of λi,j and the estimation of Σi on a per-cell basis, i.e.
the iterative function evaluation process can be done locally
without the need of explicit inter-base-station coordination.
This uplink per-cell iteration process always converges. It
converges to the optimal uplink power. Note that base-station
coordination is achieved implicitly via uplink power control
(i.e. the update of λi,j ’s, which affect all other Σi’s). The
channel side information is needed only for users within each
cell, and not for out-of-cell interferers.

Secondly, the beamforming vectors can also be easily
obtained in the dual uplink. This is essentially receiver MMSE
beamforming at the base-station.

Finally, to use the uplink beamformer for downlink trans-
mission, one needs to scale it by the right δi,j . This involves
a matrix inversion (18). But, this process is equivalent to
a downlink power control problem on the effective matrix
channel for achieving a desirable set of SINRs, which, by the
classic result of Foschini and Miljanic [40], has a distributed
implementation using a per-user power update algorithm. Each
step of the algorithm sets a δi,j to satisfy its corresponding
SINR constraint with equality assuming all other δi,j’s are
fixed. The convergence of the algorithm can be proved either
using the method of [40] or by a standard function argument
[38].

In fact, both the uplink per-cell iterative function evaluation
and the downlink power control part of the algorithm can
even be implemented asynchronously at each base-station
using possibly outdated power information. The convergence
of such asynchronous update is still guaranteed by the standard
function argument as shown in Theorem 4 of [38]. The only
necessary synchronization is that the base-stations must all be
in the uplink phase or the downlink phase together, so that the
three steps of the algorithm can be executed consecutively.

The above remarks are also applicable to the maximum per-
antenna power minimization problem. The only modifications
are the projection operation on Qi, i.e. (39), and the modi-
fication of the received covariance matrix (37) based on Qi,
both of which can be done on a per-cell basis.

D. Beamformer-Power Iteration Algorithm

An alternative approach for solving the downlink beam-
forming problem is to iteratively update the beamformers and
the power, as proposed in [19], [36]. For the minimization of
the total weighted transmitted power, the algorithm goes as
follows:

1) Initialize ŵi,j;
2) Find the λi,j to satisfy the SINR constraints of (6) with

equality;
3) Find the uplink receive beamformers based on the uplink

power allocation λi,j :

ŵi,j =

⎛
⎝∑

m,l

λm,lσ
2hi,m,lhH

i,m,l + σ2αiI

⎞
⎠

−1

hi,i,j

(40)
4) Go to step 2 until convergence;
5) Update the transmit downlink beamformers

wi,j =
√

δi,jŵi,j (41)

The convergence of the iterations involving Steps 2 and 3 is
shown in [36]. By our multicell duality result, the algorithm
must also converge to the global optimal solution for the
downlink.

Both the iterative function evaluation algorithm and the
beamformer-power iteration algorithm give the optimal solu-
tion for the multicell downlink beamforming problem. Both
can be implemented directly in a TDD system. However, an
implementation of the beamformer-power iteration algorithm
requires repeated updates of uplink powers in Step 2 above,
which would itself require either centralized processing (e.g.
by performing a matrix inversion) or a separate iterative
process (e.g. by fixed-point iteration). As both Steps 2 and
3 above need to be repeatedly executed by all users at the
same time, the beamforming-power iteration algorithm would
require a higher level of synchronization among all the users
and all the base-stations than the iterative function evaluation
algorithm proposed in the previous section.

V. SIMULATIONS

We begin by investigating the benefit of coordinated beam-
forming in a two-cell configuration shown in Fig. 2. Standard
cellular network parameters are used in simulation: the noise
power spectral density is set to -162 dBm/Hz; the channel
vectors are chosen according to the distance-dependent path
loss L = 128.1 + 37.6 log10(d), where d is the distance in
kilometers, with 8dB log-normal shadowing, and a Rayleigh
component. The distance between neighboring base-stations
is set to be 2.8km. An antenna gain of 15dBi is assumed.
For illustration purposes, the weighting factors corresponding
to the base-station antenna power constraints are set to be
αi = 1.

