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Abstract

Blocking in queueing network models with finite capacities can lead to deadlock situations.
In this paper, deadlock properties are investigated in queueing networks with multiple rout-
ing chains. The necessary and sufficient conditions for deadlock-free queueing networks with
blocking are provided. An optimization algorithm is presented for finding deadlock-free capacity
assignments with the least total capacity. The optimization algorithm maps the queueing net-
work into a directed graph and obtains the deadlock freedom conditions from a specified subset
of cycles in the directed graph. In certain network topologies, the number of deadlock freedom
conditions can be large, thus, making any optimization computationally expensive. For a special
class of topologies, so-called tandem networks, it is shown that a minimal capacity assignment
can be directly obtained without running an optimization algorithm. Here, the solution to the
minimal capacity assignment takes advantage of the regular topology of tandem networks.

*This work was supported by the National Science Foundation under Grant No. CCR-90-11981.



1 Introduction

Queueing network models are frequently applied for performance evaluation of computer systems
and communication networks. Numerous methods are available for analyzing queueing networks
under the assumption that all stations have infinite capacities. However, in actual systems the
resources have finite capacities, and queueing networks with finite capacities should be used for
performance analysis.

In a queueing network with finite capacities, each station has only a finite waiting room for
buffering jobs. Blocking arises due to the limitations imposed by the capacity of these stations. In
particular, blocking occurs when the flow of jobs through one station is interrupted due to another
station that has reached its full capacity. The set of rules that dictate when a station becomes
blocked or unblocked is commonly referred as the blocking mechanism. In this work, we consider
the so-called blocking-after-service or BAS mechanism, also referred to as Type 1 or manufacturing
blocking mechanism [1]. In BAS, a job which has completed service at a station ¢ and attempts
to proceed to station j must find an empty buffer space in station j. If station j is full, the job
is blocked and forced to wait in station #’s server until it can enter destination station j. A server
which contains a blocked job cannot serve other jobs waiting in the queue.

Finite station capacities and blocking can lead to a deadlock situation in the queueing network.
As an example, suppose a job has finished service at a station, say station 1, and wants to proceed
to some other station, say station 2. If the waiting room of station 2 is full, the job is blocked in the
server of station 1. Suppose another job has finished service at station 2 and has selected station 1
as its next station. If station 1’s waiting room is also full, this job is blocked at station 1. In this
situation, the jobs in the servers of both stations 1 and 2 are permanently blocked. As a result, a
deadlock situation arises.

There are two approaches to solve deadlock problems in finite capacity queueing networks.
First, one can extend the blocking mechanism by providing additional algorithms that dynamically
resolve a deadlock situation. For example, some deadlocks can be resolved by allowing blocked
jobs to select an alternate destination station. Note however, that adding a deadlock resolution
mechanism significantly increases the complexity of the queueing network model, and, as a result,
may render an analytical solution of the model intractable. Second, one can select the waiting
room at each station sufficiently large such that deadlocks cannot occur. This solution requires
knowledge of so-called deadlock freedom conditions, that is, conditions on the size of the waiting
room of the stations which prevent deadlock situations. An advantage of the second approach is
that it does not involve changes to the blocking mechanism.

In this study, we take a preventive approach to deadlocks and derive deadlock freedom conditions
for finite capacity queueing networks with BAS blocking and multiple routing chains. For queueing
networks with a single routing chain, Kundu and Akyildiz [4] proved that a network is deadlock-
free if the number of jobs in the network is less than the capacity of the directed cycle with
minimal waiting room. However, these conditions for deadlock freedom cannot be straightforwardly
extended to networks with multiple routing chains since a deadlock may result from dependencies

between jobs from different routing chains.
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Figure 1: Blocking Network with 2 chains.

We demonstrate these dependencies in the network model shown in Figure 1. The Figure depicts
a queueing network with two stations and two routing chains. We denote by B;, the waiting room,
referred to as buffer, of chain r at station ¢ and by K, the total number of jobs in chain r. Let the

parameters be given by:

K, = 5; K;=6
Capacity of By; = 3; Capacity of By = 3
Capacity of Bys = 4; Capacity of By = 3

In Figure 1, the job from chain 2 residing in the server of station 1 cannot proceed to the full buffer
By;. Thus, the job waits in the server until space in B3, becomes available. On the other hand, the
job in the server of station 2 cannot enter buffer By, since By is full. Thus, a deadlock situation
occurs, even though the conditions for deadlock freedom in [4] are satisfied for each routing chain
in isolation.

We show that deadlock situations in multiple-chain queueing networks always occur in so-called
buffer cycles. A buffer cycle is a cyclic sequence of buffers in the networks where the buffers may
belong to different routing chains. The set of feasible buffer cycles is obtained from the transition
probability matrices of the routing chains. We show that a queueing network with multiple routing
chains is deadlock-free if and only if each buffer cycle is deadlock-free.

Once the deadlock freedom conditions are available they can be constructively applied to find
an assignment of capacities to the buffers of each station such that deadlocks cannot occur. Of
particular interest are capacity assignments which yield a deadlock-free network with the least total
capacity. We refer to these assignments as minimal capacity assignments.

We present an optimization algorithm which yields a minimal capacity assignment for multiple-
chain queueing networks with arbitrary topology. The set of buffer cycles is obtained by mapping
the queueing network into a directed graph such that each cycle in the graph corresponds to a
buffer cycle in the queueing network. The minimal capacity assignment is obtained with standard
linear optimization technique.

A potential drawback of the optimization algorithm is its computational complexity which
makes the algorithm impractical for networks with a large number of buffer cycles. As a worst
case, we consider so-called tandem networks, that is, networks where all stations are connected in

a sequence. In tandem networks with NV stations and R routing chains, the number of buffer cycles



is given by RY. By taking advantage of the regular topology in a tandem network we can provide
a minimal capacity assignment without running an optimization algorithm.

The remaining sections of this study are structured as follows. In Section 2 we describe the
class of queueing models which is considered in this study. The conditions for deadlock freedom
are stated and proved in Section 3. In Section 4 we define a capacity assignment to be minimal if it
achieves deadlock freedom with the least total capacity. Then we present an optimization algorithm
which generates a minimal capacity assignment for arbitrary network topologies. In Section 5 we
show that a minimal capacity assignment can be directly given if the network has a so-called tandem
topology. In Section 6 we conclude our results.

