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4.1 Frequency Analysis of Continuous-Time Signals
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4.1 Frequency Analysis of Continuous-Time Signals
Frequency Synthesis
Scientific Designation Frequency (Hz) k for Fp = 8.176

C1 32.703 4
C2 65.406 8
C3 130.813 16

C4 (middle C) 261.626 32
Ch 523.251 64
C6 1046.502 128
Cc7 2093.005 256
C8 4186.009 512
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4.1 Frequency Analysis of Continuous-Time Signals

Complex Sinusoids
e = cos(Qt) +jsin(Qt) =

complex sinusoid
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4.1 Frequency Analysis of Continuous-Time Signals

Complex Sinusoids: as Eigenfunctions

w(t) = M ——— H( Q) —— y(t) = H( Q)™

4.1 Frequency Analysis of Continuous-Time Signals

Complex Sinusoids: as Eigenfunctions

Therefore, the set of functions {e/**} for Q € R represent

eigenfunctions of LTI systems.
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4.1 Frequency Analysis of Continuous-Time Signals
The Continuous-Time Fourier Series
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4.1 Frequency Analysis of Continuous-Time Signals

Continuous-Time Fourier Series (CTFS)

L

For continuous-time periodic signals with period T, = Fo

» Synthesis equation:

[ee]

X(t): Z Ckej27rkFot

k=—o00
» Analysis equation:

1

Ck = —/ x(t)e 2kt gt
T, T,
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4.1 Frequency Analysis of Continuous-Time Signals
CTFS: Intuition

e}

X(t): Z Ckej27rkF0t

k=—o00

» {e/>7kFot} forms an orthogonal set for k = 0,£1,+2,+3,...

< ej27rkF0t, ej27rmF0t > / ej27rkF0t(ej27rmF0t)*dt
T,

P

-
oI2TkFot g—j2mmFot gy _ / g o2 (k—m)Fot 4y
0

Tp
.
tlo” L k=m { T, k=m
= ei2m(k—m)Fot | 1P -
PR |, kKA 0 k#m
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4.1 Frequency Analysis of Continuous-Time Signals
CTES: Intuition

o0

X(t): Z Ckej27rkFot

k=—cc

> Thus, x(t) is being broken down into a series of orthogonal basis functions
that are sinusoidal in nature.

>, are the coefficients needed to represent x(t) in the basis set {e/27kfot}.

> There is a decoupling that takes place such that modifying the frequency
components of x(t) related to 2wk Fy will not affect those related to 2rmFgy
for m # k.
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4.1 Frequency Analysis of Continuous-Time Signals

CTEFS: Dirichlet Conditions

1 .
Cx = —/ x(t)ei2mkFot gt
T Jr,

p
0

i(t): Z Ckej27rkF0t

k=—00

Q: For what conditions is X(t) equal to x(t)?
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4.1 Frequency Analysis of Continuous-Time Signals

CTFS: Dirichlet Conditions

» A: Sufficient conditions are given by Dirichlet conditions:

1. x(t) has a finite number of discontinuities in any period.

2. x(t) contains a finite number of maxima and minima during any
period.

3. x(t) is absolutely integrable in any period:

/ |x(t)|dt < oo

Tp
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4.1 Frequency Analysis of Continuous-Time Signals

CTFS: Dirichlet Conditions

» Note: the Dirichlet conditions guarantee equality except at
values of t for which x(t) is discontinuous.

» At discontinuities, Y, cxe>™ ot convergences to the midpoint
of the discontinuity.
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4.1 Frequency Analysis of Continuous-Time Signals

CTFS: Example

Find the CTFS of the following periodic square wave:

X(t)

[
NS
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4.1 Frequency Analysis of Continuous-Time Signals

CTFS: Example

1 : 1 [T ,
a = — [ x(t)e2rkRotgr — —/ x(t)e 2mkFot gt
T J7, To Jo1,02
2 —j2mkFot |T/2
_ i T/ A o-i2mkRut gy _ A e—J2mkFo
Tp ) —7)2 T, —j2mkFy _)2
A e—j27rkFoT/2 _ e+j27rkFgT/2
- mk Tp- Fo { —2j }
A e;'271'I(F0‘r/2 o efj27TkF0‘r/2
k-1 { 2j }
_Asin(mkFoT)
B wk
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4.1 Frequency Analysis of Continuous-Time Signals

CTFS: Example

T _ 1.
For 7 = 3 T 36
Asin(mk/3)
Ck =
Tk
Ck

4.1 Frequency Analysis of Continuous-Time Signals

CTFS: Example

(t) = Z c ef2mkFot — Z As'n(ﬂ—k/?’)ejhkﬁ)t

mk
k=—o00 k=—o00

X(t)
0 o——o Ot A IS —) o
° ° ° ° e A2 ° ° °
-0 O—+—0O O O O—+—0 o—- t

~T, T T,
2 2

Note: At square wave discontinuities (e.g., t = 7/2),

>~ Asin(mk/3) . A
X(T/Z) _ Z 7(Tk / )e]271'kF0( /2) E

k=—00
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4.1 Frequency Analysis of Continuous-Time Signals
The Continuous-Time Fourier Transform
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4.1 Frequency Analysis of Continuous-Time Signals

Continuous-Time Fourier Transform (CTFT)

For continuous-time aperiodic signals
» Synthesis equation:
1 o

0 =5/

X(Q)e/dQ
» Analysis equation:

X(Q) = /_OO x(t)eMdt

[e.e]
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4.1 Frequency Analysis of Continuous-Time Signals

Continuous-Time Fourier Transform (CTFT)

Cyclic frequency can also be used.

