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Abstract—In this paper we extend the notion of subspace
alignment chains (SACs) for the three-user multiple-inputmultiple-
output (MIMO) interference channel to three-cell MIMO cell ular
networks. By extending the notion of SACs to three-cell netarks
we show that whend € Z* DoF/user are achievable in a three-
user M x N interference channel (IC) using linear beamforming,
then any DoF-tuple {d;;}, where d;; € Z" represents the DoF
of the jth user in the ith cell, that satisfieszj.i1 dij <dViis
achievable in a three-cell MIMO cellular network with K users
per cell having M antennas per user andN antennas per base
station (i.e., the (3, K, M, N) network) using linear beamforming.
When restricted to symmetric DoF, this result states that wienever
d DoF/user are achievable in a three-use? x N IC with d = rs,
for some r,s € Z%*, then r DoF/user are achievable in the
(3,8, M, N) network. Although the DoF achieved using SACs is
not necessarily the largest possible, they are establishd¢larough a
constructive procedure where we show how SACs designed fohe
three-user interference channel can be modified to designansmit
beamformers for the three-cell MIMO cellular networks. Fur ther,
we highlight the role played by redundant antennas in reduang
the computational cost of designing transmit beamformers dr
interference alignment.

. SUMMARY

total number of equations. Systems satisfying this coimdtra
are called proper systems. WhéenDoF/user are desired in a
K-userM x N IC, the network is said to be a proper system if
it satisfiesM + N > d(K +1) [12]. Similarly, whend DoF/user
are desired in a MIMO cellular network witf¥ cells, K users
per cell, M antennas at each user, aNdantennas at each base
station (i.e., thd G, K, M, N) network), the network is said to
be proper ifM + N > d(GK + 1) [13].

Computing transmit and receive beamformers that satigfy th
system of bilinear equations when IA is known to be feasible
is not always straightforward. Typically, iterative algbms are
used when such solutions are not readily available [13]]{16
[19]. In spite of the progress on algorithmic techniqueslfgr
computing the aligned transmit and receive beamformerdean
computationally intensive and convergence to a set of atign
beamformers is not guaranteed.

In light of this computational overhead and an inability to
guarantee convergence to aligned solutions, it is imperat

Degrees of freedom (DoF) is a useful metric in understanfind simple non-iterative approaches that guarantee a set of
ing the capacity of wireless networks and has been studigijned beamformers. This paper provides one such approach
extensively [1]-[6]. While the optimal DoF of single-inputfor a class of three-cell networks by extending the notion of
single-output (SISO) wireless networks and some mullipiet  SACs introduced in [8] for the three-user IC. A SAC identifies
multiple-output (MIMO) wireless networks [3], [4], [7] are sequence of transmit subspaces at different transmitiehsthat
established using the asymptotic alignment scheme of [1] @sch transmit subspace in the sequence aligns its inteckere
the rational dimensions framework of [2], linear beamfargii with the preceding and succeeding transmit subspaces in the
schemes with finite symbol extensions play an importantirole chain. Once a SAC is identified, satisfying the IA conditions
establishing the optimal DoF of several MIMO networks [8]. | imposed by the chain amounts to simply solving a system
particular, linear beamforming strategies for interfemialign- of linear equations. Although the DoF achieved using this
ment (IA) are used to establish the optimal DoF of networlkaethod is not necessarily the largest possible, a nortitera
such as the three-user MIMO interference channel (IC) y#8);t construction guaranteed to yield a set of aligned transmit
cell cellular networks [9], [10] etc. In this work, we focus the beamformers is valuable. Using SACs, we show that when
achievable DoF using linear beamforming for three-cell MIM d € Z* DoF/user are achievable in a three-us£x N IC using
cellular networks. Although linear beamforming strategfer linear beamforming, then any DoF-tup]é;; }, whered,; € Z*

IA with finite symbol extensions are not necessarily optimaepresents the DoF of thgh user in theith cell, that satisfies
from a DoF standpoint [11], they are of interest due to the?i:f:1 d;j; < d ¥V i is achievable in a3, K,M,N) network
relative simplicity and ease of implementation. using linear beamforming. When restricted to symmetric ,DoF

Designing transmit and receive beamformers for IA is equithis result states that whenewéiDoF/user are achievable in a
alent to solving a system of bilinear equations and the lidagi three-userM x N IC with d = rs, for somer,s € Z™, then
of such systems is studied extensively in [12]-[15]. A neaeg r DoF/user are achievable in(&,s, M, N) network. We also
condition for the feasibility of IA requires that the numbehighlight the role played by redundant antennas in making it
of variables in the system of bilinear equations exceed tkasier to compute transmit beamformers for IA.



