Continuous-Time Frequency Analysis

Professor Deepa Kundur

University of Toronto
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Review of 4.1, 4.2, 4.3, 4.4
Frequency Analysis
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Review of 4.1, 4.2, 4.3, 4.4
Frequency Synthesis
Scientific Designation Frequency (Hz) k for Fp = 8.176

C1 32.703 4
C2 65.406 8
C3 130.813 16

C4 (middle C) 261.626 32
C5 523.251 64
C6 1046.502 128
Cc7 2093.005 256
C8 4186.009 512
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Review of 4.1, 4.2, 4.3, 4.4

Complex Sinusoids: Continuous-Time
e/ = cos(Qt) +jsin(Qt) = cts-time complex sinusoid
cos(2m Ft)
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Review of 4.1, 4.2, 4.3, 4.4

Complex Sinusoids: Discrete-Time
" = cos(wn) + jsin(wn) =
cos(2nfn)

0

sin(2mfn)

0
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dst-time complex sinusoid
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Review of 4.1, 4.2, 4.3, 4.4
Classification of Fourier Pairs
| CTS-TIME | DST-TIME
Continuous-Time Discrete-Time
PERIODIC Fourier Series Fourier Series
(CTFS) (DTES)
Continuous-Time Discrete-Time
APERIODIC || Fourier Transform | Fourier Transform
(CTFT) (DTFT)
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Review of 4.1, 4.2, 4.3, 4.4

Classification of Fourier Pairs

| CTS-TIME \ DST- TIME
PER [ x(t) = 100 _ cke”™ ! ( ) = Do ce oM
k= T%,ITPX t)e—j27rkF0tdt =1 Zn 5 X( ) —j2mkn/N
APER | x(t) = 5= [ X(Q)e/?dQ | x(n) = 5= [, X(w)e*"dw
X(Q) = [%_ x(t)e/dt X(w) = Zn—_oo x(n)e—Jw"
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Review of 4.1, 4.2, 4.3, 4.4

Review of 4.1, 4.2, 4.3, 4.4

Duality
| CTS-TIME \ DST TIME
PER X(t) — Zioz—oo Ckejzkaot ( ) k O CkeJZWkn/N
k= Tip pr X(t)e—j27rkFotdt — N Zn o x(n) —j2mwkn/N
APER || x(t) = 5= [ X(Q)&/dQ | x(n) = 5 [, X(w)e*"dw
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X(Q) ffooo x(t)e i dt

oo F
periodic +—

) F
discrete <+—

o F
aperiodic +—

. F
continuous <+—

X(w) = Zn—_oo (n)e —en

discrete
periodic
continuous

aperiodic
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Duality
time domain <> frequency domain
rectangle <Ly sinc
: F
sinc <— rectangle
convolution +2 multiplication
multiplication <~ convolution
periodic <L discrete
discrete < periodic
aperiodic <~ continuous
continuous < aperiodic
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Review of 4.1, 4.2, 4.3, 4.4
Convergence
| CTS-TIME \ DST- TIME
PER ( ) Zic——oc ej27rkF0t X( ) Zk "o Cx ej27rkn/N
Ck =7 J7,x( t)e—ﬂ”kFofdt =% ZnN “ x(n)e42mkn/N
APER 7Tf_OOX Q)e/dQ (n) = f% w)edw
X(Q) = ffoooX(t)e‘jmdt X(w) = an o0 (n)e e

» Convergence issues are prevalent when you have infinite sums
and integration.

» Dirichlet conditions provide sufficient conditions for convergence
of the Fourier pair at continuous points of the signal.
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Review of 4.1, 4.2, 4.3, 4.4

The Continuous-Time Fourier Series

(CTFS)
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Review of 4.1, 4.2, 4.3, 4.4

Continuous-Time Fourier Series (CTFS)

Review of 4.1, 4.2, 4.3, 4.4

CTFS: Dirichlet Conditions

1. x(t) has a finite number of discontinuities in any period.

2. x(t) contains a finite number of maxima and minima during any
period.

3. x(t) is absolutely integrable in any period:

/TP Ix(t)|dt < o0
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. . . . . . . 1 .
For continuous-time periodic signals with period T, = 7
» Synthesis equation:
oo
X(t) — Z CkeJZﬂ'kFot
k=—o00
» Analysis equation:
1 —j2mkFot
== [ x(t)e TNt
Tp J1,
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Review of 4.1, 4.2, 4.3, 4.4
CTFS: Example
Find the CTFS of the following periodic square wave:
X(t)
] A [
' T T ; !
—T __ L T,
P 5 5 P
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Review of 4.1, 4.2, 4.3, 4.4

