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Abstract—We consider online distributed optimization where
a server and multiple devices collaborate to minimize a sequence
of time-varying global loss functions. To accommodate slow
devices that may require multiple time slots to compute their
local decisions, the server uses semi-asynchronous aggregation
of the local decisions, which complicates device scheduling and
performance optimization. In this work, we first analyze the
convergence of semi-asynchronous aggregation in the presence
of time-varying local update delays and loss-function weights.
Our analysis leads to an online scheduling problem to minimize
the accumulated age of information on the local decision updates,
subject to individual long-term constraints on the total weights
of the scheduled devices. We then design an efficient scheduling
policy, termed Age-of-Information Minimization with Weight
Limits (AIMWeL), through a modified Lyapunov optimization
approach that uses the weighted sum of linear age-of-information
values and quadratic virtual queues as a new Lyapunov function.
We show that AIMWeL has bounded optimality ratio, via a novel
double relaxation approach to handle the unique scheduling-
dependent communication indicator with time-varying proba-
bilities of completing local decision update caused by semi-
asynchronous aggregation. When AIMWeL is applied to semi-
asynchronous federated learning, our simulation results based on
standard image classification datasets demonstrate that AIMWeL
uses significantly less time to reach the same classification
accuracy achieved by the current best alternatives for both convex
logistic regression and non-convex convolutional neural networks.

Index Terms—Online distributed optimization, federated learn-
ing, semi-asynchronous aggregation, age of information.

I. INTRODUCTION

Modern wireless edge devices generate an enormous amount
of data that can be used to train machine learning models.
Together with the increasing computational capacity of wire-
less edge devices, distributed optimization has become an
essential tool for machine learning applications. The celebrated
federated learning (FL) scheme allows multiple local devices
to collaboratively optimize a global model based on their
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local private data, with the assistance of a central server [1].
Most existing works on FL assume synchronous aggregation,
i.e.,, the central server waits for all the selected devices to
finish updating their local models before aggregating the
global model [1]-[7]. However, the local computation time
may vary drastically among devices due to the heterogeneity in
computational capacity. This leads to the straggler issue since
the central server needs to wait for the slowest devices [8].

In asynchronous FL, the central server performs global
model update as soon as it receives one local model from a
local device, while the remaining devices continue to compute
and send their model updates [9]-[12]. Naturally, the slower
devices may participate in asynchronous aggregation much
less frequently than the fast devices, leading to significant
staleness of their local models relative to the global model. In
semi-asynchronous FL [13]-[16], the central server waits for a
certain number of local devices before global aggregation com-
mences. It works in a hybrid mode between the synchronous
and asynchronous modes, mitigating the negative impacts of
both straggler and staleness on the learning performance.

All existing works on semi-asynchronous FL focus on
offline optimization based on fixed datasets, which does not
allow streaming data or time-varying loss functions. However,
in many practical machine learning applications, e.g., real-
time video analysis [17], dynamic user profiling [18], and
network traffic classification [19], new data arrive in a stream-
ing fashion, and consequently the loss functions vary over
time. These applications require online optimization, where
decisions are continuously updated to adapt to the unknown
system dynamics over time [20]. Furthermore, with limited
communication capacity between the local devices and the
server in practical systems, not all devices that have finished
their local computation can be immediately scheduled by the
server to send their model updates. It is crucial to understand
how device scheduling impacts the performance of semi-
asynchronous aggregation.

The above issues motivate us to pose the following key
question: How to dynamically schedule the local devices over
time to improve the performance of semi-asynchronous online
distributed optimization? In particular, we are interested in de-
signing a scheduling policy that takes into account the impacts
of both the device information staleness and the time-varying
environment on semi-asynchronous aggregation, guided by
the aim to provide bounded guarantee on optimization per-
formance. To answer the question above, we must address
several main challenges: 1) We need to carefully account for
the impacts of random time-varying system behavior including
device computation time, partial device participation, and



loss-function weights on distributed optimization. 2) Semi-
asynchronous aggregation among devices with heterogeneous
computing speeds leads to complex patterns of device infor-
mation staleness. 3) Device scheduling is coupled with both
computation and communication, creating non-independent
device status and decision updating sequences that further
complicate optimization design and analysis.