2 Model Description

We consider a closed queueing network I' = (N, R, P) with the following properties:

e The network contains a finite set A/ of stations and a finite set R of disjoint routing chains.
Each job in the network belongs to exactly one routing chain. Let R; C R denote the set
of routing chains whose jobs visit station ¢. Let A, C A denote the set of stations visited
by jobs from routing chain . P is a set of matrices P = (P, P, .. .,P|R|) where P, is the
|NV] x |A] transition probability matrix for routing chain r. The elements of P, are denoted
by p;;,» with the following interpretation. A job of routing chain r which has received service
by station ¢ proceeds to station j with probability p;;,. Throughout the paper, we assume
that p;;,, > 0 implies that » € R; and r € R;.

e Each station ¢ has a single server. The service time distribution and the scheduling discipline
of a station is arbitrary, but non-preemptive.

o Each station keeps separate buffers for jobs from different routing chains. B;. denotes the
buffer at station 7 (excluding the server) for jobs from routing chain r. Each buffer may

accommodate only a finite number of jobs. Let ® be an assignment of capacities to the
buffers of I', i.e.,
D {B,licN, reR}—1{0,1,2,...... } (1)

A buffer can have infinite capacity, i.e., ®(B;,) = oo, or no capacity at all, i.e., ®(B;.) = 0.
The total capacity of station 7 is computed by 3 .. ®(B;;) + 1.

e The jobs from chain r in I' is fixed and given by K. The total number of jobs in the network
is denoted by
K=> K, (2)
reER
o The number chain-r jobs in buffer Bj, cannot exceed its capacity ®(B;,). Assume a job of
chain 7 has completed service at some station ¢ and wants to proceed to a station j. If B;, is
saturated, i.e., ®(B;;) jobs are waiting in B;,, the job is blocked at buffer B, and must reside

in the server of station ¢ until a place in B;, becomes available. A server which contains



a blocked job cannot serve other jobs. The described blocking mechanism is referred to as
blocking-after-service or BAS.

3 Conditions For Deadlock Freedom

In this section we present the deadlock freedom conditions for a queueing network as described in
Section 2. The theorem for deadlock freedom (DLF Theorem) is stated in terms of conditions that
must hold for each buffer cycle in the network. A buffer cycle is defined as a cyclic sequence of
buffers such that each buffer in the sequence belongs to a station which can have a blocked job at
the next buffer of the sequence. A formal definition of a buffer cycle is given as follows.

Definition 1 A buffer cycle is a sequence of buffers C = (B, Biyrys- oy Biyirag_1s Bingras)
such that
Pimimgrrmer > 0 and 1, € Ry, foralll<m< M (3)
Dirgig,ry > 0 and rTrv € Ry,

Let C denote the set of all buffer cycles in T'.

The next definition provides the set of stations in buffer cycle ' that may contain a job from
routing chain r which is blocked at a buffer in the same cycle.

Definition 2 The set of stations with buffers from routing chain v in buffer cycle C is defined by
SO ={i| By, € C} (4)

For example, C7 = (B11, B21) and Cy = (Bi1, B22) are two buffer cycles in the network shown
in Figure 1. From Definition 2 we obtain the sets of stations with potentially blocked jobs to be
S{Ol) ={1,2}, Sécl) = and S{OQ) = {1}, and Sécr‘)) = {2}, for cycles C'; and (5, respectively.

Next we state the conditions for deadlock freedom in a queueing network with multiple routing
chains. Theorem 1 states that for each buffer cycle C' there must exist at least one routing chain r
which, at the same time, cannot saturate all its buffers in cycle ' and have 57(,0) jobs blocked at
some other buffers in the cycle.

Theorem 1 (DLF Theorem) A multiple chain queueing network I' is deadlock-free if and only
if for all C € C there exists a routing chain r € R such that:

ST ®(Biy)+159 > K, (5)
iest?)

For a given buffer cycle C' and a given routing chain r, the term on the left of (5) is said to be
the DLF term of routing chain r in buffer cycle ¢'. We say that routing chain r satisfies the
DLF condition in buffer cycle C, if inequality (5) holds for chain r in buffer cycle C'. A capacity
assignment ® is said to satisfy the DLF conditions for buffer cycle C, if there is at least one
routing chain which satisfies the DLF condition in cycle C'. A capacity assignment & is said to be
deadlock-free if ® satisfies the DLF conditions for all buffer cycles C' € C.



Proof:

Necessity: Assume there exists a cycle C' = (Bj,r, . Biyrys oy Biny_yrag_1s Bingra, ) such that for all
r € R we obtain:
S @B, + 15O < K, (6)
imestS)
Then, a state is feasible where all buffers in C' are saturated, i.e., B; ,  holds ®(B;, ., ) jobs of

chain r,, for all 1 < m < M, the server of each station ¢,, contains a job from chain r,,1 if m < M,
and the server of station ijs contains a job from chain 7y. Note that the entire cycle will have |S7(,O)|
servers which contain a job from chain r. There exists a positive probability that each job in the
server of station ¢, (m < M) has picked station ¢,,41 as destination station, and the job in the
server of station ¢p; has selected station station 71 as its next station. In this state, no server can

release a job and eventually, each station ¢,, is blocked. Thus, a deadlock persists.

Sufficiency: Assume that assignment ® satisfies the DLF condition for all buffer cycles, but
the queueing network is in a deadlock state. Then there must exist a permanently blocked
job in the server of a station, say ¢;. Assume that the blocked job is from routing chain ry
(ro € Ry ). Assume that the blocked job in the server of station ¢ is blocked at a buffer,
of station iy, that is, B;,,, contains ®(B;,,,) jobs. Station iy itself must be blocked,
otherwise a space in B will eventually become available and station ¢; would not be perma-

say Bi,r, T
1272
nently blocked. The job in the server of station iy is blocked at a saturated buffer, say B;,,,
of station ¢3. We can continue to apply this argument. Since there is only a finite number
of stations in the network, we will eventually encounter a job from routing chain rpsy; in the

server of some station, say station 737, which is blocked at a saturated buffer B

ikTM+1 ? Bik+17’k+1 bR B
Note that a job from chain r,, is blocked in the

iniarn of a pre-

viously considered station ¢z. Then, buffers B define a buffer cycle
C=(B B By iy B

server of station %,,_1 if B is a buffer in the cycle. Therefore, |S7£C)| jobs from chain r are

IMTM

T M1 Pl 1Tk " iMTM)'

i Tm
blocked in servers of stations which have a buffer in the cycle. Since all buffers in the cycle are
saturated, there are Zimesﬁc) ®(B;,,r) jobs from routing chain 7 in the buffers of the cycle. The
sum for each chain r must be less or equal the total number of jobs K,, otherwise the shown
construction would not have been feasible. This implies that for all routing chains » with buffers
in cycle €' we have:

S @B, + 15O < K, (7)
imest
However, this contradicts our assumption that ® satisfies the DLF condition for all cycles. a

If the DLF conditions (5) are satisfied for a buffer cycle C', they are clearly satisfied for any
cycle which contains the buffers of C' as a subset. Therefore, to guarantee deadlock freedom of
a network, it is not required to test the DLF conditions for all buffer cycles. This observation is
formalized in the following lemmas:



Lemma 1 Giwen a multiple chain queueing network I' and the set of all buffer cycles C of I'. Let
C be a mazimal subset of C such that for any two cycles C € C and C' € C we have C Z C'. Y Then,
I' is deadlock-free if the DLF condition (5) is satisfied for all C € C.

Proof: If C' C (’, then Sﬁc) C Sﬁcl) for all r € R. Therefore, if a routing chain r satisfies the DLF

condition in cycle ', that is, 3. e O(B;,.r)+ |S7£O)| > K, then chain r also satisfies the DLF

condition in all cycles C’ with ' C C’. Now the claim follows immediately since C is a maximal
subset of C. a

4 Deadlock-Free Capacity Assignment Algorithm

With the deadlock freedom conditions of Theorem 1, we can decide whether a given capacity
assignment may result in deadlock situations. In this section, we will show that Theorem 1 can be
applied in a constructive manner. In particular, we will use Theorem 1 to develop an algorithm
which finds a deadlock-free capacity assignment with the least total capacity. Such a capacity

assignment is referred to as minimal.

