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Chapter 11: Multirate Digital Signal Processing ~ 11.10 Digital Filter Banks

Filter Banks

» Two types: analysis and synthesis
» consist of a parallel bank of filters used for:

» signal analysis, DFT computation, etc.
> signal (re-)synthesis
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Chapter 11: Multirate Digital Signal Processing

Discrete-Time Signals and Systems

Reference:
Sections 11.10 and 11.11 of

John G. Proakis and Dimitris G. Manolakis, Digital Signal Processing:
Principles, Algorithms, and Applications, 4th edition, 2007.
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Analysis and Synthesis Filter Banks

Analysis Filter Bank Synthesis Filter Bank

LT Filter LTI Filter

> Hy(z) > Yo(n) yo(n) > Go(2)
LT Filter LTI Filter

> Z) ryl(n) yl(n) > Gq(z
LTI Filter LTI Filter

> Hyn_1(2) > yn—1(n) yn-1(n) M Gn_1(2)
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Analysis Filter Bank

Consider Uniform DFT Filter Bank
1. analysis filter bank
2. N filters {Hx(z),k=0,1,...,N -1}
3. prototype filter: Hy(z)

Hi(z) = Ho( _Jzﬁk/N)

Hi(eP7) = Ho (/e s2m/N)
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Prototype Filter

For k=0,1,2,...,N:

2k
Hi(w) = Ho (w - N)
he(n)| <5 Hi(w)
ho(n) <2 Ho(w)
ho(n)ejh”k/’v <i) H() (w — 2Zk>
hk(n) — ho(n) ej27rnk/N
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Analysis Filter Bank
LTI Filter
Hy (Z) > Yo (TL)
LTI Filter
Hq(z) > y1(n)
z(n) —
LTI Filter
Hy 1 (z)p—>yn-1(n)
Note: hx(n) = ho(n)e? /N «+=  H,(z) = Ho (ze=2™*/N)
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Uniform DFT Filter Bank
PROTOTYPE
FILTER 4 Ho(w) Hi(w) Hj(w) Hy_1(w)
+ + + + w
T 0 2 s dr br (N1 *
N N N N N N N
F
ho(n) = Ho(w)
F
x(n) +— X(w)
i 2mkn F 2mwkn
et < 6 |w—
N
21rkn F 2mwkn
e I 5wt
N
i2mkn F 2k
hi(n) = ho(n) - &% +—  Hi(w) = Ho(w) %6 (w - N)
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11.10 Digital Filter Banks

Uniform DFT Filter Bank

X(w)  PROTOTYPE

FILTER 4 Ho(w) Hi(w) Ha(w) Hy_1(w

m 0
N

a

T) PROTOTYPE
FILTER 4 Ho(w)

2m 3T
N N N N N
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Therefore,

Yi(w) = Hi(w)- X(w)

- o)

compen. at synthesis bank

—_—
_ Ho(w).{x(w)m(wzzk)] * 5(w2ﬁ/vk>

compensate at analysis bank

x(n) - e 2mkn/N - Ty {X(w) 0 (w + 27,\7‘)]

— e—Jwkn

where |wyx = 2mkn/N |.
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11.10 Digital Filter Banks

Analysis Filter Bank

LTI Filter

Ho(Z) > yO(n)

LTI Filter

Hi(z) p—>41(n)

z(n) —
LTI Filter
Hy 1 (2)p—>yn-1(n)
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LOWPASS PROTOTYPE
FILTER 4 Ho(w)

r 0 I
Analysis Filter Bank N ol
e—Jwon wrifilter _{70(n)
hotn) B5 1D xo(m)
e Jwim LTI Filter v (n)
ho(n) > | D —>Xi(m)
z(n) —
e JwN-1n mkker | YN-1(n)
ho(n) /: D F—>Xn_1(m)

downsampling reduces redundancy without loss.
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LOWPASS PROTOTYPE
FILTER 4 Ho(w)

— (1 @

™
MAXIMUM FREQ = —
N

==
==

» ~k(n) is bandlimited such that it is oversampled by a factor of
N>1

» Ho(w) behaves as a anti-aliasing filter prior to decimation.
» Recall, ...
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Recall,
Decimator
LTI Filter Downsampler
> hd(n) » | D >
N Ha(ws) Fx

=

Q
g
-
I

|
1]

Rate F, = )

Y(wy) = 5X (ﬂ)

D

1
D

Note: y(m) contains the same information as v(m); thus
downsampling of v(m) is lossless compression.
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Recall for D = 3,

1
1
:
]

™

D

Y(wy) = %X (W_Dy)

—5 Swy < 5 of X(wy) is stretched into —m < w, < 7 for Y(w,).
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LOWPASS PROTOTYPE
FILTER Hy(w)