In this context, the contributions of this paper are as follows:

o We extend semi-asynchronous FL to the general online
distributed optimization setting, under which both the
local loss function and local weight are allowed to change
over time. We analyze the performance of the result-
ing semi-asynchronous online distributed optimization
framework, in the presence of time-varying partial device
participation and local update delays. This analysis is
unique in the literature as far as we are aware. From
the derived bound on optimality gap, we observe two
key factors that determine the performance of semi-
asynchronous aggregation: the local update delays and
loss-function weights.

o Motivated by the above analysis, we formulate an on-
line scheduling problem to improve the performance of
semi-asynchronous aggregation. We leverage the age-of-
information (Aol) metric to represent the local decision
staleness, due to their similarity in nature. Our goal is to
minimize the time-averaged expected weighted sum of
Aol subject to individual long-term weight constraints at
the local devices. We propose a new Age-of-Information
Minimization with Weight Limits (AIMWeL) scheduling
policy, which minimizes an upper bound of a modified
Lyapunov drift defined from a new Lyapunov function
that uses the weighted sum of linear Aol values and
quadratic virtual queues. The resulting scheduling deci-
sions are in closed form with low complexity.

e We analyze the performance of AIMWeL in terms of
constraint satisfaction and optimality guarantee. Unique
to our semi-asynchronous online distributed optimization
framework, the communication indicator of each local de-
vice i.e., a flag that indicates whether the device is ready
to transmit its computed local decision (see definition in
Section III-C), is dependent on the scheduling policy with
time-varying probabilities of completing local decision
updates, which has not been studied before. We therefore
propose a new double relaxation approach to bound the
optimality ratio of AIMWeL. In the special case of inde-
pendent and identically distributed (i.i.d.) communication
indicators with a fixed probability, AIMWeL recovers the
current best optimality ratio.

o For numerical evaluation, we apply AIMWeL to semi-
asynchronous FL. We experiment with standard image
classification datasets for both convex logistic regression
and non-convex convolutional neural networks. Our sim-
ulation results demonstrate that AIMWeL significantly
reduces the time to reach the same accuracy achieved
by the current best alternatives under various scenarios.

The rest of this paper is organized as follows. In Sec-
tion II, we present the related work. Section III describes

the system model for online distributed optimization with
semi-asynchronous aggregation. In Section IV, we present
AIMWeL and its performance analysis. The application to
semi-asynchronous FL is presented in Section V, followed by
concluding remarks in Section VL.

II. RELATED WORK
A. Semi-Asynchronous Federated Learning

Semi-asynchronous FL aims at overcoming the detrimental
effects of both the straggler in synchronous FL [1]-[7], and
the staleness in asynchronous FL [9]-[12]. In [13], the server
waits for a certain number of devices before performing global
model aggregation. Similarly, in [14], the server buffers the
updates from a minimum number of devices before aggre-
gation commences. The number of devices that the server
waits to perform global model aggregation was optimized by
minimizing a performance upper bound of semi-asynchronous
FL [15]. A multi-armed bandit based approach was proposed
in [16] to determine the numbers of model updates at the local
devices. However, these works focus on offline learning, as-
suming that the local datasets and weights are fixed during the
entire learning process. Furthermore, their heuristic schedul-
ing policies lack theoretical insights on how scheduling can
improve the performance of semi-asynchronous aggregation
and do not provide any scheduling performance guarantee.

B. Age of Information in Federated Learning

Aol measures the time that elapsed since the generation of
the information that was delivered to the destination, capturing
the information freshness [21]. Aol has been studied in areas
such as queueing networks, wireless scheduling, and energy
harvesting (see [22] for an overview). In [23], the communica-
tion round duration was measured by an age metric called age
of update (AoU) to represent the staleness of the global model
aggregation in synchronous FL. AoU based scheduling policy
was proposed in [24] to greedily minimize the aggregation
staleness while considering the channel conditions. The age-
optimal number of devices updating their local models and
participating in global aggregation was studied in [25]. These
works focus on synchronous FL. and do not provide any theo-
retical analysis on the impact of Aol on the FL performance.