» Synthesis equation:
x(t) = / X(F)e*FtdF

» Analysis equation:
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4.1 Frequency Analysis of Continuous-Time Signals

CTFT: Dirichlet Conditions

» Allowing T, — oo in CTFS Dirichlet conditions:

1. x(t) has a finite number of finite discontinuities.
2. x(t) has a finite number of maxima and minima.
3. x(t) is absolutely integrable:

/Oo Ix(8)|dt < o

— 00
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4.1 Frequency Analysis of Continuous-Time Signals

CTFT: Example

Find the CTFS of the following periodic square wave:

X(t)

[
NS
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4.1 Frequency Analysis of Continuous-Time Signals

CTFT: Example

oo ) T/2 ]
X(€2) / x(t)e‘fmdt:/ /2Ae‘fmdt

i /2 .
e/ sin(Q71/2)
= : —oa Y
7-/Q —7/2 Q
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4.1 Frequency Analysis of Continuous-Time Signals

CTFT: Example

sin(Q7/2)

X(Q) =247

sinc X(0)
— 27/ T
N ] N— T
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4.1 Frequency Analysis of Continuous-Time Signals

CTFT: Intuition

x(t) = % /_OO X(Q)edQ

» We may consider x(t) as a linear combination of e/t for Q € R.

> The larger | X(Q)], the more x(t) will look like a sinusoid with €.

MWW\/\/W\AM
SV NAVANY,
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4.1 Frequency Analysis of Continuous-Time Signals

CTFT: Intuition

X(Q) = /oo x(t)e It dt

—0o0

< a(t),b(t)> = /oo a(t)b*(t)dt

— 00

> Therefore, we can interpret X(Q2) as follows:

X(Q) = < x(t), & >
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> Suppose a(t) and b(t) are continuous-time aperiodic signals. We define:
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4.1 Frequency Analysis of Continuous-Time Signals

CTFT: Duality

() = = [

X(Q)etdQ
o (Q)e’d

— 00

X(Q) = /oox(t)e‘fﬂfdt

3

].'
x(t) «— X(Q)
F .
rectangle <— sinc
. F
sinc <— rectangle
. F S
convolution <— multiplication
s F .
multiplication <— convolution
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4.1 Frequency Analysis of Continuous-Time Signals

CTFT: Duality

x(t) = % X(Q)e™dQ

— 00

X(Q) = /00 x(t)e It dt

—0oQ0

Shape A
Shape B
Operation A

Shape B
Shape A
Operation B

[o I I I

Operation B Operation A
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4.1 Frequency Analysis of Continuous-Time Signals

CTFT: Magnitude and Phase

1 [~ ;
x(t) = > X(Q)etdQ
™ — 00
_ i - jZX(Q) ,jQt
= 5 | X@I@XDeMan
— /oo |X(Q)|ej(Qt+éX(Q))df

> | X(Q)| dictates the relative presence of the sinusoid of frequency Q in x(t).

> /X(Q) dictates the relative alignment of the sinusoid of frequency Q in

x(t).
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4.1 Frequency Analysis of Continuous-Time Signals

CTFT: Magnitude and Phase

Q: Which is more important for a given signal?

» Does one component (magnitude or phase) contain more
information than another?

» When filtering, if we had to preserve on component (magnitude
or phase) more, which one would it be?
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4.1 Frequency Analysis of Continuous-Time Signals

CTFT: Audio Example

> An audio signal is represented by a real function x(t).
> The function x(—t) represents playing the audio signal backwards.

> Since x(t) is real:

X(Q) = X*'(-9Q)
|X(Q)] | X*(=Q)| = |X(—Q)| since |c| = |c*| for c € C

» Therefore,
IX@) = [X(-9Q)

That is, the CTFT magnitude is even for x(t) real.
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4.1 Frequency Analysis of Continuous-Time Signals

CTFT: Audio Example

F

> Recall, x(t) <55 X(Q) x(—t) <5 X(-Q)
» Therefore,
spectrum magnitude of x(—t)
—
(X () = IX(=9)|
——

spectrum magnitude of x(t)

Therefore, the magnitude of the FT of an audio signal played forward
and backward is the same!
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4.1 Frequency Analysis of Continuous-Time Signals

Example: Still Image x(t1, to)
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4.1 Frequency Analysis of Continuous-Time Signals

Example: | X (€1, Q)]

4.1 Frequency Analysis of Continuous-Time Signals

Example: ZX (24, $2)
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4.1 Frequency Analysis of Continuous-Time Signals

Professor Deepa Kundur (University of Toré

37 /41

4.1 Frequency Analysis of Continuous-Time Signals

Reconstruction using
magnitude only

Top Left Photo: Ralph's
magnitude is the same,
Phase = 0

Top Right Photo: Meg's
magnitude is the same,
Phase = 0
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4.1 Frequency Analysis of Continuous-Time Signals

Reconstruction using
phase only

Top Left Photo: Ralph's
magnitude normalized to
one, Phase is the same
Top Right Photo: Meg's
magnitude normalized to

one, Phase is the same
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4.1 Frequency Analysis of Continuous-Time Signals

Reconstruction swapping
magnitude and phase

of the images.

Top Left Photo: Ralph's
phase + Meg's magnitude
Top Right Photo: Meg's
phase + Ralph's magni-
tude
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4.1 Frequency Analysis of Continuous-Time Signals

CTFT: Magnitude and Phase

Q: Which is more important for a given signal? A: Phase

» Does one component (magnitude or phase) contain more
information than another? A: Yes, phase

» When filtering, if we had to preserve on component (magnitude
or phase) more, which one would it be?
A: Phase
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