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System Properties

Classification of Discrete-Time Systems

Why is this so important?

» mathematical techniques developed to analyze systems are often
contingent upon the general characteristics of the systems being
considered

» for a system to possess a given property, the property must hold
for every possible input to the system

» to disprove a property, need a single counterexample
» to prove a property, need to prove for the general case
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System Properties

Terminology: Implication

If “A" then "B" Shorthand: A — B
Example 1:

it is snowing == it is at or below freezing temperature

Example 2:

a>52 = «is positive
Note: For both examples above, B #= A

<«

Professor Deepa Kundur (University of Toronto) System Properties 3/24

System Properties

Terminology: Equivalence

If “A" then “B" Shorthand: A = B

and

If “B" then "A” Shorthand: B — A

can be rewritten as

“A" if and only if “B" Shorthand: A <— B

We can also say:

» Ais EQUIVALENT to B
» A=2B8
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System Properties

Terminology: Systems

» A cts-time system processes a cts-time input signal to produce a
cts-time output signal.

y(t) = Hix(t)}

» A dst-time system processes a dst-time input signal to produce a
dst-time output signal.

ylnl = H{x[nl}

r(t)— H ——y(t) znl— H —yln]

Note: iff = “if and only if"
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System Properties

Stability

» Bounded Input-Bounded output (BIBO) stable system: every
bounded input produces a bounded output

(1) H y(t)  =[n]

H +——uyln]

» a cts-time system is BIBO stable iff
Ix(t)| < My <00 = |y(t)| <M, < o0

for all t.
» a dst-time system is BIBO stable iff

X[l < M, < 00— |y[nl] < M, < oo

System Properties

Bounded Signals

z(t) r(t)
)
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for all n.
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System Properties

Examples: Are each of the following systems BIBO stable?
1. y(t) = A x(t), note: |A|] < oo

2. y(t) = Ax(t)+ B, , note: |A],|B| < o0, B#0

3. y[n] = n x[n]

4. y(t) = x(t) cos(wct)

5. y[n] = 3 (x[n] + x[n — 1] + x[n — 2])

6. y[n] = r"x[n], note: |r| > 1

7. ylnl = gy

8. y(t) _ e3x(t)

Ans: Y, Y, N,Y,Y,N,N, Y
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System Properties

Memory

» Memoryless system: output signal depends only on the present
value of the input signal

» cts-time: y(t) only depends on x(t) for all t
» dst-time: y[n] only depends on x[n] for all n

» Note: a system that is not memoryless has memory

» System with Memory: output signal depends on past or future
values of the input signal
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System Properties

Memory

Examples: Do each of the following systems have memory?
1. y(t) = A x(t)

2. y(t) =L [ x(r)dr

3. y[n] = n x[n]

4. y(t) = x(t) cos(w(t — 1))

5. yin] = x[n]

6. y(t) = ao + arx(t) + axx?(t) + azx3(t) - - -

7. y[n] = % (x[n] + x[n — 1] + x[n — 2])

8. y(t) = >

Ans: N, Y, N, N,Y,N, Y, N
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System Properties

Causality

» Causal system: present value of the output signal depends only
on the present or past values of the input signal

» a cts-time system is causal iff
y(t) = Fx(7)|m < ]

for all t

» a dst-time system is causal iff
y[n] = F[X[n]7x[n - 1]>X[n o 2]7 ‘. ]

for all n
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System Properties

Causality

Examples: Are each of the following systems causal?
1. y(t) = A x(t)
2. y(t)=Ax(t)+ B, B#0
3. ylnl = (n+ 1) x[n]
4. y(t) = x(t) cos(we(t + 1))
5. yln] = x[—n]
6. yln] = 1 (x[n+ 1] + x[n] + x[n — 1])
7. ylnl = gy

8. y(t) _ e3x(t)

Ans: Y, Y, Y, Y,N,N,N, Y
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System Properties

Invertibility

» Invertible system: input of the system can always be recovered
from the output

» a system is invertible iff there exists an inverse system as follows

System Properties

Invertibility

» A system that is invertible has a one-to-one mapping between
input and output. That is, a given output can be mapped to a
single possible input that generated it.