C. Constrained Age-of-Information Scheduling

More relevant to this work in scheduling theory is con-
strained Aol scheduling [26]-[30]. In [26], scheduling policies
were proposed to minimize the weighted sum of Aol subject
to throughput constraints in wireless sensor networks, where
multiple sensors share one single interference channel. Lya-
punov optimization was used in [27] to minimize the transmit
power subject to Aol constraints, and in [28] to minimize
the sampling and transmission costs under Aol constraints.
Constrained Markov decision techniques were used for Aol
minimization with power constraints over time-varying chan-
nels [29], and for throughput maximization subject to Aol
constraints over fading channels [30]. These works do not
consider the impact of Aol on the performance of online



distributed optimization and assume the communication in-
dicator is independent of the scheduling policy with a fixed
probability. In this work, as will be shown in Section III-C, the
communication indicator sequence of each device is dependent
on the scheduling policy with time-varying probabilities of
completing local decision updates due to semi-asynchronous
aggregation. This brings new challenges to the scheduling
algorithm design and its performance analysis.

D. Online Optimization and Lyapunov Optimization

Due to the dynamic nature of semi-asynchronous online
distributed optimization, a part of our performance analysis
resembles online convex optimization (OCO) [20], especially
distributed OCO with consensus [31]-[34]. However, the dis-
tributed OCO framework mainly concerns synchronous con-
sensus over all devices at each time, which is inherently
different from our semi-asynchronous optimization framework
with decision aggregation over time-varying partial device
participation.

AIMWeL is also related to Lyapunov optimization [35],
since our online scheduling problem for optimizing the perfor-
mance of semi-asynchronous aggregation involves long-term
constraints. However, different from the standard Lyapunov
optimization techniques, we design a new Lyapunov function,
which is a weighted sum of linear Aol values and quadratic
virtual queues, to handle the policy-dependent communication
indicator sequence that is unique to our system. Furthermore,
we use a novel double relaxation approach to bound the
optimality ratio of AIMWeL, which is substantially different
from the standard Lyapunov optimization bounding approach.
Specifically, we keep relaxing the original online problem with
non-i.i.d. system states until an optimal stationary randomized
policy for solving a relaxed problem also achieves the optimal
objective value of a doubly-relaxed lower bound problem. In
standard Lyapunov optimization, the system states are assumed
to be i.i.d. or Markovian, and an optimal stationary randomized
solution to the original optimization problem readily exists.

III. ONLINE DISTRIBUTED OPTIMIZATION WITH
SEMI-ASYNCHRONOUS AGGREGATION

A. Online Distributed Optimization Objective

We consider a distributed system consisting of N local
devices and a central server. At each time slot t € 7 =
{1,...,T}, each local device n € N'= {1,..., N} observes
a local loss function f7*(x;) : R? — R, where x; € R? is the
decision variable. Under the online optimization setting, the
local loss function f}*(x;) is allowed to vary over time.

In our motivating example of FL, f/*(x;) can be defined
as the average loss incurred by the learning model x; with
respect to the local dataset B}*, given by
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where 37 is the cardinality of B} and I(x¢;p"",v"")
R? — R is a sample-wise loss function to represent how the
learning model x; performs on each data sample (p;"",v,"")

in B, with /" being a data feature vector and v}"" being
its true label. Note that I(x; u,v) is generally defined, e.g.,
it can be the logistic regression loss (see Section V-B) or
the neural network loss (see Section V-C) to measure the
prediction accuracy. In the case of FL with streaming data
that sequentially arrive to the devices, B} represents the
local streaming dataset collected by device n at time ¢. The
distribution of 3;" may be unknown and vary over time, so that
the corresponding loss function f{*(x;) is also time-varying.

The global loss function at time ¢ is defined as the weighted
sum of the local loss functions, given by

filxe) & Z wi' fi' () (2)
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where wi® > 0 is the weight on local device n with
> nen wi = 1. In the FL example, when we set the local
weight as wy = %—Z: with 3, = >° .\ B, the global loss
is equal to the average loss incurred by the global dataset
B: = U,ea{Bi'}- Note that due to the unpredictable nature
of streaming data or device computation availability, each
device n may process different amounts of data samples {3} }
over time, leading to a sequence of time-varying weights
{w}}. We assume w]* is mean stationary and let w" = E{w}}.

Let x; € arg min,cga f;(x) be the optimal global decision
that minimizes f;(x) at time ¢. The goal of online distributed
optimization is to compute at the central server a sequence
of global decisions {x;}, to minimize the difference between
the time-averaged global loss yielded by {x:} and the one by
the global optimal solution sequence {x}} over a finite time
horizon 7, i.e.,

min

min 7 30 [fix) ~ )] ®

teT

Solving the above optimization problem is similar to minimiz-
ing the dynamic regret in the distributed OCO literature [31],
[33], [34]. Note that computing a sequence of global decisions
{x¢} that satisfies imy_,o0 & >, cr[fe(x) — fe(x})] = 0
is equivalent to achieving sublinear dynamic regret, i.e.,
Douerlfi(xe) — fi(xf)] = o(T). As mentioned in Sec-
tion II-D, the distributed OCO framework [31]-[34] is limited
to synchronous aggregation over all devices at each time. It
is a special case of our general semi-asynchronous online
distributed optimization framework with time-varying partial
device participation considered in Section III-B.