Fig. 3 shows the benefit of coordinated beamforming when
there are two users per cell. Fig. 4 shows a similar case
with three users per cell. In both cases, one of the users in
each cell is located at distance d away from its own base-
station on the straight line connecting the two base-stations.
The other users are located randomly elsewhere in the cell.
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Fig. 2. A two-cell configuration with two users located between two base-
stations at distance d.

The base-stations are equipped with four antennas. It is clear
from the figures that the coordinated beamforming system
significantly outperforms the conventional per-cell optimized
system, especially at the high SINR target range. The benefit
is the largest when the users are close to the cell edge as
expected.

Fig. 3 and Fig. 4 also illustrate that the performance gain
due to coordinated beamforming is larger in the two-user-
per-cell case as compared to the three-user-per-cell case.
Intuitively, when the number of users per cell is small as
compared to the number of base-station antennas, there are
spare dimensions available for interference suppression. This
is when coordinated beamforming shows the most benefit.

It is interesting to note that in the two-cell two-user-per-cell
case, the conventional system eventually becomes infeasible as
the SNR target increases. Yet, the coordinated beamforming
system is always feasible. This is because the base-stations
are equipped with four antennas. With a total of four users
between the two cells, the coordinated system has the capa-
bility of zero-forcing the out-of-cell users, thus completely
eliminating the out-of-cell interference. In contrast, out-of-
cell interference is always present in the conventional system.
Note that complete zero-forcing is no longer possible in the
three-users-per-cell configuration. Nevertheless, coordinated
beamforming still produces significant power saving.

Fig. 5 and Fig. 6 show the performance of coordinated
beamforming in a 7-cell network with 3 randomly located
users per cell (as in Fig. 1) under the minimum total transmit
power and the minimum maximum antenna power criteria,
respectively. Again, each base-station is equipped with 4
antennas. It is again observed that while the joint optimization
algorithm outperforms the conventional per-cell update in the
range of high SINR targets. This is due to the fact that at
high SINRs, the multicell network becomes predominantly
interference limited. The figures also show the dirty paper
coding gain for both the joint optimization and the per-cell
update algorithms.

Fig. 7 illustrates the power saving in the maximum antenna
power by running the per-antenna optimization algorithm. For
this 7-cell 3-user-per-cell case, the power saving is in the 1-
2dB range.

To illustrate the convergence behavior of the proposed itera-
tive evaluation algorithm, we compare it with the beamformer-
power iterative algorithm of [19]. Fig. 8 shows the norm
residue of the uplink transmitted power (in mW) versus the
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Fig. 3. Total transmitted power versus the SINR targets for the joint
optimization of a coordinated beamforming system and the per-cell update
of a conventional system for two-cell network with two users per cell. One
of the users are at various distances d away from its own base-stations. The
base-stations are equipped with four antennas.
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Fig. 4. Total transmitted power versus the SINR targets for the joint
optimization of a coordinated beamforming system and the per-cell update
of a conventional system for two-cell network with three users per cell. One
of the users are at various distances d away from its own base-stations. The
base-stations are equipped with four antennas.

number of iterations. The norm residue is defined as:

R(n) = σ2||Υ(n) − Υ∗||2 (42)

where Υ∗ represents the optimal power vector. It is observed
that while the beamformer-power iterative algorithm converges
more rapidly at the beginning, the distributed iterative func-
tion evaluation algorithm in fact provides faster convergence
asymptotically. Note that for the distributed iterative function
evaluation algorithm, each iteration step requires a covariance
matrix estimation of the received signal at the base-stations.
The algorithm convergence speed will therefore typically be
affected by the accuracy of the estimation process, especially
when channels change over time.

Finally, we note that the convergence speed of the iterative
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Fig. 5. Total transmitted power versus the SINR targets for the joint
optimization of a coordinated beamforming system and the per-cell update
of a conventional system for a 7-cell network with 3 users per cell with and
without dirty-paper coding. The base-stations are equipped with four antennas.
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Fig. 6. The maximum per-antenna power versus the SINR targets for the joint
optimization of a coordinated beamforming system and the per-cell update
of a conventional system for a 7-cell network with 3 users per cell with and
without dirty-paper coding. The base-stations are equipped with four antennas.

function evaluation algorithm depends not only on the size of
the problem (e.g. the number of antennas, the number of cells
and the number of users per cell), but also on the SINR targets.
Fig. 9 shows the norm residue versus the number of iterations
for different values of the SINR targets. It is observed that
convergence becomes slower when the SINR target increases.

