THE VECTOR SPACE OF RANDOM VARIABLES.

Now, the set of real random variables defined on a probability space with the field
of real numbers constitute a vector space with X + Y the vector addition of two
random variables X, Y and aX the multiplication a vector (r.v X) by a scalar a (easy
to check). However, the vector spaces of r.vs are somewhat more complicated then R"

or C™. Recall that R™ and C™ are all finite dimensional spaces so that it is possible to

specify every vector as a linear combination of a number of basis vectors. In the case,

of r.v.s, unless the sample space is finite the vector space becomes infinite dimensional.

INNER PRODUCT]

An additional property that a vector space over a scalar field may have is the existense

of an inner product. This is a function mapping vector pairs to the scalar fields.

An inner product which is denoted as < -,- > must satisfy the following properties:

1. Existence: < X,Y > is defined for all vectors X,Y
2. Linearity: < X,eY +8X >=a< X, Y > +8< X, Z >
3. Hermitian symmetry: < X,Y >=< Y, X >#

4. Positive difiniteness: < X, X >>0:f X #0

* A vector space with an inner product is called inner product space

* R™ with the well known dot product is an inner product space

* For the vector space of random variables a valid inner product is

< X,Y >2 E{X*Y}|= Cov(X,Y) (for zero mean r.vs)

as it can be easily verified (assuming of course that E{|X|*} < oo for all r.vs X in the

epnace)



|NORM or DISTANCE]

Recall that the notion of length or distance or norm of a vector is define as

1X]| =< X, X >/

and satisfies the following properties:

[y

- NaX]| = la| [IX]]

[\

. [|1X]| > 0 unless X = 0 where [[0|| =0
3. | < X,Y > | <||X]| IY]|(Cauchy-Schwarz inequality)
. NIX +Y]| < ]]X]]+ )]Y]] (Triangle inequality)

=

|PROJECTION]

Given two vectors X and Y, the projection of X on Y is given by:

Proj(X onY) =< X, ”—);—ﬁ > ﬂ}—;’_l GGOv:;Q;i':;;C..
g 5 >
" ~ Y
Proj (X oV Y)

For vector spaces over R only we can write (by inspection from the geometric view)

1
[| X |[cosf =< X, ﬁ >=< X, Y > H—Yn =< XY >= || X]|| ||V ||cosé

(Note that proj(X,Y) is nothing else but the vector in the form of Y which is closest

to X in the norm sense)

More general in the vector space of random variables (assume zero mean r.v for the

moment )



< X,Y >
X112

E{X"
E{X"

Y} =cov(X,Y)
X} =var(X)

And from the familiar relation p = %

= < X,Y >=p-|IX||||Y]|

< X, >=p-|IX]|

Y
il

(i.e., cosf is the correlation coefficient in vector spaces over R)

|ORTHOGONALITY|

Two vectors X and Y are called orthogonal iff < XY >= 0. In vector spaces of random

variables this is equivalent to p = 0. Looking back into the proj(X on Y') we see that

(zero mean r.v.s)

E{ZY"} = E{(X —-proj(X onY))Y
_ ||X||

E{ZY"} 0= Z,Y orthogonal

poXoy — p——o‘Y =0=
gy

Y Y ..

e BUX= < X oy > ™
11l e
= B(XY"} = pigm E{YY")



MEAN SQUARE ESTIMATION

Let us condider the problem where we are given a random variable Y, and we are askes
to find the best approximation to Y using a particular model. Obviously, the solutior
to the problem will depend on-the criterion of optimality chosen. We would like t«

consider this proplem using the criterion of mimizing the mean square error of the

difference between Y and its approximation. (Mean square estimation of Minimun

mean square error model (MSE)). The results are the basis for a great number o

applications in signal processing.

A) Consider the MSE problem where we want to approximate (estimate) a randon

variable Y by a constant c:

Choose ¢ so that to minimize [|Y — ¢||?
Now, [Y — | = E{|Y — ¢f?} = E{|Y["} + |cl* — 2Re[c"E{Y}]
and by placing

%HY = 0= ¢ — [E(Y}]" = 0= c = E{Y)

In other words, the best constant approximation of a random variable is its mean

Also, min|[Y — c||? = E{|]Y — E{Y}|* = Var{Y} = o}

Geometric interpretation

Let consider a constant as a r.v. which maps the entire sample space to a constan

value. Then the entire collection of such r.v.s constitute a 1-D subspace of the vecto:
space of 1.v.s

Then geometrically the best estimate is the projection of Y on the subspace
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Note that the error Y — ¢ such that

|7<Y—c,1>=0

B) Consider now the problem where we want to approximate Y with a scaled version

of another r.v. X ie.,aX. Then

minimizing ||Y — aX||* = error orthogonal to aX
<Y —aX,aX>=0=E{{(Y —aX)aX"} =0

= aE{X"Y} — ?E{| X} = 0= E{X"Y} =a- E{|X|"}
B E{X*Y} zero meégpraccas G COU(X, Y) _ -C_Tl
= E{X?} = Var(x)  lox

and
min|lY — aX||? = 0} + Frg — ci2aRe(a) reale ayz(l —p?)



C) The most general form of this type of problem is to approximate the r.v. Y by a

linear combination of n r.v.s X7, X3,...X,, i.e., to choose a;, ay,...,q, so that.

Y = (a1 X1 + ... + @ Xa)|[?

is minimized (Linear mean square estimation problem (LMSE)).

To solve this problem we note that the set of r.v of the form a; X;+...4+an X, constitute
a subspace of the vector space of r.v.s. Geometrically, the solution on of minimizing
the magnitude squared of the error quantity (Y — Y%, a;X;) is obtained when the

error becomes orthogonal to the approximation } 7., a.-X,-. ie

SuBSPaLQ O'F %xtg

Thus, min||Y — (a1 X; + ...+ a,X,)|| is equivalent to

<Y -3yt iaX, Y aXi>=0

This is the projection theorem for the LMSE problem
= E{(Y =) aX)) a;X;}=0= Z [E{X;-{Y - ZaX} =0
1=1 j=1 1=1
Since this must be true for all {a;};=1,.n

= E{X; - (Y - ZaX}_o:.E{X*Y}-_ZaE{XX} i=12...,n

t=1 =1



For X,Y jointly WSS r.vs

?=1aiRI(i_j)=R:ty(—’j) gl ymt

oY
R(0) R.(1)
RBx(-1) R.(0)
R.(-2) R.(-1)
Thus, a= R.;lrxy

Rx-a=rxy

Wiener — Hopf equations

a

as

Normal equa-
‘tions

%
It is easy to show that Min||Y — L%, a: Xi|| = o — r,‘gRglrxy:: g;’ - \(‘xj_a_

D) Let us consider now the more general problem where instead of a linear combination

of r.vs, we employ a more general model. For example we might seek a function g(X )

so that [[Y — g(X)||? is minimized. Recall that

E{lY - g(X)[*} = B{E{lY — g(X)I"/ X}

Therefore, the problem becomes equivalent to minimizing E{|Y —-g(X)*/X = z}.

Then, from the results of case A, we conclude that the absolute mean square error is

minimized when

9(X) = E{Y/X}
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