Definition 3 A deadlock-free capacity assignment ®* for a queueing network I' is minimal if for
all deadlock-free assignments ® for I' it holds that

DD (B <Y D) @(Bi) (8)
tEN TER; tEN TER;
Hence, any capacity assignment which allocates less total capacity to the buffers of the queueing
network than a minimal capacity assignment will have a deadlock. In the remaining part of this
section we will present an algorithm which finds a minimal capacity assignment. The algorithm is

executed in two steps:

1. Find a maximal subset € of buffer cycles, as defined in Lemma 1, and establish the DLF

conditions for each cycle.

2. Formulate an optimization problem of minimizing the total number of buffer capacities, sub-
ject to the constraints that the DLF conditions be satisfied for all cycles C' € C.

In the following subsections we will discuss the steps of the algorithm in detail. At the end of the
section, we present an example of the optimization algorithm.

For two buffer cycles C and C' we say that C C C' if the set of buffers in C is a subset of the set of buffers in C'.



4.1 Finding Buffer Cycles

We approach the problem of finding the buffer cycles of a queueing network as the problem of
finding cycles in a directed graph. The following lemma allows to map the queueing network into

a directed graph.

Lemma 2 Giwen a multiple chain queueing network I'.  Obtain from U a directed graph Gr =
(Vr, Er) with set of vertices Vi and set of arcs Er by:

(Z) VFI{BZ'T | iEN, TERZ'},
(ii) Er = {(Bir, Bjs) | pijs > 0}.
Then, there exists a one-to-one mapping between the buffer cycles in I and the cycles in Gr.

Proof: The proof follows immediately from the definition of a buffer cycle in Definition 1 and
the construction of the directed graph. a

The cycles in the directed graph can be obtained with any cycle-finding algorithm for directed
graphs [3]. Note that with Lemma 1 we do not need to find all cycles in Gr. Rather, motivated by
Lemma 1, we are interested in only those cycles which correspond to set € as given in Lemma 1,
that is, a maximal subset of cycles where no cycle is fully contained in another cycle. In [2], we

present an efficient algorithm which finds the subset C of relevant buffer cycles.

4.2 Optimization

From the set of buffer cycles as obtained in Subsection 4.1 we can generate the maximal subset
of buffer cycles C that must be examined for deadlock freedom of the queueing network. If the
DLF condition is satisfied for all buffer cycles in C~, then the network is deadlock-free. Here, we
present two approaches for finding a minimal capacity assignment for queueing networks. The
first approach is based on integer programming techniques and guarantees a minimal capacity
assignment. The second approach is a heuristic method which always provides a deadlock-free
capacity assignment, but may yield a suboptimal solution. The advantage of the heuristic method
is that it is computationally less demanding than solving the integer program.

4.2.1 Optimization with Integer Programming

A minimal capacity assignment ®* satisfies the DLF condition in all buffer cycles with the least
total number of buffer capacities. Thus, for a given network I';) a minimal capacity assignment is
obtained by solving the following optimization problem:

Find ¢~ which minimizesz Z d*(B;,) subject to the constraints:
5 iEN rER, (9)
(VCel)FreR): > & (By)+]59 > K,
iest®)



By indexing the cycles in C~, ie., C = {Cy,C, .. .,C|C~|}, the optimization problem can be written
2.

as
minimize Z Z *(B;,)
tEN TER;
subject to
VoY e B+ IS >k, =120 (10)

SSVz2p ies(V

®*(B;;) >0 ieN, reR;

By introducing additional (0,1)-variables which allow us to replace the disjunctions in the con-

straints, we can state the optimization problem as an integer program:

minimize Z Z *(B;,)

1EN TER;
subject to
S 0 Bi) | — v (K, =S+ 1) >0 [=1,2,..,[C, S #90
iES£Cl)

S w21 1=1,2,...,|C|
S£Cl)¢®
®*(B;y) >0 ieN, reR,; (11)
v, € {0,1} 1=1,2,...,IC|, S =g

The optimization of the equation system in (12) can be solved with any program package for integer
linear programs. The solution of the integer program provides a minimal capacity assignment ¢*
for network I'. Note that, in general, the system will have more than one optimal solution, since

an optimization problem with the above structure will show considerable degeneracy.

4.2.2 Heuristic Approach

The number of constraints and variables in the optimization may become too large for a solution
by integer programming. As an alternative, we present in Algorithm 1 an approximate method
for allocating buffer capacities. Algorithm 1 consecutively assigns capacities to the buffer B;.
which eliminates the most DLF conditions with the smallest buffer capacity. Since the algorithm
terminates only if all DLF conditions are satisfied, we obtain a deadlock-free assignment. However,
there is no guarantee that the solution is optimal. In the example given in the Subsection 4.3 we
will see that the approximate solution yields very accurate results, often identical with an optimal
solution.

2We use the symbol ‘v’ to denote the disjunction operator.



Input:  C, the maximal subset of buffer cycles in I' where no cycle is a subset
of another cycle.
Output: ®*, a deadlock-free capacity assignment for I

C~ = C~ \ Ci’r’-
if C # 0 then goto Step 1.

1. CZ'T::{CECN|BZ’T€C}
2. " (B;, ) := min{ K, — [S9|+1]C €y, S #0}

; |Ci'7°'| . |CZ7’| 5
3. Select (1/77‘/) su(j'h that W = min {W(BW) | Cir g C}
4. O*(Byryr) := ™ Byryr)
5.
6.

Algorithm 1.

4.3 Example

Next we apply the minimal capacity assignment algorithm to an example®. Figure 2 depicts a
queueing network with three routing chains. The network contains 429 elementary buffer cycles,
that is, buffer cycles where no buffer appears twice. However, there exists a maximal subset of
buffer cycles where no cycle is contained in another cycle with 19 elements. Thus, with Lemma 1,
only 19 buffer cycles must be considered for finding a minimal capacity assignment. These cycles
are as follows:

Cy = (Bi1,B21)

Cy = (B2, Bio2)

Cs = (Bs3, B3, Bios, Bs3)

Cy = (B21, B4y, Bio1)

Cs = (B21, B4y, Bs1, Bio2)

Ce = (B21,Ba41, Bs2, Bss, Bios)

C7 = (Ba1, B4y, Bsa, Bio2)

Cs = (Ba1, B4y, Bra, Bio2)

Co = (Ba2,Bs1, Bss, Bios, Bs3)
Cio = (Ba2, Bsi1, Bs3, Bios, Bag, Baa)
Cii = (Ba2, Bsi1, Bioe, B3s)

Ci2 = (Ba2, Bsa, Bs3, Bios, B33)

®More examples of minimal capacity assignment for various network topologies are given in [5].

10



In Table 1 we show the solution
We also include the results obtained

B427 B5 2 B837 B1037 B927 B32)
B427 B5 2 B1027 B33)
B427 BlOlv B33)

of the optimization for different values of K = (Kq, Ky, K3) *.

with the heuristic method given in Algorithm 1. Table 1

only depicts non-zero capacity assignments. Note that for all values of K, the heuristic method of

Algorithm 1 provides results which are very close to or identical with an optimal solution.