VI. CONCLUSION

This paper provides a solution to the optimal coordinated
downlink beamforming design problem for a multicell network
with multiple users per cell. The uplink-downlink duality is
generalized to the multicell case using the Lagrangian theory
for two different design criteria: minimizing the total weighted
transmitted power and minimizing the maximum antenna
power subject to SINR constraints. An iterative function
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Fig. 7. Comparing the maximum antenna power for the total power mini-
mization algorithm and the maximum antenna power minimization algorithm.

0 50 100 150 200 250 300 350 400
10

−14

10
−12

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

10
2

Number of Iterations

N
or

m
 R

es
id

ue

 

 

Iterative Function Evaluation Algorithm
Beamformer−Power Iteration Algorithm

Fig. 8. The norm residue versus the number of iterations for the two
optimization algorithms.
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evaluation based algorithm which is capable of finding the
globally optimal coordinated beamformers is presented. A
key feature of the algorithm is that it can be implemented
in a distributed fashion for the TDD system. The proposed
algorithm is efficient, and it outperforms conventional wireless
systems with per-cell signal processing.

APPENDIX

This appendix presents proofs of standard function proper-
ties satisfied by fij in (34). The proofs are similar to the ones
presented in [5], and are included here for completeness.

1) If λi,j ≥ 0 ∀i, j, then fi,j(Υ) > 0.
Proof: This property holds because if λi,j ≥ 0

then Σi 
 0 and consequently Σi
−1 
 0. Thus

hH
i,i,jΣi

−1hi,i,j > 0 and consequently fi,j(Υ) > 0.
2) If λi,j ≥ λ

′
i,j ∀i, j, then fi,j(Υ) ≥ fi,j(Υ

′
).

Proof: Assume λi,j ≥ λ
′
i,j . Then,

fi,j(Υ) =
1(

1 + 1
γi,j

)
hH

i,i,jΣi
−1hi,i,j

(43)

where

Σi = αiI +
∑
m,n

λm,nhi,m,nhH
i,m,n

= αiI +
∑
m,n

λ
′
m,nhi,m,nhH

i,m,n

+
∑
m,n

(λm,n − λ
′
m,n)hi,m,nhH

i,m,n (44)

Now, since λi,j ≥ λ
′
i,j , we have

∑
m,n(λm,n −

λ
′
m,n)hi,m,nhH

i,m,n � 0. But as shown in [5], for
positive semidefinite matrices C and D and vector x
in the range of C:

1
xT (C + D)−1x

≥ 1
xT C−1x

(45)

with equality if and only if D(C + D)−1x = 0. Thus

1
hH

i,i,jΣi
−1hi,i,j

≥ 1
hH

i,i,jΣi
′−1hi,i,j

(46)

where

Σi

′
=

(∑
m,n

λ
′
m,nhi,m,nhH

i,m,n + αiI

)
(47)

Hence, fi,j(Υ) ≥ fi,j(Υ
′
).

3) For ρ > 1, ρfi,j(Υ) > fi,j(ρΥ) ∀i, j.
Proof: Let ρ > 1,

ρfi,j(Υ) =
1(

1 + 1
γi,j

)
hH

i,i,j(ρΣi)−1hi,i,j

(48)

where

ρΣi = ραiI + ρ
∑
m,n

λm,nhi,m,nhH
i,m,n

= (ρ − 1)αiI + αiI + ρ
∑
m,n

λm,nhi,m,nhH
i,m,n

Since ρ > 1, we have (ρ − 1)αiI � 0. Based on (45),
we get

1
hH

i,i,j (ρΣi)
−1 hi,i,j

≥

1

hH
i,i,j

(
αiI + ρ

∑
m,n λm,nhi,m,nhH

i,m,n

)−1

hi,i,j

(49)

Thus, ρfi,j(Υ) ≥ fi,j(ρΥ). Finally, it is easy to
check that the equality condition is not satisfied. Thus,
ρfi,j(Υ) > fi,j(ρΥ) strictly.
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