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Chapter 11: Multirate Digital Signal Processing

Discrete-Time Signals and Systems

Reference:
Section 11.4 of

John G. Proakis and Dimitris G. Manolakis, Digital Signal Processing:
Principles, Algorithms, and Applications, 4th edition, 2007.
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Sampling Rate Conversion by //D

Interpolator Decimator
Upsampler LTI Filter LTI Filter Downsampler
/ < /= hay (k) /: ha(k) / > | D /:
1 f 7 ’ I
Rate F, = T Rate =IF, Rate = =I, = F,

x

» x(n): original samples at sampling rate F,
» y(n): new samples at sampling rate F,

Dr. Deepa Kundur (University of Toronto) Multirate Digital Signal Processing: Part Il 3/14

Chapter 11: Multirate Digital Signal Processing ~ 11.4 Sampling Rate Conversion by a Rational Factor / /D

Sampling Rate Conversion by //D

Interpolator Decimator
Upsampler LTI Filter LTI Filter Downsampler

/ 11 /: hay (k) / ha(k) /: D /

Y

Y

Rate F, = Ti Rate = IF, Rate = éF ~F,
Upsampler LTI Filter Downsampler
;c(?)_> o v(k) bk w(k) D 7@/(_@)
Rate F, = i Rate = IF, Rate = in =F,
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Upsampler LTI Filter Downsampler

a(n) (k) w(k) y(m)

7—» Tll i: h(k) — 1D 7—»

Rate F, = Rate =IF, Rate = %Fm =F,
|1(k) = hu (k) % ha(k)|
7 A Hu(wy) . AHa(wy)
| | > w, I > w,
—n/I /1 —7/D 7/D
Note: w, = 4 = w,D
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7 A Hulwy) ) AHa(wy)
—Tr’/I__ﬂ'|/I >y ﬂ/’D__ﬂl/D > w

I 0<|wy| <min(r/D,n/I)

H(w,) = Hu(wv)Hd(wV):{ 0 otherwise

UJ_IX
Therefore, h(k) PN H(w,) represents a low pass filter.

Note: w, =
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Time Domain Perspective

Upsampler LTI Filter Downsampler
x% o o(k) h(#) w(k) D y(m)
Rate F, = 11 Rate =1F, Rate = éFT =F,
_ x(k/1) k=0,%+l,+2/,...
v(k) = { 0 otherwise
wk) = Y h(k—r)v(r)
= -+ h(k—Nv(l)+ h(k)v(0) + h(k + Nv(—=1)+---
= Y hk—Inv(Ir)= Y h(k—1Ir)x(r)
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Time Domain Perspective

Upsampler LTI Filter Downsampler
z(n) o v(k) bk w(k) D y(m)
Rate F, = ! R =1IF, !
ate F, = T—x ate = IF, Rate = BF‘T = F,
w(k) = Y h(k—Ir)x(r)
y(m) = w(mD)
= Y h(mD —Ir)x(r)
= Z h(mD — Ir)x(r)

linear periodically time-varying system
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Frequency Domain Perspective

Upsampler LTI Filter Downsampler
X(w) V(wy) W (w, Y (wy)
+1 ir Hw) =31 1o 7“—&
1 I
Rate F, = Rate =1F, Rate = BFL =F,
V(w,) = X(wy!) (for upsampling)
Ww,) = H(WV) V(wy) = H(wy)X(w1)
— 21wk .
Y(w,) = 5 ZJ < ) (for downsampling)
_ 1 = g = 2k X l(w, —2mk)
D D D
k=0
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Y(w) = ; H (“y - > X ('(wy = 2wk))

T wy—27k P o

35§ yDzk SB fork—O

T wy—27 T o
21+ % < “’Y_Dz”k <—27-r+%’T fork=D -1
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Therefore, for —m < w, <,

Vi) = éDl < —27rk>X</ l—)27rk>

T

D-1
1 w wy 1 wy — 21k I(wy, — 27k)
= ZH(X —Z H|l = X 4
pH () x () s (= (5™
—— k=1
=1lor0 -0
lw| < min(5, 7)
otherwise

(5) -

otherwise 0 otherwise

Ol €

!%‘ <min(5,7)  _ { I |w| < min(r, 27)

%X (Ewy) |wy| < min(m, %7‘(‘)
otherwise

. _ T _ D
Note: w, = TrWx = TWx-
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w
' —2r +7/D —7T/b w/D 2r —7/D '
k=0
Note: For —m <w, <,
H wy, — 21k _ lor0 fork=0
D 0 for k=1,2,....,D —1
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Summary: Decimation
Example: D =3
_ 1 Yy
Y(wy) =5X ( D)
w
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Summary: Interpolation

Example: I =5

Y(wy) = { Xlyl) 0= eyl < m/!

11.4 Sampling Rate Conversion by a Rational Factor / /D

otherwise
I
Y (w)
| X (w)] 1
1 ] ] ]
—T T m T
1 1
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.
Summary: = = %
X

Example: D=3,/ =5

1 ! : D
5X (wy)  |wy| < min(m, 27)
-4 o \pYWy y T
Y (wy) { 0 otherwise

I/D

~|od
3
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