B. Semi-Asynchronous Aggregation

We extend semi-asynchronous FL [13]-[16], to a general
semi-asynchronous online distributed optimization framework,
allowing the loss function, local weight, device participation,
and update delay to vary over time. For each local device n,
if it receives a global decision x; from the central server at
the beginning of time slot ¢, it performs the following local
decision update via local gradient descent:

xi =x¢ =V f{(x¢) 4

where 7) > 0 is the step size (or learning rate).



Most studies in FL assume all the local devices can finish
calculating their local gradients within one time slot. How-
ever, gradient calculation is computationally costly for high-
dimensional functions, and in practical distributed networks,
local gradient calculation could take more than one time slot
at slow devices. Therefore, in this work we consider a more
general setting, so that when device n is computing its local
gradient at any time slot ¢, it completes the computation within
the time slot with a probably 0 < pi < 1. This captures
the uncertainties both in gradient computation complexity
and in the availability of computation resource. We further
consider {p}'} as a random sequence and assume that it is
mean stationary and lower bounded, with p* = E{p?} and
0 < pr < pp,vt.! Note that we do not require {p?} to be
an i.i.d. sequence, i.e., we allow the computation time to be
non-memoryless.

Let N; be the set of local devices from which the central
server receives local decisions at time t. As explained above,
the local decision uploaded by device n at time ¢ may have
been delayed over multiple time slots. Let [} be the time
when device n last received the global decision x;; from the
central server. The central server performs the following global
decision update via decision averaging at the end of each time
slot ¢, given by

X1 = Z w?xﬁl + Z wy" Xy ®)
neN; meN\N;

In the first term, XZL is the local decision update from
device n € N; based on its last received global decision Xy
at time [". The second term ) AW, Wi Xe in (5) ensures
the sum of local weights over all devices N is 1, to prevent
the global decision parameter values from approaching 0 due
to partial device participation. The intuition behind (5) is that
the central server performs decision averaging over the local
decisions {xj. } actually received from devices N, based on
the current weights {w}'} at each time ¢. For each device
m € N\MN; that has not finished updating X}?n, the central
server treats the previous global decision x; as a virtually
received local decision to perform decision averaging in (5).
The central server then broadcasts the updated global decision
X;41 to the local devices N; at the beginning of time slot ¢+1.
Note that device m € N\N; has not finished calculating its
local decision x77. from its received latest global decision x;;»
and will continue the same calculation in the next time slot
t+ 1.

In Fig. 1, we illustrate the procedure of semi-asynchronous
aggregation with NV = 3 devices. Let 7;* be the elapsed time
from time slot [’ (when device n last received the global
decision x;7) to the current time slot ¢. For example, device 1
receives the global decision x4 at the beginning of time slot 2,
and takes 74 = 2 time slots to finish updating x} at time slot
t = 3. Device 1 then uploads x5, which was updated based
on its last received global model x, at time slot [ 1 =9 to the
central server at the end of time slot ¢ = 3. Similarly, device 3

'In practical systems where each device n has non-zero computational
capacity to perform local decision updates, we have p’; > 0. This will be used
to bound the impact of time-varying probabilities {p}*} on the performance
of AIMWeL in Sections IV-D and IV-E.
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Fig. 1: An illustration of semi-asynchronous online distributed
optimization with N = 3 devices.

receives the global decision x; at the beginning of time slot 1,
and takes 75 = 3 time slots to finish updating x3 at time slot
t = 3. Device 3 then uploads x3, which was updated based
on its last received global model x; at time slot lg =1, to the
central server at the end of time slot ¢ = 3. After receiving
x4 and x? from devices 1 and 3, the central server performs
global decision update to generate x4 = wix3 +w3ix3 +wixs
(Vs = {1,3}) and distribute it to devices 1 and 3. After
receiving x4 from the central server at the beginning of time
slot t = 4, devices 1 and 3 then start to generate their new
local decisions based on Xy4.

