
ECE462 – Lecture 7

Bit assignment and 
representation in DFT 

coefficients







Continuing point 8 the definition of 

We can define the Auto correlation Matrix  𝑅𝑥,𝑁 of size NxN as the NxN matrix: 



Note that 𝑅𝑥 𝑖, 𝑖 , i.e., the diagonal elements are nothing else but the 
variance of the process 𝑥 at time (or position) i.  

Where  in  𝑥𝑗 ⅈ ,

𝑗 𝑖𝑛𝑑𝑖𝑐𝑎𝑡𝑒𝑠 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑠𝑒𝑔𝑚𝑒𝑛𝑡
or r𝑒𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛 and  i
indicates sample position.



Furthermore, if the process is stationary then all positions have the 
same variance. In this case: 

𝑅𝑥 𝑖, 𝑗 = 𝑅𝑥 𝑗 − 𝑖 = 𝑅𝑥(𝑘)

So,

𝜎𝑥,0
2 = 𝜎𝑥,1

2 = 𝜎𝑥,2
2 = 𝜎𝑥,3

2

And the autocorrelation matrix becomes Toeplitz.



Problem

Stationary process



Problem

• Calculate the variance of 𝑌𝑖 defined as: 

• By defining the distortion due to quantization as: 

Where 𝑅𝑖 are the number of bits assigned to 𝑦𝑖 . Allocate bits to 𝑦𝑖 , 𝑖 =
0,1,2,3 so that the average rate is 2 bits/sample while the average 
distortion is minimized. 



Solution

• Given 4 input sample 𝑥𝑖 , 𝑖 = 0,1,2,3 the 4-DCT transformation M 
produces four samples 𝑦𝑖 , 𝑖 = 0,1,2,3 are as follows: 

• Now the variance 



Solution

Since 𝑥𝑖 is zero mean -> 𝑦𝑖 is zero mean. 

Then, 𝜎𝑦𝑖
2 , 𝑖 = 0,1,2,3 are simply the diagonal elements of the matrix:

But, 



Solution
Above is the autocorrelation matrix R. 

Therefore: 𝐸 𝑌𝑌𝑇 = 𝑀.𝑅.𝑀𝑇 =

(after some simple calculations) 

(Note that x is stationary 

y is not stationary)

So 𝜎𝑦0
2 =0.94, 𝜎𝑦1

2 = 0.065, 𝜎𝑦2
2 = 0.005, 𝜎𝑦3

2 = 0.013

Thus, if we assign Ri bits to yi then the corresponding distortion will be 



Solution

• In order to allocate a total of 8 bits to y0,y1,y2,y3 (2 bps as the average) 
we proceed as follows: 

• Thus, to minimize the distortion assign bits as follows, 

• y0(4 bits),y1(2 bits),y2(1 bit),y3(1 bit)



Solution

• Then, the average distortion is 

Dav=
1

4
0.00367 + 0.004 + 0.001 + 0.003 = 0.0029

If on the other hand we have assigned 2 bps for each of x0,x1,x2,x3 the 
distortion would be: 

Dav=𝜎𝑥
2. 2−2.2 = 𝑅𝑥 0 .

1

16
=

1.1

16
= 0.0625


