DTFT Theorems and Properties

Property Time Domain Frequency Domain
Notation: z(n) X(w)

z1(n) Xi(w)

2(n) X1 (w)
Linearity: alxl( ) 4+ agza(n) a1X1(w) + a2 X2 (w)
Time shifting: z(n —k) eIk X (w)
Time reversal x(—n) X(—w)
Convolution: z1(n) * z2(n) X1 (w)Xa(w)
Multiplication: z1(n)za(n) = Jor X1(A) X2(w — A)dA
Correlation: Toyzy (1) = 21 (1) * x2(=1) Sy, (w) = X1(w)Xa2(—w)

= X1( ) X5 (w) [if z2(n) real]
Frequency Differentiation: nxz(n) axX(w)
) =

Wiener-Khintchine: Tzz (1) = (1) * (=) ( | X (w)]?
DTFT Symmetry Properties
Time Sequence DTFT
(n) X(w)
x*(n) X*(—w)
z*(=n) X*(w)
x(—n) X(-w)
zr(n) Xe(w) = 3[X (w) + X*(-w)]
jri(n) Xo(w) = 5[X(w) = X*(~w)]
(W) = X*(-w)
XR w) = XR(—w)
z(n) real Xi(w) = = X(-w)
(X (W) = [X(-w)|
X (w) = —LX(—w)
e (n) = %[x(n) +a*(=n)] Xr(w)
zo(n) = 3[z(n) — a*(=n)] JX1(w)

DFT Properties

Property Time Domain Frequency Domain
Notation: z(n) X (k)

Periodicity: z(n)=z(n+N) X(k)=X(k+N)
Linearity: a1 (n) + agxg(n) ale(k) + GQXQ(k)
Time reversal (N —n) X(N —k)

Circular time shift: x((n=10)n X (k)e—72mkl/N
Circular frequency shift: 2 (n)e/?mn/N X((k=10)n
Complex conjugate: x*(n) X*(N — k)
Circular convolution: z1(n) @ xa(n) Xi(k)Xa(k)
Multiplication: x1(n)z2(n) + X1 (k) ® Xa(k)

S w(n)y*(n)

1

Parseval’s theorem:

il X (k)Y* (k)



Note: The following tables are courtesy of Professors Ashish Khisti and Ravi Adve and were
developed originally for ECE355.

Please note that the notation used is different from that in

ECE455.
Fourier Properties
Property DTFS CTFS DTFT CTFT
Synthesis z[n] = z(t) = z[n] = x(t) =
Zk:<N> akeJkQOn Z?;foo ake]kWOt 27 f27‘r eJQ eJQ"dQ Pl foo ]w eJMtdw
Analysis ar = _ ak = X (') = X(jw) =
% Y o< N> a:[n]e_]kgo" % fT x(t)e IFwotqy > Jc[n]e_m" ffooo x(t)e I dt
Linearits aaln] + Byln] < aa(t) + By(t) o aaln] + Byln] > aa(t) + By(t)
aay + Bby aay, + Bby aX (e7%) + BY (e79) aX (jw) + BY (jw)

Time Shifting

x[n _ nO} PN ak€7j27r7bok/N

z(t —to) < ape Tkwoto

z[n — nol <> eI X (e79)

x(t —to) & e 990 X (jw)

Frequency Shift

j2rmn/N

z[n]e “ Ak—m

z(t)e?™0 & ag_m

m[n}ejﬂon (—)X(ej(ﬂ_ﬂ(])n)

z(t)e?0! & X (j(w — wo))

Conjugation

z*[n] > a’y,

2 (t) > a’y

z*[n] & X*(e779)

(1) & X7(—jw)

Time Reversal

x[—n] <> a_g

:r(ft) “a_yg

z[-n] < X(e™9)

z(—t) < X(—jw)

Convolution 2050 2lrlyln =] Jra(r)yt—7)dr | aln]xyln] & X(EDY (@) | 2(t) *y(t) & X (jw)Y (jw)
< Napbi And Takbk
anlyln] < 32050 arbi—r z(t)y(t) < ax * by zlnly[n] < z(t)y(t) <
Multiplication

fzﬁ X ()Y (e7=)dp

=X (jw) * Y (jw)

dz(t)

First Difference/ z[n] — z[n — 1] + + jkwoay, z[n] — xz[n — 1] < dfl(tt) “ jwX (jw)
Derivative (1 — e 927K/ Nyq,, (1—e 79X ()

Running Sum/ S xlk] < f_ T)dT < Sk > z[k] < l)i(:i?g)) fioo z(T)dT + %
Integration 7 +7X (e7°)8(Q) +7X(j0)0(w)
Parseval’s ~ Z |x[nH2 % fT |z (t)|?dt > . |Jc[n]|2 f°° \a:( Y|2dt

Relation =0 awl? =3 o lawl? = o [, |X(e7?)[PdQ =5 [ |1X(jw)|Pdw

Real and even

signals

Real and even

in frequency domain

Real and odd

signals

Purely imaginary and odd

in frequency domain

Additional Property: A real-valued time-domain signal z(t) or z[n] will have a conjugate-symmetric Fourier
representation.