» A system that is not invertible can be shown to have two or
more input signals that produce the same output signal.

Professor Deepa Kundur (University of Toronto) System Properties 14 / 24

______ IDENTITY SYSTEM
\ : y<t) inv]!
w(t)—+ H H™ p—x(t)
______ IDENTITY SYSTEM
I B
otl— 71 Pl afn)
» Consider
x(t) = H™{y(t)} = H™{H{x(t)}}
x(t) = H™{H{x(t)}}  IDENTITY SYSTEM
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System Properties
Invertibility

Examples: Are each of the following systems invertible?

1. y(t) = A x(t), note: A#0

y(t) = A x(t)+ B, note: A,B#0
y[n] = n x[n]

y(t) = 1[5 x(r)dr

y[n] = x[=n]

y(t) = x*(t —1)
ylnl =3k x[K]
y(t) = e>

© N o a0 &~ w N

Ans: Y, Y, N, Y, Y, N, Y, Y
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System Properties

Invertibility

Examples: The associated inverse systems are:

1 y(t) =<0 note: A#0

y(t) = X(t%_B, note: A, B #0

N/A; x1[n] = d[n] and xx[n] = 25[n] give the same output y[n] =0
dx

Y(t) = d(tt)

y[nl = x[=n]

N/A; x1(t) =1 and xp(t) = —1 give the same output y(t) =1
yln) = x[n] = x[n —1]

) = e

© N o g &~ D

Professor Deepa Kundur (University of Toronto) System Properties 16 / 24




System Properties

Time-invariance

» Time-invariant system: a time delay or time advance of the
input signal leads to an identical time shift in the output signal;

x(t) H y(t) zln]— H {——yln]
x(t —tp) H y(t —to) z[n —nol— H ——yln—nol
Professor Deepa Kundur (University of Toronto) System Properties 17 / 24

System Properties

Time-invariance

» The characteristics of H do not change with time.

» a cts-time system H is time-invariant iff

y(t) = H{x(t)} — y(t—to) = H{x(t — 1)}

for every input x(t) and every time shift t,.

» a dst-time system H is time-invariant iff
y[n] = H{x[n]} = y[n— no] = H{x[n — nol}

for every input x[n] and every time shift no.
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System Properties

Time-invariance

Examples: Are each of the following systems time-invariant?

1. y(t) = A x(t)

2. y(t)=Ax(t)+ B

3. y[n] = n x[n]

4. y(t) = x(t) cos(wct)
5. ylin] = x[—n]

6. y(t)=1[" x(r)dr

7.yl = =gz
8. y(t) = &0

Ans: Y, Y, N, N, N, Y, Y, Y
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System Properties

Linearity

» Linear system: obeys superposition principle

» Linearity = Homogeniety + Additivity

Homogenous system: Additive system:

r— H ——vy T H Y1

D) H Y2

ax

H ay

r1 + X2 H +——y1+9y2
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System Properties

Linearity

» a cts-time system H is linear iff

Qgg - Zg;gg — auy(t) + aya(t) = H{aa(t) + aa(t))

r1(t)— H ——Wn (t)

zo(t)— H ——1y2(t)

a1Y1 (t) + asys (t)

a11‘1<t) + agl‘g(t)—’ H
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System Properties

Linearity

» a dst-time system H is linear iff

nlnl = H{x[n]}

wifn)— H ——uln]

zon)— H ——y2[n]

aryi[n] + azya(n]

arwi[n] + aswa[n]— H

y2[n] _ H{XQ[”]} = aiyn [n] + 32}/2["] = H{alxl[n] + 32X2[n]}

System Properties

Linearity

Examples: Are each of the following systems linear?

1. y(t) = A x(t)

2. y(t)=Ax(t)+ B, B#0
3. y[n] = n x[n]

4. y(t) = x(t) cos(wct)

5. yln] = x[]

6. y(t) =x*(t—1)

7. ylnl = iy

8. y(t) _ e3x(t)

Ans: Y, N,Y,Y, Y, N, N N
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System Properties
Final Words
To prove a property, you must show that it holds in general. For
instance, for all possible inputs and/or time instants.
To disprove a property, provide a simple counterexample to the
definition.
|
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