CTFS: Example

1 : 1 [T ,
a = — [ x(t)e2rkRotgr — —/ x(t)e 2mkFot gt
T J7, To Jo1,02
2 —j2mkFot |T/2
_ i T/ A o-i2mkRat gy _ A e—J2mkFo
Tp ) _7)2 T, —j2mkFy _)2
A e—j27rkFoT/2 _ e+j27rkFgT/2
- mk To- Fo { —2j }
A e;'271'I(F0‘r/2 o efj27TkF0‘r/2
k-1 { 2j }
_Asin(mkFoT)
B mk
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Review of 4.1, 4.2, 4.3, 4.4

CTFS: Example

T _ 1.
For 7 = T
Asin(mk/3)
G =—"""""
mk
Cy
C
sinc Y

Review of 4.1, 4.2, 4.3, 4.4

CTFS: Example

o0 oo .
. Asin(mk/3) ;
~ _ 2w kFot __ 2mkFot
X(t) = Z Ckej o = Z Tel 0
k=—00 k=—00
X(t)
0 o——o Ot A IS —) o
° ° ° ° e A2 ° ° °
-0 O—+—0O O O O—+—0 o—- t
~T, T T,
2 2

Note: At square wave discontinuities (e.g., t = 7/2),

>~ Asin(mk/3) . A
X(T/Z) _ Z 7(Tk / )e]271'kF0( /2) E

k=—00
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Review of 4.1, 4.2, 4.3, 4.4
The Continuous-Time Fourier Transform
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Review of 4.1, 4.2, 4.3, 4.4

Continuous-Time Fourier Transform (CTFT)

For continuous-time aperiodic signals:

» Synthesis equation:
x(t) = 1/ X(Q)edQ
21 J_

» Analysis equation:

X(Q) = /_OO x(t)eMdt

[e.e]
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Review of 4.1, 4.2, 4.3, 4.4

Continuous-Time Fourier Transform (CTFT)

Cyclic frequency can also be used.

» Synthesis equation:

x(t) = /OOX(F)EJW'-‘dF

—00

» Analysis equation:

X(F) = /Oox(t)e_ﬂ”':tdt

o0
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Review of 4.1, 4.2, 4.3, 4.4

CTFT: Dirichlet Conditions

» Allowing T, — oo in CTFS Dirichlet conditions:

1. x(t) has a finite number of finite discontinuities.
2. x(t) has a finite number of maxima and minima.
3. x(t) is absolutely integrable:

/Oo Ix(8)|dt < o

— 00
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Review of 4.1, 4.2, 4.3, 4.4

CTFT: Example

Find the CTFS of the following periodic square wave:

X(t)

[
NS

Professor Deepa Kundur (University of Toronto) Continuous-Time Frequency Analysis 23 / 44

Review of 4.1, 4.2, 4.3, 4.4

CTFT: Example

0o ) /2 ]
X(Q) = / x(t)e " dt = / Ae % dt
—o0 —7/2
;i 2 .

et |7/ sin(Q71/2)

= : —oa Y
7-/Q —7/2 Q
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Review of 4.1, 4.2, 4.3, 4.4

CTFT: Example

sin(Q7/2)

X(Q) =247

sinc

&\_27/7 27T
N/ N
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Review of 4.1, 4.2, 4.3, 4.4

The Discrete-Time Fourier Series

(DTES)

Review of 4.1, 4.2, 4.3, 4.4

Discrete-Time Fourier Series (DTFS)

For discrete-time periodic signals with period N:

» Synthesis equation:

N—

X(I‘I) _ Z Ckej27rkn/N

k=0

[ay

» Analysis equation:

1 N-1
C = N nzz:o X(n)e—ﬂwkn/N
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Review of 4.1, 4.2, 4.3, 4.4
DTFS: Convergence Conditions
None due to finite sums.
Professor Deepa Kundur (University of Toronto) Continuous-Time Frequency Analysis 28 / 44




Review of 4.1, 4.2, 4.3, 4.4

DTFS vs. CTFS: Why a finite sum?

oo

X(l‘): Z Ckej27rkFot

k=—o0

N—-1
x(n) _ Z Ckej27rkn/N
k=0

» Continuous-time sinusoids are unique for distinct frequencies;
ej%T(f ?é e—j%wt.

» Discrete-time sinusoids with cyclic frequencies an integer
. Aji2mn —j7n
number apart are the same; /3™ = e /37",
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Review of 4.1, 4.2, 4.3, 4.4

DTFS vs. CTFS: Why a finite sum?

oo

X(t): Z Ckej27rkFot

k=—o00

N—-1
x(n) _ Z Ckej27rkn/N
k=0

Consider

se(n) = e/2mkn/N k=0,+1,42,...

» s,(n) is periodic since e/27k"/N = @/27hn \yhere
fo = % = rational.

» There are only N distinct dst-time harmonics si(n):
k=012, N—1.
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Review of 4.1, 4.2, 4.3, 4.4

o 2 o 2 _ 6
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Review of 4.1, 4.2, 4.3, 4.4

Harmonically Related Dst-Time Sinusoids

» There are only N distinct dst-time harmonics si(n).