T 0 T
Analysis Filter Bank N N
e~ Jwon w7t Filter Y0 (72)
ho(n) > 1D [—>Xo(m)
e Jwim LTI Filter v (n)
ho(n) > | D —Xi(m)

@ JUm=1m TiFiker | YN—1(7)

ho(n) > | D F—Xyx_1(m)
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e PR LTI Filter 5 (1)
CU(TL) h()(’fl) /; \LD _>Xk(n)
Xk(m) = y(mD) .
Y(n) = [x(n) - e ho(n)
= > x(1)- e ho(n— 1)
|=—00
S SR MO
I=—o00
Xi(m) = w(mD) = Z ho(mD — n)x(n) - e 427K/ N

n=—o0

Xi(m) =302 ho(mD — n)x(n)e727"/N = kth DFT coeff
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Synthesis Filter Banks

Synthesis Filter Bank

LTI Filter
Yo(n) Go(2)
LTI Filter
y1(n) G1(2) — o(n)
/7
LTI Filter
yn-1(n) Gn_1(2)
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Analogous structure to analysis filter bank:
Analysis Filter Bank Synthesis Filter Bank
LTI Filter LTI Filter
> Ho(z) fr—>v0(n) yo(n) —p{ Gol2)
LTI Filter LTI Filter
> Hi(z) > y1(n) y1(n) Gi(2)
LT Filter LTI Filter
M Hy () un—-1(n)  ynv—1(n) —{ Gy (2)
Application-based processing may occur between the analysis and
synthesis filter banks.
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Analogous structure to analysis filter bank:

Synthesis Filter Bank

Yo(n) _ imiFitter elwon
Yo(m)—| 1D > go(n) _\>‘®_
V()| Fiter piwin
Yi(m)—> 1t D N .
Y
1 ()| mer pIWN_1n
Yn_1(m)—> 1D o go(n)

Note: compensation for baseband processing in analysis bank.
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Therefore,

Yi(w) = Hi(w)- X(w)

compensate at analysis bank

~——
— ejwkn

where |wy = 27kn/N |.
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r(n) - eti2mko/N T [R(W) *0 ( B 2“)}

compen. at synthesis bank

—_—
= e [xe s (e IV R (- 2
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Uniform DFT Filter Bank

X(w)  PROTOTYPE

FILTER 4 Ho(w) Hy(w
™ 0 2m N -1 7
. N N N N N N N
X(|w+ - i ;
< A\'> PROTOTYPE
FILTER 4 Ho(w)

N N N N
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Analogous structure to analysis filter bank:

Synthesis Filter Bank
Yo(n) LTI Filter elwon

go(n) —\’A®-

Y

71(n) LTI Filter ewin
Yi(m)J— 1D > go(n)
/
IN-1(n)] _imFiter  edonan
Yn_i(m)—| 1D > go(n)

Note: compensation for baseband processing in analysis bank.
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i (1) _LTiFilter Jeokn

i N,
J()( ) mv(n)

/!

Yi(m)—s| 4D

A4

- Y«(n/D) n=0,£D,+2D,...
w(n) = { 0 otherwise
vi(n) = go(n)x(n) = > w(m)go(n—m)
= "'+7k(_D)g0(”+D)+’Vk(O) o(n) +(D)go(n — D) + - --
= Z Y(mD)go(n — mD) Z Yi(m)go(n — mD)
Nl N1 .
v(n) = Do wn) = 5 D vimen
k=0 k=0
1 N—-1 oo ]
= N Z gO n_mD)ej2Trnk/N
k=0 m=—o0
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N

v(n) = Nk_ ;

oo

= - k=
m=Tee interpol. fn 0

Chapter 11: Multirate Digital Signal Processing 11.10 Digital Filter Banks

go(n o mD)ej27rnk/N

N-1
_ 1 j2mnk /N
= Z go(n — mD) N Z Yi(m)e

=y,(m)=IDFT coeff

v(im)=3"___ gf(n—mD) [%

s Yk(m)ej2”"k/’\’] — IDFT
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11.10 Digital Filter Banks

Alternative Filter Bank Structures

Hk(w) = Hg w —

N
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e IwET LTI Filter % ()
x(n) — ho(n) /: 1D Xk (m)
Mifier e 225" |ye(n)
;p(n) 3> h/k(n) % /; J,D —PXk<m)
hk(n) = ho(n)ej2’”’k/N
2mnk
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~ =Ho(w)X (w+ T X(wtrZ) X
k o(w wt P N
H (' 2(w)
Hy(w Hi(w) Hs(w) Hy_1(w
™ T 2 3m 4w 51 2r(N—1) ™
N N V N N N N
P
(n)
m ™ 2 3w 4nw 51 2r(N—-1) ™
N N N N N N N
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L —JWEN

LTI Filter

LTI Filter 5 (1)