Il. SIGNAL MODEL Theorem 3.2 ([8]) The achievable DoF per user of a three-

Consider the3, K, M, N) network. Let the channel from the Us€' (M * .N) .IC using linear beamforming without symbol
jth user in theith cell to thekth base station (BS) be denoteoeXtenSIons is given by

as theN x M matrix H;; ). We assume all channels to be |2 pml < Moo 2]
generic. In the uplink, lek;; denote theM x 1 signal vector sDoF/user = fﬁz_vlJ 25—1_<NM_<2$ p=12,...
transmitted by théth user in thekth cell. This transmit signal 2p+1 2p+l = N = ptl

vector is formed using &/ x dy; linear transmit beamforming

matrix Vi, and received using & x dj; receive beamforming  The basic steps involved in establishing the achievabifty
matrix Uy, wheredy, represents the number of transmitted dat@e result in Theorem 3.1 can be summarized as follows. Note
streams of théth user in thekth cell. The received signal afterthat when% < % the optimal DoF are achieved by simple
being processed by the receive beamforming matFix at the random transmit beamforming. Fdr < 4L < 1, except when

kth BS can be written as = Zgg:g either M or N has redundant dimensions, i.e.,
3 K either M or N can be reduced without affecting the DoF.
Ully, = ZZUgH(ij7k)Vijsij + Ulln,. (1) Further, any system witf—* < 4 < 22—% can be converted
i=1 j=1 to a system withM’ = (2p — 1)M and N’ = (2p + 1)M

where s;; is the d;; x 1 symbol vector transmitted by theusing(2p—1)space extensions and deactivating some redundant

jth user inith cell andny is the N x 1 vector representing antennas. Thus, it suffices to consider systems With- §§§+B
circular symmetric additive white Gaussian noiseA’(0,T). 0 establish the result in Theorem 3.1.

The received signal is defined similarly for the downlinkrFo WhenM = ¢(2p—1) andN = ¢(2p~+1) for somep, q < Z*,
notational clarity we usaV; to refer to the transmit beamform-consider transmission from nodes havihfantennas to nodes

ers in an IC and us¥;; when referring to transmit beamformerd’@ving N antennas. Transmit beamformers are designed using

of a user in the uplink of a cellular network. three SACs of lengtlp, involving ¢ transmit beamformers in
each of thep steps of a chain. As an example, when= 4
I1l. EXISTING RESULTS andg = 2, we haveM = 14 and N = 18 and we achieve 8

We first review the results on the DoF of the three-useDrOF/user by constructing three SACs as given below.

M x N IC presented in [8]. In [8], Wang et al. consider spatial

extensions of a channel where spatial dimensions are added t (A Wy, 28w, Jet Wi, Bz 2 o

the system through addition of antennas at the transmiieas Re 1

receivers, while keeping the ratio of antennas constanlik&n (B) War Ws2 Wiz Was  (2)

time or frequency extensions where the resulting chanrrels a (©) Was <223 W, F28 W, &8 W,

block diagonal, spatial extensions assume generic channel

with no additional structure—making them significantly ieas WhereW; represents thgth set ofg transmit beamformers cor-

to study without the peculiarities associated with addiio responding to théth transmitter. The notatioWV; MWM

structure. Using the notion of spatial extensions, sgwtial means the transmit beamformah;; andW; align at themth

normalized DoF of a(G,K,M,N) network is defined as receiver, i.e.H;; »W;; — Hi;.,» Wy, = 0. While separation

SDOR M, N) = max,ez+ DoRgM.aN) ' \yhere DoKM, N) isthe between interference and signal at each of the receivers is

DoF per user in dG, K, M, N) network. taken care by assuming generic channels, linear indepeaden
While spatial extensions may not be simple to implemenf the pg transmit beamformers designed for each of the three

physically, it has been observed that DoF achieved using spransmitters is resolved through a polynomial identityt.tes

tial extensions can also be achieved using time(or fregenc In general, for any giverp,q € Z*, the set of transmit

extensions over time(or frequency) varying channels. DeFs beamformersWy,; that participate in thejth link of the ith

of the three-usel x N IC is completely characterized in [8] chain can be mathematically represented using the follpwin

and restated in the following theorem. rule:

Rx 2 Rx 3

Theorem 3.1 ([8]) The spatially-normalized DoF per user of

a three-user{M x N) IC is given by 6.5) = W((iﬂq) mod 3, [ U=psi ) if pe{3,6,9,...},
pM p=l ~ M . 2p—1 ’ ) L (i=Dp+j otherwise.
_ )17 SN S, ((ip—p+j) mod 3, [ =321 )
sDoF/user—{fN ’ b 1 <M SPL p=1,2,... 3)
p+1 2p+1 N p+1

The assignment rule ensures all transmitters are equally re

The achievability is established through linear beamfagni resented and that each of the chains originates at different
based on a notion called subspace alignment chains and digpsmitters. The function mod b returnsa mod b whena is
requires finite number of spatial extensions. When extessio N0t a multiple ofb and equal$ otherwise.
time/frequency/space are not allowed, the achievable mn-_gu When Symbol extensions are not allowed, the achievable DoF

this technique is given in the following theorem. are established by thre[em%J-dimensional SACs of length



followed by another set of three SACs of length= {;;—JLJ — allowed so that we only need to construct three SACs to aehiev
N | . . . the requisite number of DoF; the same arguments can be dpplie
p {WJ involving transmit-subspaces of size one. in a straightforward manner to the case when DoF are achieved
1V. SUBSPACEAUGNMENT CHA|NS EOR THETHREE‘CELL W|th0ut any Spatial eXtenSionS. We Consider “near beaﬂmfm
NETWORK in the uplink and design transmit beamformers for each user i
Using the notion of SACs we extend the results in Theorer%Pse network, . . . .
When% < % the result is straightforward to establish using

3.1 and 3.2 and establish the following theorem. / . M

zero-forcing beamforming. The cases Wh§n< ¥ < 1land
Theorem 4.11f d € Z* DoFluser are achievable through % = 1 require the construction of two types of SACs and are
linear beamforming ovef spatial extensions in a three-userdiscussed separately.
M x N IC with M < N, then any DoF-tuple{d;;}, where  Case (i) 3 < & < 1: When 3 < & < 1, it suffices to
d;j € Z* represents the DoF of thgth user in theith cell, consider the cases whel = (2p — 1)q and N = (2p + 1)g.
that satisﬁeszfi1 d;; < dV iis achievable in g3, K, M, N) We assumeyq = rs and show that ifpg DoF are achievable
network using linear beamforming ovéspatial extensions. in a three-usef2p — 1)q x (2p + 1)q IC thenr DoF/user are
. . achievable in &3, s, (2p — 1)q,2p + 1)q) cellular network.

When restricted to symmetric DoF, Theorem 4.1 can be For the threi—useg IC, on)ce aseq)ugnce of transmit subspaces
restated as follows. that participate in a SAC are chosen, this also identifies-a se
Theorem 4.21If d € Z* DoF/user are achievable throughguence of receivers at which these subspaces align. Forpxam
linear beamforming ovel spatial extensions in a three-userfor the subspace chain A in (2) the sequence of receiverdis 3-
M x N IC with M < N and if d = rs for somer,s € Z+, 2.Acrucial insight in extending the notion of SACs to thiest
thenr DoF/user are achievable through linear beamforming imetworks is that the feasibility of an alignment chain islterad
a (3,s, M, N) cellular network over spatial extensions. as long as the sequence of receivers (BSs) of the originah cha

. . . . .. ,. . IS preserved even if the transmit-subspaces that particijpa
ThSlnce the;plroofée:gnlqueﬁ and the key |nS|g_hts N eStlanght e alignment chain now belong to multiple users within & cel
eorems 4.1 and 4.2 are the same, we restrict ourselves to t henl < A < 1 note that the three SACs in the case

symmetric DoF case in the rest of the paper. N

. h It of Th h h of the three-userM x N IC can be viewed as}q vector
Focusing on the result of Theorem 4.2, note that When ,ionment chains with each chain comprising a sequenge of

DoF/user are achievable in a three-user IC without any &pall.nsmit beamforming vectors that align with the preceding
extensionsy DoF/user in a three-celk users/cell network can g, ceeding vectors in the chain. To illustrate this, thed!BACs

also be achieved by scheduling one user per cell per tlmeeosloh (2) involving two beamformers at each stage can be viewed
form a three-user MIMO IC and then cycling through thesers as the following six vector alignment chains:

in each cell over time slots. While such a strategy requires

time slots to achieve DoF/user, Theorem 4.2 suggests that the aA) W11 R 3 Wa1 v 1 W31 R 2 Wig
same number of DoF are achievable within one time slot. The 1B Rz 1 Rz 2 Rz 3
DoF that can be achieved simultaneously without time sharin (1B)  wa Wa2 Wi Was
has important consequences in user scheduling in cooperati (1C)  wis <53 wig 23 woy 55 way
cellular networks. Since DoF are the number of interferdres Rz 3 Rz 1 Rz 2 )
directions available in a network, the achievable degréése- (2A)  wis W25 W35 W16
dom inform us of the right number of users to simultaneously (2B) Wag R 1 W36 R 2 W17 R 3 Wo7
schedule and the number of data streams to deliver per user. Rz 2 Rz 3 Rz 1

(2C)  wsy wig Wag W3g.