C. Device Scheduling Policy

Practical systems have limited communication capacity,
e.g., in wireless edge computing. Therefore, we consider the
general scenario where the central server can only select up
to K < N devices to upload their local decisions. Let uy
be the scheduling indicator such that uy = 1 if the central
server selects device n to upload its local decision Xln, and
uy = 0 otherwise. A scheduling policy controls the scheduhng
decisions of the central server at the end of each time slot ¢,
which is represented by {u}'}. We consider non-anticipative
scheduling policies II, i.e., a policy m € II does not utilize
any future information in decision making. Denote d} as the
communication indicator such that di = 1 if device n has
finished updating its local decision xl”n by the end of time ¢,
and di = 0 otherwise. If device n is ready to upload xln to
the central server, i.e., di = 1, but the central server does not
select device n to participate in the global decision update at
time ¢, i.e., u = 0, then device n becomes idle and is also
ready to upload at the next time slot ¢t + 1, ie., di',; = 1.
Otherwise, device n finishes its local decision update at time
t + 1 with a probability pj, ;. Therefore, the evolution of the
communication indicator dj* follows

1 ifdy =1,u} =0
P{d}', =1} = ’ t o ’ 6
@a=n={, TN ©
From (6), we can see that the evolution of dj’,; depends

on uy, and therefore E{d}'} is policy w-dependent. However,
E{d}} is both upper and lower bounded as

Pl < E{di'} <1. (7



As will be shown later in Section IV-D, the mw-dependent
communication indicator sequence {dy'} in (6), with time-
varying probabilities {p}'} of completing local decision up-
dates brought by semi-asynchronous aggregation, requires new
techniques to design the scheduling algorithm and to bound
its performance. When device n is selected to upload its local
decision at time t, the local update delay, i.e., the elapsed time
since it last received the global decision at [}, is

=t (8)

Note that 7;* depends on both the d}’ and u}’ sequences, so it is
also policy-dependent. If the central server does not receive a
local decision from device n at time ¢, then 7%, ; = 77" +1. On
the other hand, if the central server receives le from device n
at time t, then the update delay at the next time slot ¢ 4 1
reduces to 7% ; = 1. Thus, the evolution of 7;* follows

, T+ 1,
Tih :{ ¢ 1

3

H M, N
if djuy =0,
O.W.
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or equivalently 7% | — 7{* = —7/*d{'ui’ + 1. We observe that
(9) is similar to the evolution of the Aol in nature.” Therefore,
in the following, we use Aol to refer to 7*. In Table I, we
summarize our key notations.

In this work, we aim at finding a scheduling policy to
minimize the optimality gap in (3) under semi-asynchronous
aggregation. However, it is challenging to directly measure
the impact of the scheduling decisions {u}} on (3), due to
the system dynamics such as time-varying local loss function
fir(x¢), Aol 7%, weight w}, and communication indicator d}'.
To tackle this challenge, we first derive an upper bound on (3).
We then formulate an online scheduling problem to minimize
this upper bound.

IV. Aol MINIMIZATION WITH WEIGHT LIMITS

In this section, we present the Age-of-Information Mini-
mization with Weight Limits (AIMWeL) scheduling policy to
optimize the performance of semi-asynchronous aggregation
for online distributed optimization.

A. Performance Bound on Semi-Asynchronous Aggregation

We first derive a bound on (3) for the semi-asynchronous
online distributed optimization framework. We state the fol-
lowing assumptions required for our performance analysis.
These assumptions are common in existing works on FL and
distributed optimization [4], [7], [10], [15].

Assumption 1. The optimal global decision x; €
arg miny cpa fi(x) has zero gradient and lower bounded loss,
i.e., for any t

Vfi(x;) =0,
fi(x}) > —o0.

(10)
Y

2The classic Aol evolution commonly assumes the communication indicator
d}', e.g., the communication channel on and off indicator, is i.i.d. with a known
mean E{d}}, and thus is policy m-independent, [26]-[30], [36]. Our model
here is more general.