Filter Banks

ho(n) / >

1D F—X(m)

efjwkn

V(1)

z(n)—> hi(n)

LTI Filter

D

e

m(n) — hk,(n)

A4

—jwr Dm

ID —\>®——>Xk(m>
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Alternative Filter Bank Structures

LTI Filter o—JwomD
> ho(n) > | D
LT! Filter e JwimD
> hi(n) > | D
z(n) —
LTI Filter p—JwN—1mD
> hy1(n) > | D

XN—l (m)
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Alternative Filter Bank Structures

Similarly, the synthesis filter bank is given by:

el w0<j7 LTI Filter
Yo(m)——@®—| D |— wn)
elormD LTI Filter
Yl(m)—\@—» +D > g1(n)
glwrn-1mD LTI Filter

Yn_1(m) D » gn_1(n)
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e Ao LTI Filter
> ho(n) 1D F—Xy(m)
eI LTI Filter
ho(n) 1D —>Xi(m)
r(n) —
e ey LTI Filter
}l()(l[) J,D '_»XN—l(m)
LTI Filter e JwomD
> nho(n) | D Xo(m)
LTI Filter e jwimD
> ha(n) > 1D Xi(m)
r(n) —
LTI Filter (>*‘7ud N—1mD
> hinvo1(n)—> | D Xn_1(m)
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Y0(n)  imiFilter e
vom—| 10 Ko )
71(n) imiFitter
Yi(m)—> 1D 90(n)
N1 (n)  m F'ilter
e e o

ewomD LTI Filter
Yo(m)——@—{ D > go(n)
glermb LTI Filter
Y1 D > g1(n
1(m) 0 g1(n) / o(n)
eIen—1mbD LTI Filter
Yn_1(m) +D > gn_1(n)
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Critically Sampled Filter Banks

D=N

» maximizes efficiency by minimizing the number of samples in
computations
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Two-Channel Quadrature Mirror Filter Bank

» multirate digital filter structure that employs:

» two decimators for “signal analysis”
» two interpolators “signal synthesis”

» basic building block for quadrature mirror filter (QMF)
applications
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Two-Channel Quadrature Mirror Filter Bank

Q: What is a quadrature mirror filter?

A: Consider analysis filters Hy(w) and Hy(w) that are lowpass and
highpass, respectively.

Ho(w) = H(w)
Hi(w) = H(w—m)

|Ho(w)| |Hi(w)

T
2

Dr. Deepa Kundur (University of Toronto) Multirate Digital Signal Processing: Part IV
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Two-Channel Quadrature Mirror Filter Bank

LPF

UO X{IO Xs VO

Ho(z) = 12 —=%— 12 > Go(2)

ANALYSIS SYNTHESIS ~
a(n) SECTION SECTION #(n)
HPF

M) [ b2 = 12 ] G

! Xal Xsl 1
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Recall, for a downsampler:

D—1
x(n) = u(nD) = X(z)= % ST uEPwp)
i=0

where Wp = eJ27/D,

x(n) = u(nD) % X(z)= % >u (w Dzm-)

For D = 2:

X(2)

Dr. Deepa Kundur (University of Toronto)
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Chapter 11: Multirate Digital Signal Processing ~ 11.11 Two-Channel Quadrature Mirror Filter Bank

LPF
UO Xa() XSU ‘/O
Hy(2) 12 =5 12 Go(2)
ANALYSIS SYNTHESIS )
(n) SECTION SECTION (n)
HPF
H 2 2 G
1(2) 0 1 X_GESX_ﬂ T v 1(2)
Vo(w) = Xso(2w)
Vl(w) = X51(2w)
X(w) = Vo(w)Go(w) + Vi(w)Gi(w)

Dr. Deepa Kundur (University of Toronto)

= Xs0(2w)Gp(w) 4+ Xs1(2w) Gy (w)
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LPF
UO X{z() Xs ‘/O
Ho(2) 12 —=%v— 12 Go(2)
ANALYSIS SYNTHESIS ~
a(n) SECTION SECTION #(n)
HPF
Hi(z) R —— 12 G1(2)
1 Xal Xsl Vl
17 w w—2m
e = 3[u(3)
a0(w) > _Uo 5) Uo ( > ﬂ
Note: Uo(w) = Ho(w)X(w)
17 w w w—2m w—2
X = - |H (7) X (7) H, X
() 2 | \2) )t 2
17 w w w—2m w—2
X, = S| (5)x(5)+H X
1(w) 2 [ \2) )t 2
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LPF
UO Xa() XSU ‘/O
Ho(z) 12 —=v— 12 Go(z)
ANALYSIS SYNTHESIS ~
a(n) SECTION SECTION #(n)
HPF
Hie) (= b2 =] 12 G (2)
1 Xa,l Xsl V1
Suppose we connect the analysis and synthesis sections.
Then, Xo(w) = Xao(w)
Xsl(w) = Xa (LU)
X(w) = Xs0(2w)Go(w) + Xs1(2w) Gy (w)
= Xao(2w)G0(OJ) +X31(2w)G1(w)
Dr. Deepa Kundur (University of Toronto) Multirate Digital Signal Processing: Part IV 40 / 49