Ky =10 Ky =46 Ky =3

Ky =10 Ky = 4 Ky =3

K3 =10 K3 =125 Ks=3
minimal | heuristic | minimal | heuristic | minimal | heuristic
> o%(Biy) 36 37 175 175 8 8

iEN rER;

d*(Bz21) 9 9 45 45 2 2
d*(By2) 10 10 4 4 3 3
d*(B1o2) 9 10 4 4 3 3
d*(Bg3) 7 9 122 122 0 0

Table 1: Results for Example.

*The optimizations were solved with the programming package LINDO [8]
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5 Deadlock-Free Capacity Assignments in Tandem Networks

The computational complexity of the capacity assignment algorithm presented in Section 4 increases
with the size of C, the maximal subset of cycles where no buffer cycle is contained in another cycle.
For some networks the size of C can make the optimization algorithm impractical. As a worst case,

L Bll BZl " = > BNl
BlZ BZZ o —> BN2
BlB BZS [ ] [ ] [ ] —_— BN3

r BlR BZR L BNR

Figure 3: Tandem Network.

consider the network in Figure 3. Here C is identical with the set of all buffer cycles in the network.
Note that in the queueing network in Figure 3, the set C contains RN cycles. In the following we
show that the effort to obtain a minimal capacity assignment can be greatly reduced, if we take

advantage of networks with a regular topology such as the network shown in Figure 3.

5.1 Minimal Capacity Assignments for Tandem Networks

We refer to networks which have a topology as shown in Figure 3 as tandem networks. Tandem

networks can be formally defined as follows.

Definition 4 A tandem network T' = (N, R) is a multiple chain queueing network T = (N, R, P)
with

R:i=R Jorallie N (12)
and for each station i € N there exists a station i € N (i # i') such that for all v € R:
1 ifj=4
H { 0 ifj#i 1)

In a tandem network, each station has a buffer for all routing chains, i.e., R; = R for all 1 € NV,
and jobs from each routing chain can visit all stations, i.e., A, = A for all r € R. Each buffer
cycle in a tandem network contains one buffer from each station, and the the length of each buffer

cycle is equal to |A].
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Our main result in this section is that minimal capacity assignments in tandem networks can
be provided without running any optimization algorithm. The result is presented in the following
theorem where we state that a minimal assignment for tandem networks is obtained by allocating
non-zero capacities to the buffers of only one station.

Theorem 2 For a tandem network T' = (N, R), the following capacity assignments ®F (i € N)

are minimal:

K, ifj=iand K — K, > |N]|

K- |N+1 ifj=iand K >|N|> K - K,
®7(Bjr) =

0 ifj=tand IN| > K (14)

0 ifj#1
forjeN andr e R.

Note that Theorem 2 defines a set of | V| different capacity assignments, that is, there is one
capacity assignment ®* for each station i € . The remainder of this section contains the proof
of Theorem 2. The proof consists of two parts. First we must show that the capacity assignments
given above do not allow deadlock situations. Secondly, we have to show that any capacity assign-
ment, which assigns less total buffer capacities to the stations of the tandem network will result
in a deadlock. The second part of the proof requires considerable effort since we must effectively
construct a deadlock for a large class of capacity assignments. In the next subsection, we present
a set of technical lemmas which simplify the second part of the proof. Following is the proof of
Theorem 2.

REMARK: Note that the network shown in Figure 1 also is a tandem network. Thus, with Theorem 2
we can give two minimal capacity assignments, ¢ and ®5. Assuming the same network parameters
as in Section 1 we have |[V| =2 and K = Ky + Ky = 11. Therefore, ®7 and ®} assign capacities
as shown here:

®7(B11) =5 5(B11) =0
®1(B12) =6 ®5(B12) =0
®7(B21) =0 ®5(Ba1) =5
®7(B22) =0 ®3(B22) =6

It can be easily verified that ®7 and ®5 are the only minimal capacity assignment for the tandem
network in Figure 1. However, for some tandem networks, there may exist minimal capacity
assignments which are different from the assignments given in Theorem 2. For example, in a
tandem network with M| = 3, R = {1,2}, and K; = K, = 3, a capacity assignment ®’ with
¢! =1 (for : =1,2,3 and r = 1,2) is minimal.

13



5.2 Properties of Tandem Networks

In tandem networks, a violation of a DLF condition by a routing chain r can be easily detected if
the number of stations in the tandem network is equal to the number of jobs of the routing chain,
that is, K, = |N|. This assertion is shown in Lemmas 3 and 4. In Lemmas 5 and 6, we show how to
modify the structure of tandem networks such that we can take advantage of Lemmas 3 and 4, yet,
any deadlock in the modified network corresponds to a deadlock in the original network. Lemma 7
presents a modification of a tandem network which has a routing chains r such that K, < |[A]. The
modification is deadlock preserving, that is, any deadlock in the modified network can be extended

to a deadlock situation in the original network.

Lemma 3 Given a tandem network I' = (N, R). Let ® be a capacity assignment for T' such that
D ieN ®(Bi) < K, + 1 and K, = |N| for some routing chain r € R. Let C' be a buffer cycle in
I' such that |S7£C)| > 0. If routing chain r satisfies the DLF condition for cycle C' then it does not
satisfy the DLF condition in any buffer cycle C' with 57(,0') =N\ Sﬁc). %)

Thus, if the number of jobs in a routing chain is equal to the number of stations, and the total
capacity which is assigned to the buffers of this routing chain exceeds the number of stations by at
most one, we can always find a buffer cycle such that the routing chain does not satisfy the DLF

condition.

Proof: Assume a capacity assignment ® and a routing chain r € R with ..\ d(B;,) < K, + 1.
Let C' be a buffer cycle in I' such that chain r satisfies the DLF condition, i.e.,

ST @(By) + 159 > K, (15)
iest?)

Now assume a buffer cycle C’ with 57(,0/) =N\ Sﬁc). Then, we obtain for the DLF term of chain

rin cycle C”:

S eB)+[S] = Y @B+ (IN] - [51)) (16)
iesteh iesteh
< Ko+ @B |+ (K- 159 (17)
ies(%)
< K, +1 (18)

The equality in (16) follows from s = N \ SI9. For (17) we use 3 ;e ®(Bir) < K, + 1 and
K, = |N|. Finally, we obtain (18) from (15). Thus, the DLF condition of chain r in cycle C” is not
satisfied. ]

*For two sets A and B, we use A\ B to denote the relative complement of B with respect to A, ie., A\ B :=
{r € A|z ¢ B}
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The following lemma provides an even stronger result. Similar to Lemma 3, we assume that the
number of stations in the tandem network is equal to the number of jobs of a particular routing
chain. Here, however, we assume that the total capacities assigned to the buffers of the routing
chain is less than the number of stations. Then we can divide the stations of the tandem network
into two sets such that the DLF condition of the routing chain is violated in both sets.