As a simple illustration of Theorem 4.2, consider the three-
user3 x 5 IC for which 2 DoF/user are achievable without any Denoting the original 3 chains as A, B and C, let the
symbol extensions. Theorem 4.2 states that since 2 DoF/uskains be labeled 1A, 2A,.., gA, 1B, ..., gB, 1C,..., qC,
are known to be feasible for such a network without args shown in (2) and (4). We lexicographically order these
symbol extensions, we can achieve 1 DoF/user for(tie= 3¢ chains and refer to them using indices from 1 ig.

3, K =2,M = 3, N = 5) cellular network without any symbol Among these3q vector alignment chains for the three-user IC,
extensions. While sufficient conditions in [15] also showersu there arepq instances where transmit beamformers from the
a system to be feasible, a key advantage to our approachtis #tth transmitter are chosen. We reassign thggeénstances to
we establish feasibility by constructing the necessargsimat transmit beamformers corresponding to theisers in thekth
beamformers using SACs. cell using the rule in (5).

Since the first subscript in the reassignment rule (3) is-iden
tical to that in (5), this rule preserves the original reeeignow

The proof of Theorem 4.2 relies on reusing the SACs dBSs) sequence, thus ensuring feasibility of the new aligrime
signed for the three-user IC with a careful redistributidrihee chain. The second subscript picks users in a cyclic manner,
transmit-subspaces that participate at each stage of thi@ ctensuring equal distribution of the transmit-subspaces rgmo
among the multiple users in a three-cell network. For byevitthe different users in a cell. The third subscript keeps toun
we only consider the case when sufficient spatial extengioms of the beamformer index. In (6) we illustrate an example of

V. PROOF OFTHEOREM4.2



V((i4j-1) mod 8, [=2T3] mod s, [2524i]) if pe€{3,6,9,...},

(4,7) — (5)

3

V((ipprrj) mod 3, "ip—p+j‘| mod s, "ip;§+j‘|) otherwise.

constructing a set of SACs for th{8, 4, 14, 18) cellular network ~ v311

N Vil Vai1 V311 , Vi
where 2 DoF/user are achieved without symbol extensions. Th g =
new set of chains are derived directly from the correspandin
V321 Vi1 Vi21

chains for the 3-usei4 x 18 IC shown in (4) and can be V221 Va2l

expressed as follows @ BS 2 @ BS 3 @BS1 @ BS 2
BS 3 BS 1 BS 2 (a) Conditions for interference alignment in(3, 2, 2, 5) network.
(1A) Vil V211 V311 Vi21 Vi1l Vo1 Vi1
BS 1 BS 2 BS 3
(1B)  vaxn V321 V131 V231 >K \@<
BS 2 BS 3 BS 1
(1C) V331 Vi41 V241 V341 (©) Vi21 V221 V321
(ZA) V112 CEE V212 B L V312 CER V122 @BS3 @BS1
BS 1 BS 2 BS 3 . ) ] ] ]
(2B) V222 V322 V132 V232 (b) Conditions for interference alignment in(3 2, 2, 5) network with
BS 2 BS 3 BS 1 one additional antenna at BS 2.
(ZC) V332 V142 V242 V342.

alignment chains, the aligned transmit beamformers are- com

puted by solving a system of linear equations that emerga fro V32! Vil Va2l
the alignment chains. While SACs ensure that interferesce i @ BS 3 @BS1 @ BS 2
contained within a certain number of dimensions, the assump

tion of generic channels and the fact that direct channeds ar (c) Conditions for interference alignment in(3, 2, 3, 5) network.

not myolved in the design of the transmit beamformers Eﬂr'Sqfig. 1: Conditions for IA (in the uplink) to achieve 1 DoF/user ingbr

that signal and interference are separable at each of tkee thiifferent networks. Each circle represents a set of linegragons to