TABLE I: Summary of Key Notations

Notation ‘ Description

T Set of time slots
N Set of local devices
T Total number of time slots
N Total number of local devices
fi(x) Local loss function of device n at time ¢
fe(x) Global loss function at time ¢
wy’ Local function weight of device n at time ¢
Xy Local decision of device n at time ¢
X¢ Global decision of central server at time ¢
x; Optimal global decision that minimizes f(x)
Ny Set of devices that server receives decisions at time ¢
n Gradient descent step size (or learning rate)
I Time when device n last received x;7 from server
e Aol (or decision update delay) of device n at time ¢
uy Scheduling indicator of device n at time ¢

7 Communication indicator of device n at time ¢
Py Probability that device n finishes updating at time ¢
Pis Lower bound constant on p;
I Strongly convex constant of f;*(x)
L Smoothness constant of f;*(x)
€ Dissimilarity constant of local gradient V f*(x)
A fus Upper bound of global loss function variation
V fus Upper bound of local gradient on optimal decision
Tus Upper bound on Aol
Wyp Lower bound on sum weight of scheduled devices
p Contraction constant on global loss
1) Residual constant on global loss
a” Weight on the Aol of device n
q" Minimum time-averaged weight limit of device n
K Maximum number of scheduled devices at time ¢
i Scheduling policy
II Set of non-anticipative scheduling policies
) Online scheduling problem with weight limits
OPT* Optimal objective value of P
OPT, Objective value of P achieved by policy 7

A Virtual queue of device n at time ¢
Ly Modified Lyapunov function at time ¢
U Weight on Aol in L
A Modified Lyapunov drift at time ¢
St System state at time ¢
P Per-slot optimization problem that AIMWeL solves
Wy Weight AIMWeL calculates for device n at time ¢

Assumption 2. The local loss function f/*(x) is u-strongly
convex: Iu > 0, s.t., for any x,y € R%, n, and ¢

Fi) = £ 2 (VP )y = %)+ Slly =x|? - (12)

where (a, b) represents the inner product of vectors a and b,
and || - || represents the Euclidean norm.

Assumption 3. The local loss function fJ*(x) is L-smooth:
dL > 0, s.t., for any x,y € R4, n, and ¢

F ()~ 00 < VY —x)+ Ely —x% %)



Assumption 4. The gradient of the local loss function V f{* (x)
is e-dissimilar to the gradient of the global loss function
Vfi(x): 3¢ > 0, s.t., for any x € R?, n, and ¢

(VI(x), Vfie(x)) 2 el Vfo(x)|I*.

Assumption 4 is weaker than a more common bounded
gradient variance assumption that 3y € [0,1), s.t. M (x)—
V)2 < yIVFA(x)]%Vx € RY n,t. We can show that
Assumption 4 can be derived from setting € = 1_77

Unlike many existing works that consider only fixed datasets
(or fixed loss functions), we examine the joint impact of time-
varying loss function f;*(x), local weight w}', partial device
participation Ay, and Aol 7' on the performance of semi-
asynchronous aggregation. To this end, we need to quantify
the amount of variations in the underlying system. Let the
variation of the global loss function be upper bounded for any

x € R? and t by

(14)

|fe(x) = ferr1(x)] < Afu. (15)

Furthermore, we need to quantify the heterogeneity in local
loss functions. Let the local gradient on the globally optimal
decision be upper bounded for any n and ¢ by

IVF DI <V fo.

The following theorem provides a performance upper bound
on semi-asynchronous online distributed optimization.

(16)

Theorem 1. If the step size is set as n < % in the local

decision update (4), the final global decision x7 satisfies

frxr) — fr(x}) < p" [fix1) — fi(x})] + 6 (17
where p < 1 is a contraction constant given by
_1
02 [1 = 2 — 1L ] . 1s)
and § > 0 is a residual constant given by
54 275 A fu + nQLVfUB (19)

1(2pe — nL?)w,

with 7y > 7/*,Vn, V¢t being an upper bound on the Aol and
wis < D e, Wi, VE being a lower bound on the sum weights
of the scheduled devices.

Proof: See Appendix A.

Theorem 1 provides a performance bound for the final
global decision x7. As T' approaches infinity, the final loss is
d-optimal. Note that § can be small, e.g., in the special case of
offline distributed optimization that the local loss functions (or
datasets in FL) are fixed over time, i.e., A f;; = 0, and the local
loss functions are the same among devices, i.e., V fi; = 0, we
have § = 0. The following corollary provides a bound on
the optimality gap (3) yielded by the sequence of the global
decisions {x;}.

Corollary 1. The time-averaged loss yielded by the sequence
of global decisions {x;} is upper bounded by

fl(Xl)*fl(X*)
Ttez;ftXt (1—/J)T1 o

— fi(x})] < (20)

Proof: See Appendix B.
Corollary 1 implies that the time-averaged loss converges to
a §-neighbourhood of the optimum at an O() rate.