Lemma 4 Given a tandem network I' = (N, R). Let ® be a capacity assignment for T' such that
Yien ®(Biy) < K, and K, = |N| for some routing chain v € R. Then N can be partitioned into
two disjoint sets N and Ny such that

(@) D ®(By)+ M| < K, and
1eN]

(b) > ®(Biy) + [Ny < K.
1EN>

Proof: We partition N, the set of all stations, into two subsets Z and A Z. Z denotes the set of
stations to which ® assigns no buffers to chain r. AM'Z is the set of stations with non-zero buffer
capacities for chain r. Z and N Z are given by:

Z
NZ

{i € | ®(B,,) =0}
{i € | ®(B,,) >0}

Input:  Aset NZ ={ie N |®(B;)>0}.
Qutput: Two sets X and Y such that Y NY =0, YUY =N2Z,
and 3"y ®(Bir) + | X] < [NV

begin
1. X =0
2. Y =10
3. while (VZ # () do
4. Select v such that ®(B,,) = max;enxz{®(Bj)};
5. if > icx @(Biy) + |X|+ @(B,,) + 1 < [N] then
6. X=X U {v};
7. else
8. Y:=YuU{v};
9. endif
10. NZ:=NZ\ {v}h
11. endwhile

end

Algorithm 2.
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Next we apply Algorithm 2 to partition A'Z into two disjoint sets X' and Y. Algorithm 2 is
constructed such that after termination of the algorithm the following holds:

S B(B,) + Y] < |V (19)
1€X
Since Y ien ®(Bir) < |N| we have | Z| > 0. Therefore, we can always select a subset 2y C Z such
that:
> 0(Bi) + X +121] = V]| (20)
1€X

Note that by construction, sets X', ), and Z have the following properties:

VT = X[+ V] +|2] (21)
NV > > ®(Bi)+ > (By) (22)
eX €Y

By setting Z, := 2\ Z; we obtain from (20), (21), and (22):

D ®(Bi) + V| + 22| < |V (23)
[=h%
Next we define
Nl = XU Z (24)
Ny = YUZ, (25)

Then, equation (20) shows the correctness of claim (a) in Lemma 4, and equation (23) shows the
correctness of claim (b) in Lemma 4. ]

Lemmas 3 and 4 allow to make statements regarding the deadlock properties of routing chains
where the number of jobs is equal to the number of stations in the tandem network. The next two
lemmas, Lemmas 5 and 6, show how to modify a tandem network network such that we can take
advantage of Lemmas 3 and 4.

Lemma 5 Given an arbitrary network I' = (N, R, P), and ®, a capacity assignment for T'. Con-
sider a routing chain r € R with K, jobs. Assume reduce the number of jobs in chain r by one and

define a new capacity assignment ® which differs from ® in the capacity assignment to only one
buffer B;, with ®(B;.) > 0 as follows:

o'(B.,) = ®(Biyy)—1 ifg=randi=j
“ ®(Byy) otherwise

Then ® violates the DLF condition for chain r with K, jobs in a buffer cycle, if ® violates the
DLF condition for chain r with K, — 1 jobs in the same buffer cycle.
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Lemma 5 says that given a routing chain with a large capacity assigned toits buffers,i.e., >~ o\ ®(B;,)
> K,, we can reduce both the capacity assignments and the number of jobs such that any deadlock
in the modified network also results in a deadlock in the unmodified network.

Proof: Assume that chain r has K, jobs, and suppose a buffer cycle ' in I' such that capacity
assignment @’ results in a violation of the DLF condition of routing chain r in cycle C, i.e.,

S (Bi) + S < K, -1 (26)
iest®)

Ifj¢ 57(,0) we obtain for assignment ®:

o ®(Bi)+ SO = > @(Bi) +[89] < K, (27)
iesﬁc) ieSﬁC)

Obviously, the DLF condition is also violated with capacity assignment ®, and K, jobs in chain r.

On the other hand, if 5 € Sﬁc), the following holds:

> o(Bi)+ 158 = > O(By)+ 1+ Eis (28)
iest@) iest@)

Equations (26) and (28) result in:

Y o(B) +159)] < K, (29)
iest?)
Again, the DLF condition for cycle C' with capacity assignment @ is violated. a

In Lemma 6 we show how to modify a tandem network such that at least one routing has more
jobs than the modified network has stations. Lemma 6 uses Algorithm 3 to perform the desired
modifications to the tandem network.

Lemma 6 Given a tandem network I' = (N, R) and a capacity assignment ® for T'. Assume the
following conditions hold:

(al) Z O(Bi,) < K, forallr € R, and
ieN
B1) S K, >IN,

reR

Algorithm 3 generates from T' a tandem network T" = (N, R") with N C N and R' C 'R, such that

(v1) K, >|N'| for at least one r € R'.
(61) IfT' is not deadlock-free, then T' is not deadlock-free.
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Input:  Tandem network I' = (N, R) which satisfies properties («l) and (51)
in Lemma 6.

Output: Tandem network I'" = (N, R’) with NV C M and R’ C R.
I satisfies (1) and (61) in Lemma 6.

begin
1. ND = N
2. RL .= R;
4. n:=1;
5. while max {K,} < |N| do
geR(M)
6. Select r with K, = min {K };
geR(M)
7. 2= {j e N0 | ®(Bj,) = 0};
8 if K, > |AV()|/2 then
. Select Z" € 2(" with |§(n)| = N - K,;
10. else
11. Select Z!") C 2 with |§(n)| = K,;
12. endif
13. N = A\ 2,
14. RO+ .= RO {r};
15. n:=n+1;
16. endwhile

end

Algorithm 3.

Proof: The proof is performed in three steps. First we show that the set Z™ can always be
selected as shown in Steps 9 and 11 in Algorithm 3. In the second and third steps, we show that
conditions (1) and (61), respectively, are satisfied when the algorithm terminates.

1. Selecting |§(n)| in Steps 9 and 11 of Algorithm 3 is always feasible.

Consider the ¢th iteration of Algorithm 3, and suppose that in Step 6, routing chain r; is
selected. Since property (al) holds and since A C A ©) we have Yient @(Bj,) < Ky,
Therefore, there can be at most K, buffers from chain r; with a non-zero capacity among
the stations of A, and there are at least |[A)| — K, stations without buffer capacities for
chain r;. Thus, the number of elements in Z() (Step 7) has the following lower bound:

20] > WO - K, (30)
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Now we distinguish two cases:

o Case 1: K, <|NWO|/2
In this case, Algorithm 3 executes Step 11 in the ith iteration. With K, < |N)]/2,
equation (30) can be rewritten as:

209> K, (31)

We follow that there are at least K, stations without capacities assigned to routing

(1)

chain r among the stations of A9, Hence, the selection of Z'" in Step 11 is feasible.

o Case 2: K, >|NW|/2
Here, Algorithm 3 executes Step 9 in the ith iteration. Since Z() satisfies (30), the
selection of ZU) with |§(2)| = |NO| - K, as in Step 9 is feasible.

2. After termination, Algorithm 3 satisfies condition (y1).
Let us assume, that in the ith iteration K, > IN@]/2. Recall that in this case, Step 9 is
executed. If we count the number of stations in A’C+1) after Step 13 we obtain:

WD = @) = 2 (32)
= WO - (VD - K,,) (33)
= K, (34)

Since r; was selected such that K, is minimal among all routing chains in R (Step 6), all
routing chains » € RU+D) (Step 14) satisfy:

K, > [N+ (35)

Thus, condition (v1) is satisfied after the ith iteration whenever K,, > |A|/2 in the ith
iteration.