BSs. The only remaining issue concerns linear independeicee satisfied by the transmit beamformers connected to it ettais BS

the transmit beamformers designed for any particular 0gés.  (indicated below). The number inside the circle represtér@snumber

issue can be resolved through a polynomial identity tesiaim ©f inear equations to be satisfied. Note that the transnaitrifermers

to the one used in Section 8.1 of [8]. at either end (in gray) are duplicates, indicating a cldseg-

Case (ii)% = 1: When M = N, the transmit beamformers

can be designed by identifying them as the eigenvectors of an

effective channel matrix, similar to the method proposefllin network, we need to ensul® + N > 3K + 1 (whend = 1,

In particular, supposé/ = 2p and N = 2p for somep € proper systems withV > K are feasible [15]). However, if

Z*, thenp DoF/user are achievable in a 3-user ICplt= rs we were to use the subspace alignment technique provided by

for somer,s € Z*, thenr DoF/user can be achieved in aTheorem 4.2, we need to at least ensure that- N > 4K,

(3,s,2p,2p) cellular network by solving the following closed-suggesting that we need at le&éf — 1) additional antennas at

loop SAC for allj € {1,2,...,s} andi € {1,2,...,7r}. Exact each BS/user to achieve the same DoF target. This illustrate

details on solving this alignment chain can be found in [1]. the trade off between redundant antennas and the commahtio
ease of finding aligned beamformers. To further illustrdte t

V311 Vi Vai1 V311 Vil
Once the conditions for 1A are expressed in terms of vector \®/ /@\ \®\
V321

Vi21

Vaji role of redundant antennas, consider Fig. 1(a), where we hav
N <, graphically represented the conditions necessary to aehie
Q/ \f (7) DoF/user in &3,2,2,5) cellular network in the uplink. In Fig.
viji E32 vy 1, every circle represents a set of linear equations thadl nee
to be satisfied by the transmit beamformers that are corshecte
VI. ROLE OF REDUNDANT ANTENNAS to it. For example, since BS 1 has 5 antennas, we require the

While SACs provide a simple way to design aligned beanfRur interfering streqms from users irl ceIIsl2 and 3 to ocaupy _
formers for three-cell MIMO cellular networks, this comes dnore than 3 dimensions at BS 1. This requires the correspgndi
the cost of requiring some redundancy in the number of aagenffansmit beamformers to satisfy a linear equation of thenfor
at the users or the BSs so as to meet a certain DoF target. As
a specific example to highlight this point, using the condis ol
that a feasible system needs to be proper, it can be shown that?!!
when we desire 1 DoF/user for (@ = 3, K, M, N) cellular a311H31,1v311 + aza1Hzz 1v3r = 0. (8)

1
Hji 1vor1+age Hao 1 Voo +



V311~ Vi1 Vai11 V311 Lo Vi1
V321 - -2 Via1 Vao1 %{ V321 %21 -- V121
7/ A
V331 - V131 V231 V331 ~ Vi3l

@ BS 2 @ BS 3 @BS1 @ BS 2

(a) Conditions for interference alignment in a (3,3,3, 7wwek.

V311 Vi1 Vai11 V311 Viii

V321 Vi2i V221 \@/ V321 Vi21

V331 /®\ V131 /®\ Va31 V331 V131
@ BS 2 @ BS 3 @BS1 @ BS 2

(b) Conditions for interference alignment in a (3,3,5,7)wazk.

of other avenues for alignment that now become possible due
to the presence of multiple users per cell. Fig. 1(b) illates
one such type of alignment that is not captured by the basic
template for alignment provided by alignment chains. Stmes

that exploit these new avenues for alignment are necessary t
establish the optimal DoF in regimes where linear beamfiogmi
schemes outperform asymptotic alignment schemes.

VIl. CONCLUSION

In this paper we extend the notion of SACs to three-cell
networks. We provide a constructive approach to designing
transmit beamformers for certain three-cell networks bydmo
ifying the SACs designed for a corresponding three-user IC.
We highlight the inherent trade-off in the ease of findinghsuc
aligned beamformers and the redundancy in the number of

Fig. 2: Conditions for IA to achieve 1 DoF/user in two three-celantennas at each transmitter/receiver in the network aovddge

networks with three users/cell.

insights on the role played by redundant antennas.

Where{aﬁjk} represents a set of coefficients. Note that the cony;
ditions for alignment represented in Fig. 1(a) form a clekep,
resulting in a tightly coupled system of equations. In dddit 2l
to the tight coupling, since the coefficients defining thesdin
equations are not known a priori, this set of equations is not
easy to solve. Treating the coefficients as additional umkiso [3!
to be determined, we obtain a system of bilinear equatioafts th

are much harder to solve than just linear equations. [4]
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