Chapter 11: Multirate Digital Signal Processing 11.11 Two-Channel Quadrature Mirror Filter Bank

LPF

UO X{),U Xs ‘/0
Ho(2) 12 —=%y— 12 Go(2)

Chapter 11: Multirate Digital Signal Processing 11.11 Two-Channel Quadrature Mirror Filter Bank

desired QMF bank output
7\

~

>
£
I

[Ho(w) Go(w) + Hi(w) G (w)] X(w)

[Ho(w — 7) Go(w) + Hi(w — 7) G (w)] X(w — )

N =N )

S/

~
effect of aliasing - ELIMINATE!
=Q(z)

g

% [Ho(2) Go(2) + Hi(2) G1(2)] X(2)

N
—~
N
N—r
I

+ S H(-2)Go(2) + Hh(~2) Gi(2)] X(~2)

- J

=A(2)

= Q(2)X(z2) + A(2)X(=2)
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ANALYSIS SYNTHESIS N
a(n) SECTION SECTION &(n)
HPF
Hi(z) = 12 —%— 12 G1(2)
Ul Xal Xsl Vl
Suppose we connect the analysis and synthesis sections.
X(w) = Xo0(2w)Go(w) + Xo1(2w) Gi(w)
1 2w — 21 2w — 27
= 2 [m@xe - (252 x (252 st
2 2 2
1 2w —2 2w —2
+ 5 {Hl(w)X(wH—Hl( “’2 ”)x( w2 ”)} Gi(w)
1
= 5 [Ho(w)Go(w) + Hi(w)Gr(w)] X (w)
1
+ 5 [Ho(w — 7) Go(w) + Hi(w — 7) Gy (w)] X(w — )
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To Eliminate Aliasing
We require A(z) =0or ...
Ho(—Z)Go(Z) + Hl(—Z)Gl(Z) =0
1
E [Ho(w — W)Go(w) + Hl(w — 7T)G1(Cd)] =0
Sufficient condition:
Let Go(w) = Hi(w — 7) and Gi(w) = —Ho(w — 7). Therefore,
1
LHS = 5 [Ho(w — 7T)G0((,U) + Hl(w — 7T)G1(Cd)]
1
= 3 [Ho(w — m)Hi(w — ) + Hi(w — 7)(—Ho(w — m))]
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Mirror Image Symmetric Filters
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Mirror Image Symmetric Filters

Suppose
h(n) <2 H(w)
Therefore,
Ho(w) = H(w) = ho(n) = h(n)
Hi(w) = Hw — ) = hi(n) = &™h(n) = (—1)"h(n)
Go(w) = Hlw) = go(n)h(n)
Gi(w) = —H(w—7) = hi(n) = —e™h(n) = (~1)""h(n)
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Condition for Perfect Reconstruction
LPF

UO Xa() Xs( ‘/0
Ho(z) 12 =5 12 Go(2)

(n) ANALYSIS SYNTHESIS
r\n SECTION SECTION

HPF

Hi(2) 2 s e Gy (2)
: Ul Xa,l Xsl V1

Recall, X(z) = Q(2)X(z) + A(z)X(—2z). Given that A(z) = 0, perfect
reconstruction is possible for X(n) = x(n—k) or

Q(z) = *[Ho() o(2) + Hi(2)Gi(2)] =z

= 3 ~ [H(2)H(z) + H(~2)(~H(-2))] = ¥
H?(z) + H*(—z) = 2z7K
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Thus,

H*(z) + H*(—z) = 2z7F
H(w) ~ Hiw —7) = 267
HRw) — H(w— )| = [2ek] =2

Therefore, |H?*(w) — H?(w — m)] = C > 0 is a necessary condition for
perfect reconstruction.

If H(w) also has linear phase, this is a sufficient condition for perfect
reconstruction.
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Polyphase Form of the QMF Bank

Consider polyphase filters for M = 2:

HO(Z) =
Hi(2)

I

(2) = Po(2*) + 27 P1(2%)

H(—z) = Po((=2)*) + (=2) " Pu((-2)?)
o(2%) — 27" Py(27)

(2)Po(2%) + 27 Po(2%)

I I
I T

Go(Z)
Gi(z) = —H(-z)=

See
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= [Po((=2)*) + (=2) " Pu((—2)*)]
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(b)
Figure 11.11.3  Polyphase realization of the two-channel QMF bank.
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