Now assume that K, < |JA(]/2 holds in each iteration of the while-loop. Then Step 11 is

executed in each iteration. After i iterations, the set ANC+1) is given by:

NEHD = Ay Z0) (36)
= (L (WONZWNED) 20 (37)
= NO\(EWuzZ® Y. uzEY) (38)

Since all E(” are mutually disjoint, we obtain for the number of stations in A+ that
WO = O = 204 24 20 (39)
= V- )Y K (40)

@R

For equation (40) we have used A = A from Step 1, and |§(j)| = K,, from Step 11 of
Algorithm 3 (assuming that chain r; is selected in the jth iteration). Since with property
(B1) we have 3, . K, > |N|, there must exist an n with 1 < n < |R| such that K, > |V
for at least one r € R(". Then, property (v1) is satisfied after the nth iteration.
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3. If 17 is not deadlock-free, then T' is not deadlock-free.
If T” contains a deadlock there exists a buffer cycle C’ in I which consists of buffers from
routing chains in R’, and no routing chain in R’ satisfies the DLF condition. We will complete
buffer cycle C’ in T” to a buffer cycle C'in I', and we show that no DLF condition is satisfied
in €. Then a deadlock situation occurs in cycle C' of T'.

Assume that Algorithm 3 eliminates routing chains rq, 79, ..., 7, from network I' in the in-
dicated sequence, i.e., in the first iteration r{ is eliminated, in the second iteration ry is
eliminated, and so on. Then, R’ and A are given by:

R = REFD =R\ {r, g, 1k} (41)

No= N 2\ (ZWuZ® L uE?) (42)

Per construction, the sets i(“ are mutually disjunct. Also, per construction, N<k+1>m§“) =1

for all 1 < ¢ < k. Thus, the sets N(k+1),§(1),§(2), .. .,E(’“) are a partition of the set of

stations A/ in I'. Next we construct a buffer cycle ' in T' by expanding the buffer cycle C’ of
I'. We set @

Sﬁc) — S_T() lf rE R/

12V ifrg R

Per assumption, the DLF condition for any chain r € R’ is not satisfied. On the other hand,

if r ¢ R/, or equivalently, r € {ry,79,...,7}, then r = r; for some 1 < ¢ < k. Note that in

this case, the DLF condition cannot be satisfied since 57(,10“) = |§(i)| implies

Z (I)(th‘) = Z (I)(th‘) =0

jestd jez

(43)

and

150 = 129 = K,

Thus, all » ¢ R’ do not satisfy the DLF condition for cycle C'. Since no routing chain satisfies
the DLF condition, cycle C' in ' contains a deadlock. a

The next lemma is applicable to tandem networks where the total number of jobs in all routing
chains is less than the number of stations in the tandem network. We use Algorithm 4 to reduce
the tandem network to a network with at most one routing chain. If this routing chain contains a
deadlock, then the original network also contains a deadlock.

Lemma 7 Given a tandem network I' = (N, R) and a capacity assignment ® for T'. Assume the

following conditions hold:

(@2) > ®(By) < K, forallr € R, and
ieN
(32) > K. <|N|

reR
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Input:  Tandem network I' = (N, R) which satisfies properties («2) and (/32)
in Lemma 7.

Output: Tandem network I'" = (N, R’) with NV C M and R’ C R.
I satisfies (y2) and (62) in Lemma 7.

begin
1. ND = N
2. RL .= R;
4. n:=1;
5. while min {K,} < |N|/2 do
geR(M)
6. Select r with K, = min {K };
geR(M)
7. 2= {j e N0 | ®(Bj,) = 0};
Select Z1") C 2 with |§(n)| =K,
: N+ = o)\ 2,
10. RO+ .= RO {r};
11. n:=n+1;
12. endwhile

end

Algorithm 4.

Algorithm 4 generates from T a tandem network T = (N',R') with N' C N and R' C R, and T’
satisfies

(v2) |R|=1and K, > |N'|/2 forr € R!, or |N!| = |N| =X, cr K.
(62) IfT' is not deadlock-free, then T' is not deadlock-free.

Proof: The proof is conducted similarly to the proof of Lemma 6. As in the the proof of Lemma 6
(n)

(equation (31)) we can show that a selection of Z"* as in Step 6 of Algorithm 4 is always feasible.
Showing that condition (62) holds when Algorithm 4 terminates is equivalent to showing that
condition (61) holds when Algorithm 3 terminates. Note however, that 1’ may not contain any
routing chain at all, i.e., TV = (N”,0) is a feasible outcome. In this case I” will never contain a
deadlock. To complete the proof we have to show that condition (v2) is satisfied when Algorithm 4
terminates.

Let us first assume that K, < |N(]/2 in all iterations of the algorithm. Then N’ = A/UIRI+1)

and

VIR = ) = (|§(1)| + |§(2)| + ...+ |§(|R|)|) (44)
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= V-3 K, (45)
reER
which yields the first condition of (y2). On the other hand, if K. > |N()|/2 before the ith iteration
of the algorithm, then Algorithm 4 terminates after Step 5. Suppose |R(i)| > 1 after termination of
the algorithm. Since Algorithm 4 always selected the routing chain with the least number of jobs,
we obtain with [R(")] > 1 and min, g {1 K} > IN@)]/2:

S K, > VO (46)
geR()
Since
VO =V - 3 K, (47)
rg R
we obtain with (46) and (47) that
S K. > |V (48)
reR
which contradicts our initial assumption (52). Therefore, |[R®)| < 1. Since K, > |[A)]/2 results
in [RY| > 1, we obtain |R()| = 1. Hence, in this case the second condition of (72) holds. ]

5.3 Proof of Theorem 2

Now we are ready to prove Theorem 2. The proof will take advantage of the lemmas in the
previous subsection. As previously indicated, we first show that the capacity assignments given in
Theorem 2 yield a deadlock-free network. Then we prove the minimality of the assignments ®; ©
by showing that any capacity assignment which allocates fewer capacities to any routing chain in
the tandem network will result in a deadlock situation. The proof of minimality is tedious since we

must distinguish a considerable number of cases, each requiring a different set of arguments.

5.3.1 Proof of Deadlock Freedom

Here we show that the capacity assignment @' as defined in Theorem 2 yield a deadlock-free
assignment. Note that in a tandem network each buffer cycle C' must contain a buffer from station
. In the following we will assume without loss of generality that the buffer from station ¢ belongs
. ) . O)
to routing chain r, that is, ¢ € 5; 7.
To prove freedom of deadlocks, we distinguish three cases: (a) V| > K, (b) K — K, > |V,

and (¢) K > |N| > K — K,.

(a) IN] > K
In this case, it is not possible that the servers of all stations in I' are occupied by jobs. Hence, for
each buffer cycle €' there must exist a chain r» € R with:

159 > K, (49)

®Recall that Theorem 2 defines || capacity assignments ®, one for each station ¢ € A'. In the following, we

assume that the index 7 of capacity assignment ® is arbitrary, but fixed.
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With (49), routing r satisfies the DLF condition for cycle C'.

(b) K — K, > |NV]|
Here, Theorem 2 assigns capacities such that ®*(B;,) = K,. Since per assumption we have |S7(,O)| >
1, the DLF term for routing chain r in cycle C' evaluates to:

S B IS = K+ 1S > K, (50)
jest
Clearly, the DLF condition is satisfied.