Notes:

1. For the CTFS, the signal z(t) has a period of T, fundamental frequency wo = 27 /T’; for the DTFS, the signal
z[n] has a period of N, fundamental frequency Qo = 27/N. ax and by denote the Fourier coefficients of z(t)
(or z[n]) and y(t) (or y[n]) respectively.

2. Periodic convolutions can be evaluated by summing or integrating over any single period, not just those
indicated above.

3. The “Running Sum” formula for the DTFT above is valid for €2 in the range —7 < Q < 7.




Fourier

Pairs

FOURIER SERIES COEFFICIENTS OF PERIODIC SIGNALS™

Continuous-Time

Discrete-Time™*

Time Domain — z(¢)

Frequency Domain — aj

Time Domain — z[n]

Frequency Domain — ag

and z(t) =z(t+1T)

AeIwot ap =A Ae?tton a1 = A,
ak=O7k:7$1 ak:O,k;él
A cos(wot) a1 =a-1=A4/2 Acos(Qon) a=a-1 =A/2
ak:(),k;él ak:O,k;Al
Asin(wot) a1 =a*, = 2% Asin(Qon) a =a*, = %
ak:O,k;él ak:O,k;Al
z(t) = A ap = A, ap, = 0 otherwise z[n] = A ap = A, ar = 0 otherwise
> Ot —nT) ak = % Y he oo 0[N — kN] ar =y
2T}
Periodic square wave ap = Tl
1 |t| < T sin(konl)
z(t) {0 o<l <L | % i

FOURIER TRANSFORM PAIRS

Continuous-Time

Discrete-Time™”

Time Domain — x(¢)

‘ Frequency Domain — X (jw)

Time Domain — z[n]

‘ Frequency Domain — X (e

N

2(t) = 1, |t|<Th 2sin(wTh) 2[n] = 1, |n|<M sin(Q (N1 +1/2))
10, |t>T w 10, |n[>MN sin(2/2)
sin Wt 1w < W sin Wn oy 1L QI <wW
wt X(jw) = { 0, otherwise ™ X(e™) = 0, otherwise
o(t) 1 d[n] 1
1 27 (w) 1 2m6(2)
1 1
—at 1 n 1
1 - A
e~ ""u(t),Re(a) > 0 ot o a"uln],|a| < p—
L 1 (n+r—-1)! , 1
t),R 0 —_ — 1 —_
oy ) Rela) > (a+jw)" it =1y @ Ul lal < (1= ae %)
*In the Fourier series table, wo = 271’ and Qo = 2=

where T and N are the periods of z(t) and z[n] respectively.

“*For the DTFS, ay is given only for k in the range —N/2+1 <k < N/2foreven N, —(N —1)/2 <k < (N -—1)/2 for
odd N, and ax = ag+n; for the DTFT X (e/?) is given only for  in the range —7 < Q < 7, and X (e7) = X (&?(¥+2™),

Fourier Transform for Periodic Signals:

z(t) = Z are’™ " & X (jw) = 27

k=—o0

oo

Z ard(w — kwo)

k=—o0

oo

zn] = Y ™" o X(?) =21 Y ard(Q - kQo)

k=<N>

k=—o00




Common z-Transform Pairs

Signal, z(n) z-Transform, X (z) ROC

1 3(n) 1 All 2
3 a"u(n) =T |z| > |a]
Z1

4 na™u(n) (oas=T)2 |z > |al

5 —a"u(—n —1) 17;,1 |z] < a|

6 —na"u(-—n-—1) Ugﬁ |z| < al

7 cos(won)u(n) % |z > 1

8 sin(won)u(n) 41_2zz_1;115n:;c>_'_z_2 |z > 1

9  a”cos(won)u(n) 1_2;;“1;1()5:;’)1“’;22,2 |z| > |a|

10 o™ sin(won)u(n) 1—2aza*21 cozls(jfazz*Q |Z| > |a|

z-Transform Properties
Property Time Domain z-Domain ROC
Notation: z(n) X (2) ROC: ry < |z| <11
xl(n) X1 (Z) ROCl
x2(n) X2(2) ROC:
Linearity: a1z1(n) + azz2(n) a1 X1(z) +a2Xa2(z) At least ROC1N ROC,
Time shifting: z(n —k) 27k X (2) At least ROC, except
z=0 (if k > 0)
and z = oo (if k£ < 0)

z-Scaling: a"z(n) X(a™'2) lalre < |z| < |a|r
Time reversal z(—n) X(z™h % <|z| < %
Conjugation: z*(n) X*(z") ROC
z-Differentiation: n z(n) - d);iz) re < lz| <ri
Convolution: z1(n) * z2(n) X1(2)X2(z) At least ROC1N ROC,