K | #

-2 H:—1 . .

— T » sx(n) harmonics are unique
N

o 5 for k=012, ... N—1.

1 L . .

5 % » Outside this range of k, the

cyclic frequencies are integers

N-—2 N

=2 apart thus resulting in the
N . .
N—1| NI same sinusoids as for
N 1 _
TR R, k=0,1,2,...,N—1.
N
N+2 | 1+2
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Review of 4.1, 4.2, 4.3, 4.4

DTFS: Example

Find the DTFS of the following periodic square wave:

|

O T T
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Review of 4.1, 4.2, 4.3, 4.4

DTFS: Example

For L=3and N = 18:

A sin(1k/3)
™ 18sin(rk/18)

Note: ¢, is periodic with period N.
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Review of 4.1, 4.2, 4.3, 4.4

DTFS: Example

=2

-1 1 N2

X(n)e—jZ-rrkn/N I Z X(n)e—j27rkn/N
n=|—N/2]
2L

L

1 : 1 .

_ = —j2nkn/N __ —j2nk(m—L)/N
= N éiLAe =N EOAe

=~
i

n

Aei2mkL/N - 2L ei2mkl /N 2L

_ o Z e—j2mkm/N _ A - Z(e—jZ-rrk/N)m

m=0 m=0
Aef2mkL/N 1 _ (efj27rk/N)2L+1 B A ef2mkL/N _ g—j2mkL/N 271
N 1— (e—j27rk/N) N eimk/N _ g—jmk/N 2j
Asin(2mkL/N)
N sin(mk/N)
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Review of 4.1, 4.2, 4.3, 4.4

The Discrete-Time Fourier Transform

(DTFT)
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Review of 4.1, 4.2, 4.3, 4.4

Discrete-Time Fourier Transform (DTFT)

For discrete-time aperiodic signals:

» Synthesis equation:

1 .
=— [ X(w)e“"d
() = 3= [ X()end
» Analysis equation:
X(w)= > x(n)er

Review of 4.1, 4.2, 4.3, 4.4

DTFT: Convergence Conditions

> Ix(n)] < o0

n=—0oo
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Review of 4.1, 4.2, 4.3, 4.4
DTFT: Example
Find the DTFT of the following rectangle function:
x(n)
n
N I
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Review of 4.1, 4.2, 4.3, 4.4

DTFT: Example

o0

L L
X(w) = Z X(n)e—jwn: Z Ae~Jwn — A Z(e_jw)”

n=—o0 n=—1L

n=—L

2L 2L
_ AZ(efjw)(me) :AeijZ(efjw)m
m=0 m=0

1—edv 2
sin(wl)
sin(w/2)

Professor Deepa Kundur (University of Toronto) Continuous-Time Frequency Analysis

40 / 44




Review of 4.1, 4.2, 4.3, 4.4

DTFT: Example

For L = 3:

AAINTA

/\ w
/ —2r U \./ U \./ 2\
Note: X(w) is periodic with period 27.
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Review of 4.1, 4.2, 4.3, 4.4
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x(t) S
\ CTFS e
—| | 7T| : g | - | |_[ 1t lwlsl] [I H
T . CTFT X
x(n) S
n DTFS :
O T I
x(n) X(w)
" DTFT
1l e
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Review of 4.1, 4.2, 4.3, 4.4

DTFT Theorems and Properties

Property Time Domain Frequency Domain
Notation: x(n) X(w)

sa(n) X()

xo(n) X ()
Linearity: arxi(n) + axxz(n) a1 X1(w) + a2 Xo(w)
Time shifting: x(n— k) ek X(w)
Time reversal x(—=n) X(—w)
Convolution: x1(n) * x2(n) X1(w)Xo(w)

Correlation:

rX1X2(I) = Xl(/) * X2(7/) SXlxz(w) = Xl(w)X2

(~w)

= X1(w) X5 (w) [if x2(n) real]

Wiener-Khintchine:  r (/) = x(/) * x(—/) S(w) = [X(w)?

among others . ..
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Review of 4.1, 4.2, 4.3, 4.4

DTFT Symmetry Properties

Time Sequence DTFT
x(n) X(w)
x*(n) X*(—w)
x*(=n) X*(w)
x(=n) X(-w)
xr(n) Xe(w) = %[X( w) + X*(—w)]
Jx(n) Xo(w) = 3[X(w) = X*(=w)]
X( ) X*(—w)
Xr(w) = Xr(-w)
x(n) real Xi(w) = fX/( w)
IX(w)| = [X(=w)|
IX(w) = —£X(~w)
xe(n) = %[X(n)+><*(—n)] Xr(w)
xo(n) = 3[x(n) = x*(=n)] JXi(w)
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