(¢) K > |N|> K - K,
We first consider all cycles €' with

ie S and |59 < |N|- (K - K,) (51)

Since all cycles in a tandem network have a length of [N, i.e., > cn |S7£O)| = |V, we obtain from
(51) that there must exist a routing chain ¢ (¢ # r) such that |S(§O)| > K,. But this satisfies the
DLF condition for chain ¢ in cycle C'.

Now we consider K > |NV| > K — K, and all cycles C' with

ie S and |59 > N - (K - K,) (52)

With i € 5 and ®3(B;,) = K — |N| 4 1 we obtain:

> IB)+ IS > (K= N[+ D)+ (V] - (K - K,)) (53)
jest?
= K, +1 (54)
> K, (55)
Thus, the DLF condition for routing chain r in cycle C' is satisfied. a

5.3.2 Proof of Minimality

For K < |N], no capacity is assigned to any buffer. Therefore, ®F is certainly minimal. In the
following, we investigate the minimality of ®* for K > |V].

To show minimality, we have to prove that any capacity assignment which assigns less total
capacity to the stations of the tandem network than &7 will result in a deadlock situation. Let us
select an arbitrary routing chain r € R and consider a capacity assignment ® which satisfies:

> @i(Bj)—1 ifg=r
B(Bjy) =9 X . (56)
ZPOEN Ty e
JjeEN
Thus, ® assigns one buffer space less to the buffers of routing chain r than capacity assignment
®*. The total capacity assigned to buffers from chains ¢ # r by ® remains unchanged. Note that
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we do not have any assumptions on how ® distributes the capacities to the stations of the tandem
network. In particular, we do not assume that ® assigns non-zero capacities to only one station.
For K > |N/|, we will show that assignment @ results in a deadlock in at least one buffer cycle in

r.

Recall that in Theorem 2, the capacities assigned to buffers from routing chain r are different
for K — K, > |N] and K — K, < |[N]. We will prove each case separately.

(a) K — K, > |N]|

Consider the tandem network IV = (N, R\ {r}) which is obtained from T' by eliminating routing
chain r. Further consider capacity assighment ® as given in (56). Next we execute Algorithm 3 on
IV, Since 1" satisfies conditions (al) and (£1) in Lemma 6, the output of Algorithm 3 is a network
I = (N",R") with N C N and R” C R\ {r}. Per Lemma 6 there exists a routing chain ¢ € R”
with K, > [N,

Now consider the tandem network I = (N” {r,q}). We will construct a deadlock in I'”.
With Lemma 6, any deadlock in I can be extended to a deadlock in I'. Dependent on the size
of K, relative to |[N”|, the construction of the deadlock in ' will be different for K, > |AN”| and
K, <|N".

K, > |N":

Note that K — K, > |NV| must hold in this case. (K — K, < |V]| implies 3 ern Ko + Ky — Ky <
|IN”| which contradicts K, > |[N”|.) Therefore, capacity assignment ® assigns the following total
capacities to buffers from routing chains r and ¢:

Y ®(Bj,) = K.—1 (57)
JjeEN
Z 6(qu) = Ky (58)
JjeEN
We apply Lemma 5 repeatedly to chains r and ¢ until K, = |[N”| and K, = |[N"”|. Then, by
applying Lemma 4 we can effectively partition N/ into two sets N{" and N} such that chain r does

not satisfy the DLF condition in either subset.
Now consider two cycles 'y and Cy with:

S = |V 57 = V3]

59
51 = |V §i7 = IV >

Per construction of €y and C5, the DLF condition for chain r is not satisfied in either cycle. With
Lemma 3 the DLF condition for chain ¢ cannot be satisfied in both cycles €7 and C5. Therefore,
the DLF conditions for both routing chains are violated in Cy or C3. Thus, either cycle 7 or Cs
contains a deadlock. Since the modifications to I' have preserved any possibly existing deadlock
(see Lemmas 5 and 6), one of the two cycles Cq or Cy can be extended to a buffer cycle in I
such that no routing chain r € R satisfies the DLF condition of this cycle. As a result, we have

constructed a deadlock in T'.
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K, <|N"|:
If K, < |N"] holds, both K — K, > |N] and K — K, < |V are feasible depending on the outcome
of Algorithm 3. We will only show the proof K — K, < |V| and assume that Algorithm 3 has
executed Step 9 in its last iteration (The proof is similar if Step 11 is executed in the last iteration
of Algorithm 3). With these assumptions, the following holds for the number of stations in I and
F///:

NV = V= D K, (60)

5FT,q

Since per our assumptions, K — K, > |N| and K — K, < |V, capacity assignment ® assigns the
following total capacities to routing chains r and ¢:

> ®(B;y) = K, -1 (61)
eN
Y ®(By) = K-|N|+1 (62)
eN
- K, K, — N +1 (63)
The equality in (63) is obtained with (60). Next we apply Lemma 5 repeatedly to chain ¢ until
K, = |N"|. Thus, Lemma 5 is applied exactly K, — |NV"| times. Applying Lemma 5 changes the

capacity assignment to chain ¢, and we use @ to refer to the modified capacity assignment. @ s
such that:

S ®(Bi) = Y 0By (64)

JEN JEN
S (By) = Y. (B, - (K, [N]) (65)
JEN JEN
= (K, + Ky — N[+ 1) = (K, — |N]) (66)
= K,+1 (67)

Let us define N2, as the set of stations in I with non-zero capacities assigned to buffers of chain
q. With (67) we obtain the following upper bound for |V Z,|:

NVZ,| < K,+1 (68)
We select a set N'Z, with N'Z, C N Z, such that
NZ,| = K, +1 (69)

Since Y ;e ®(Bj,) = K, — 1, and since Y ieNz, ®(Bjr) < > jen ®(Bjy) we have:

> @By =K, -1 (70)
JEN Z,
Hence, we can apply Lemma 4 and partition N 2, into two sets V2,4 and N Z 3 such that

ST (B +NZal <K, and > ¥(Bj,)+ N2, <K, (71)
JENZH JEN Zp
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For routing chain ¢, we have with (67) that 2Nz, ®'(Bj,) = K, + 1. Thus, we obtain with
Lemma 3 that either

S B NZal <K 41 or Y @ (Bjy) +[NZp| <K, +1 (72)
JENZH JEN Zp
Without loss of generality we will assume that the first inequality in (72) holds. Then we can
perform the following manipulations:

Z 6/(qu) + |N”\Wq2| = Z 6/(qu) + |Wq1| + |N”| - |Wq| (73)
jEN”\/\/_Zq2 jEN”\/\/—_ZqQ
= Y B+ INZal+ N - (K, +1)  (T4)
JENZH
< (K, 4+ 1)+ N = (K, +1) (75)
= |V (76)

Equation (73) follows from |N'Z,| = [N 21| + [N Z,2|. Equation (74) follows with (69) and
=

2 iennvz, 2 (Bj;) = 0. The inequality in (74) is obtained with (72), and (76) is obtained by
canceling terms. With the above derivations, we can define a buffer cycle C' in T"” such that:

S\ =Nz, SI = N\NZ (77)

It follows from (71), and (72) — (76), that the DLF conditions for both routing chains r and ¢
are not satisfied. Therefore, a deadlock results in network I'”. With the same arguments as used
before, the deadlock in I results in a deadlock in T.

