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Chapter 7: The Discrete Fourier Transform 7.1 Frequency Domain Sampling: The DFT

Discrete Fourier Transform

» Frequency analysis of discrete-time signals must conveniently be
performed on a computer or DSP.

» Recall:

e F : .
aperiodic in time <— continuous in frequency

x(n) < X(w)

» X(w) cannot therefore be computed for the entire set w € R; for
practicality, X(w) must be computed for a discrete and finite set
of values in w € R.
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Discrete Fourier Transform

» Strategy to compute X(w):

1. Compute X(w) for equally spaced samples.
2. Compute X(w) samples for one period only (recall, X(w) is
periodic with period 27)

» Assuming we compute N samples of X(w) over one period of
27, the resulting computed frequency signal would effectively be
a sampled version of X(w) such that:

B 2mk

YTN
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Frequency Domain Sampling

N samples taken
over period of 27
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Note: spacing between each sample is 7.
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Frequency Domain Sampling

» Recall, the discrete-time Fourier transform (DTFT):

x(n) = % ' X(w)e dw
X(w) = Z x(n)en

2k

» Suppose we sample X(w) according to: w = ={~.
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Frequency Domain Sampling
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Frequency Domain Sampling
For k=0,1,2,...,N -1,
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equivalent signal x,(n)
= T (e
n=0

where x,(n) is the periodic repetition of x(n).
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Frequency Domain Sampling
For k=0,1,2,...,N—1,

> Characteristics of x,(n): (1) discrete-time, (2) period = N, (3) has as a

DTFS:
= _
& = = x,(n)e 2™k w
N
n=0
> X (37 k) looks like a scaled DTFS of x,(n),
1 2T
= —X|—k k=0,1,...,N—1.
Ck N ( N ) Oa s )
except we only take the coefficient values at k =0,1,..., N — 1.
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Intuition

aperiodic 4 dst in time D(ET cts + periodic in freq
1 periodic repetition J} sampling
periodic + dst in time D<E>S dst + periodic in freq
. . DFT .
one period of dst-time samples &—  one period of dst-freq samples

n=0,1,...,N—1

k=0,1,...,N—1

Therefore, we define the Discrete Fourier Transform (DFT) as being a
computable transform that approximates the DTFT.

Chapter 7: The Discrete Fourier Transform

7.1 Frequency Domain Sampling: The DFT
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Example
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Intuition
Example
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Intuition
Example
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Intuition
Example
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Frequency Domain Sampling

» Recall, sampling in time results in a periodic repetition in
frequency.

x(n) = X3 ()] emnr ¢ X(w) = 1 > Xo(w+ 2—7Tk)

» Similarly, sampling in frequency results in periodic repetition in

time.
[e.e]
F
o) = 3 x(n+IN) S X(K) = Xl
|=—c0
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DTFT, DTFS and DFT
x(n) for all n el X(w) for all w
J periodic repetition J} sampling
() =3 x(n+IN) foralln T X (k) = X(w)|2z  for all k
I=—oc0
2(n) &% X(k)
where (n)
or | Xp(n) forn=0,....,N—-1
X(n) = { 0 otherwise
and )
o X(k) fork=0,..., N—1
X(k) = { 0 otherwise
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Frequency Domain Sampling and Reconstruction

» Therefore,

» Implications:

» The samples of X(w) can be used to reconstruct x,(n).
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Frequency Domain Sampling and Reconstruction

» Q: Can we reconstruct x(n) from the samples of X(w)?
» Can we reconstruct x(n) from x,(n)?

» A: Maybe.
[ee]
xp(n) = E x(n+ IN)
|=—00
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Frequency Domain Sampling and Reconstruction
N =4

no temporal aliasing
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Frequency Domain Sampling and Reconstruction
N=4

[l=2] [=1] [I1=0] ||—1| [1=2]
x (n+N)

Luhjmu

t + n
IR B A 75 4 5 671
no overlap
support length=4=N  x(n)
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n
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Frequency Domain Sampling and Reconstruction
N=4

[=2] [i=1] [1=0] [=1] [I=2]
X (n+N) x (n-N)
x(n)

X (n+2N)
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Frequency Domain Sampling and Reconstruction

» x(n) can be recovered from x,(n) if there is no overlap when
taking the periodic repetition.