(b) K — K, < |N]

Again, we consider the capacity assignment ® for ' as given in (56). Recall that ® assigns the
same total capacities to the buffers of routing chains ¢ # r as ®7, but assigns one buffer capacity
less to routing chain r. Since K — K, < |A/| we have that:

> B(Bjy) = K~ V] (78)
JEN
Consider the tandem network IV = (N, R\ {r}), which is obtained from T' by eliminating routing
chain r. Since I' satisfies conditions (a2) and (52) from Lemma 7, we execute Algorithm 4 on
I’ and obtain a tandem network I'" = (A", R”). Recall from Lemma 7 that any deadlock in I
can be extended to a deadlock in I'. Algorithm 4 has two feasible outcomes (see condition (y2) in
Lemma 7):

(a) NV = [N = 3 er\iry s 0r
(b) |IR"| =1 and K, > |[N'|/2 for ¢ € R".

In the following we construct a deadlock situation for chains r and ¢ in the tandem network
' = (N",R"U{r}). First we assume outcome (a) of Algorithm 4. Here, we construct a buffer
cycle C'in I which consists exclusively of buffers from routing chain r, i.e., 5L —
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The DLF term for routing chain r in cycle C' can be evaluated as follows:

ST ®(By) + IV < (K = |N)+ IV (79)
]EN”
= (K-ND+ (N - > K, (80)
g€R\{r}
= K, (81)

To obtain (79) we have used
> ®(Bj) <Y ®(Bjr) = K — |V (82)
JEN JEN

Applying the assumption on the outcome of Algorithm 4, that is, |N"| = |N'| =37, cr\ (o} Ky, vields
(80). Finally, (81) follows from K =3~ - K,. The derivations in equations (79) — (81) show that
chain r does not satisfy the DLF condition in cycle C', and we have constructed a deadlock in T,
With Lemma 7 we also obtain a deadlock in T'.

Now we consider the outcome (b) of Algorithm 4, i.e., R” = {¢} and K, > |N"|/2. Note that
Algorithm 4 yields the following equalities:

N = M= YK, (83)
s#Eq,r
K—-|N| = K.+ K,—|N"| (84)

From equation (84) and K — K, < [N, it follows that K, < |A/]. With Lemma 7 we can construct
a deadlock in T by finding a buffer cycle in T = (N”,{q¢,r}) where neither chain r nor chain ¢
satisfy the DLF condition. The construction of this buffer cycle is dependent on the size of K.
relative to |[N’|. Here we only show the proof for K, > |N"|.

If K, > |N”|, then K — K, > |N| must hold. Otherwise, we obtain a contradiction with

K, > K,. Hence, capacity assignment ® assigns the following capacities to routing chains r and ¢:

Y ®(Bj,) = K- |N|=K,+K,—|N| (85)
JEN
Za(qu) = K (86)
JEN

We apply Lemma 5 repeatedly to chain r until K, = |N”|. Note that Lemma 5 is applied exactly
K, — |N"| times. Let us refer to the capacity assignment obtained by applying Lemma 5 as 9.
The assignments of capacities to chain ¢ have not changed, i.e., ® (By,) = ®(B;,) for all i € .

However, ) changes the total capacities assigned to buffers from chain r to:

S F ) = () = W (= ) (87)
= I(q (88)
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Summarizing the last steps, we have constructed a network I = (N”,{q¢,r}) and a capacity
assignment @ with
K, = V) S en @By = K,
(89)
N2 < Ky <V Sien ®(By) = K,
Recall that any deadlock in this network will result in a deadlock in I' with capacity assignment ®.
Now we select a subset V7 C N of stations with |[V;| = |[N"| — K, such that:

S ®(By) = 0 (90)
JENM
S ®(Bj,) > 0 (91)
JENM
From (89), it follows that this selection is always feasible. We denote by N3 the set of stations
not in Aj, ie., Nz = N\ M. Since |N3| = K, holds, and since equation (91) implies that

=

Yien, ® (Big) < Ky, we can use Lemma 4 to partition A into two subsets A1 and Ny, such that:

S F(Bjy) + Nl < K, (92)
JEN21
S W (Byy) + Wl < K, (93)
JEN22

Now consider the following two buffer cycles C7 and Cy in T":

SV = Wl SIS I A = A UG
S = Wl SIS IV ol = NG U A
With (92) and (93), routing chain ¢ does not satisfy the DLF condition in either cycle. Therefore,

routing chain r must satisfy the DLF condition in both Cy and C5. Let us assume chain r satisfies
the DLF condition in cycle Cy, that is,

S T (B + M+ N > K, (95)
JENTUN

(94)

Note that with (90) we have

> ¥ (Bi)= Y ®(By) (96)

1ENTUN 2, 1€EN22
With |V| = N = K,, K, = [N, and (96), equation (95) is equivalent to

ST @ (By) + |Na| > K, (97)
iENQQ

Then, the DLF term for routing chain r in cycle Cy evaluates as follows:

S W (Bi)+ N+ Nl = (K= > @ (Bi)) + (V] = [Naa) (98)
1ENTUND 1€EN22

< N (99)

- K, (100)
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Equality in (98) follows from (86) and |N"| = |Nay| 4 | Vaz| + |NV1|. Equation (99) is obtained with
(97), and (100) is correct since (89) implies K, = |[N"|. Hence, if routing chain r satisfies the DLF
condition in cycle (1, it does not satisfy the DLF condition in cycle C;. On the other hand, if
we assume that chain r satisfies the DLF condition in cycle Cy, equivalent derivations as in (95) —
(100) yield that chain r cannot satisfy the DLF condition in cycle Cy. Therefore, either cycle Cy
or cycle (5 contains a deadlock in I'’. Since all manipulations of I' where such that any deadlock
I'"" can be extended to a deadlock in I', we follow that I' also contains a deadlock. O

6 Conclusions

Deadlock situations in blocking networks with multiple routing chains are difficult to detect since
deadlocks may occur due to interdependencies between jobs from different routing chains. In this
study, we presented necessary and sufficient conditions for deadlock-free blocking networks with
multiple routing chains. We addressed the problem of finding a deadlock-free capacity assignment
for a network with the least number of buffer spaces (minimal capacity assignment). We presented
an algorithm which generates a minimal assignment for multiple chain networks without restrictions
on the network topology. A drawback of the optimization algorithm is that it involves the solution
of an integer program. To avoid the high computational complexity involved in solving integer
programs, we offered an eflicient heuristic algorithm which always provides a deadlock-free capacity
assignment, but does not guarantee minimality. For a special class of network topologies, so-called
tandem networks, we proved that a minimal capacity assignment can be given without running any
optimization algorithm. We proved the correctness of a minimal capacity assignment for tandem
networks which assigns non-zero capacities to only one station in the network.

Our work can be extended in several directions. In our study, we assume the most common
blocking mechanism, i.e., blocking-after-service or BAS. Many systems are more realistically mod-
eled with different blocking mechanisms, e.g., blocking-before-service or repeated-service [1]. For
these blocking mechanisms, deadlock freedom conditions — different from the conditions in this
study — must be found. We also assume that all stations have a single server, and that each rout-
ing chain has a separate buffer at a station. Extensions of our work could consider stations with
multiple servers, and stations where the available buffers are shared by all routing chains.
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