» If x(n) is finite duration and non-zero in the interval
0<n<L-—1, then

x(n)=x,(n), 0<n<N-1 whenN>1L

» If N < L then, x(n) cannot be recovered from x,(n).

» or equivalently X(w) cannot be recovered from its samples
X (%k) due to time-domain aliasing
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DFT Example
Q: Determine the N-point DFT of the following sequence for N > L:

= [ 1 0sn<i-t
| 0 otherwise

A: The DTFT of x(n) is given by:

L-1
X(w) = x(n)e "
n=0
L-1 .
_ Z e—jwn — sin(wL/2) e Jw(L=1)/2
sin(w/2
e (w/2)
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The Discrete Fourier Transform Pair

» DFT and inverse-DFT (IDFT):

N—-1
X(k) = > x(nje?™ %, k=0,1,...,N—1
n=0
1 N—-1
x(n) = N X(k)e?™ %, n=0,1,...,N—1
k=0

Note: we drop the * notation from now on.
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DFT Example

Thus,

sin(w/2)
s (2mk
x(h) = L) i
5'“(7/2)
_ SINTAL/N) o rie-ny/m

sin(rk/N)
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DFT Properties

» The properties of the DFT are different from those typical of the
DTFS and DTFT because they are circular in nature.

» That is, they apply to the periodic repetition of the signal.
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Important DFT Properties

Property Time Domain Frequency Domain

Notation: x(n) X(k)

Periodicity: x(n) = x(n+ N) X(k) = X(k + N)

Linearity: aixi1(n) + axxo(n) a1 Xi(k) + a2 Xa(k)

Time reversal x(N — n) X(N — k)

Circular time shift: x((n—1))n X(k)e—i2mkl/N

Circular frequency shift:  x(n)e/27n/N X((k—=1N))n

Complex conjugate: x*(n) X*(N — k)

Circular convolution: x1(n) ® xa(n) Xi(k)Xa(k)

Multiplication: x1(n)x2(n) %Xl(k) ® Xa(k)

Parseval’s theorem: Z,’:l:_ol x(n)y*(n) % ZLV:_OI X(k)Y*(k)
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Circular Properties

» Circular operations: apply the transformation on the periodic
repetition of x(n) and then obtain the final result by taking
points for n=10,1,... , N —1

» Often use the modulo notation:

(n)y =n mod N = remainder of n/N

Professor Deepa Kundur/Presented by Eman Hammdchd nseeesityFofi Terdfrta)sform 27 / 30

Chapter 7: The Discrete Fourier Transform 7.2 Properties of the DFT

Modulo Indices and Periodic Repetition

(n)y =n mod N = remainder of n/N

Example: N =4
n‘—4—3—2—1012345678
(Ms0 1 2 3 012301230
n nonneg integer < N
N—lnteger—I— N
5 1 -2 2
i~y 7 -1ty
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Modulo Indices and Periodic Repetition

(n)y =n mod N = remainder of n/N

Example: N =4
n |-4 -3 -2 -1 012 3 456
(nMs0 1 2 3 01 230 1 2

7 8

30

x((n))a will be periodic with period 4. The repeated pattern will be
consist of: {x(0), x(1), x(2), x(3)}.

Thus, x((n))n is a periodic signal comprised of the following
repeating pattern: {x(0),x(1),---x(N —2),x(N —1)}.

29 /30
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Circular Symmetry and Convolution

» Circular Symmetry:

» circular time reversal: x((—n))y = x(N — n)
» circularly even: x(N — n) = x(n)
» circularly odd: x(N — n) = —x(n)

» Circular Convolution:

2
=

x3(m) =Y xi(n)x2((m—n))y, m=0,1,...

3
Il
o
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