Remark 1. (Bounded Aol and Weight) In practical systems
where each device n uploads its local decisions within finite
time, its Aol is bounded above, ie., 7' < T, < 00,Vn, Vt.
Also, when as least one device participate in decision av-
eraging at each time ¢, the sum weights of the scheduled
devices is bounded below, i.e., Zne N, wy > wy > 0,VE. In
Section IV-E, we will prove that AIMWeL provides a bounded
optimality ratio of the weighted sum Aol. We can then prove
by contradiction that AIMWeL guarantees the existence of 7.
Furthermore, in Section IV-C, we will see that if there is at
least one device ready to upload its local decision at each
time ¢, AIMWeL guarantees the existence of w, ;. Furthermore,
AIMWeL does not need the values of 7 and w,; to run.

B. Aol Minimization with Weight Limits

From Theorem 1, we can see that the performance of semi-
asynchronous aggregation improves as the contraction constant
p in (18) and the residual constant § in (19) decrease. We
further observe the following two key factors that determine
the value of p and 6:°

e Aol 7': Each device n should have small 7;* such that
more devices can contribute in-time information to global
decision update (5).

o Function weight wi': More devices with larger weights
should be scheduled to participate in global decision
update (5), such that } N, Wi is large.

Based on these two observations, we aim at making a
sequence of scheduling decisions {u}'} at the central server to
minimize the long-term time-averaged expected weighted sum
of Aol, subject to individual long-term weight constraints. This
leads to the following online scheduling optimization problem:

P: OPT* —mm{Th_r)réoZ Za E{r} } (21a)

teT neN
. — nqn > "
st lim ZE{wtd "l >q",  Vn, (21b)
Z u' < K, Vit (2lc)
neN

where a™ > 0 is the scaling factor for Aol on device n with

Y onen @" =1, ¢" > 0 is the average minimum weight limit,
and K < N is the maximum number of participating local
devices at each ¢ as explained in Section III-C.

For a given network setup (N, K, a™, {w}}, {py},q"), let
m* € II be the optimal online scheduling policy for solving
P. Let OPT* be the optimal objective of P achieved by 7*.
Similarly, let OPT, be the objective of P achieved by some
policy 7 € II. The optimality ratio of 7 to 7 is defined as

OPT,.
OPT*"

(22)

3The constants A fys and V fyp in & are determined by the underlying
system and are independent of the scheduling decisions. Scheduling devices
to minimize 7;* and maximize Zn Ny wy helps to reduce Typ and increase
wis, leading to improved performance as seen in Theorem 1.



We assume constraint (21b) in P is strictly feasible, i.e.,
there exists a set of scheduling probabilities {0™} that satisfy
Y onen 0" < K and

nnn

w"p " —q¢" >0, Vn (23)

where w" and p]} are defined in Section III-A and Sec-
tion III-B, respectively, and o > 0 is a Slater’s constant for
the long-term weight constraints (21b).

C. AIMWeL Scheduling Policy

We now present the design details of AIMWeL for solving
P. Different from the standard Lyapunov optimization [35], we
introduce a new form of Lyapunov function that is a weighted
sum of linear Aol values and quadratic virtual queues to han-
dle the policy-dependent communication indicator sequence
dy with a time-varying probability py of completing local
decision update.

We first introduce a virtual queue )} at each device n to
account for the long-term weight constraints (21b) in P, with
the following updating rule:

t

Qo =tq" — Z wydiuy,  Vn,Vt (24)
or equivalently QF,, — Qf = ¢" — wpdfuy,Vn,Vt. The
concept of virtual queues was also used in [26], [36] for
constrained Aol minimization. Unique to our virtual queue in
(24), the communication indicator sequence dj is dependent
on the scheduling decision sequence v} with a time-varying
probability p}. Define [|; = max{-,0} as a projection
operator that computes the positive part of a scalar. From
Theorem 2.8 in [35], strong stability of the virtual queue

Tlﬁﬂ;ZE{

is sufficient to satisfy (21b) in P.

Let S; 2 {{7"}nenr, {Q7 }nenr} denote the system state at
time t. Note that it contains both the Aol values and the virtual
queues. We define a new Lyapunov function as follows:

LU a4 S j{: Qr2, wt

neN nEN

where U > 0 is a weight on the Aol. Different from the
standard Lyapunov function that is a quadratic function on Q7
only, L; in (26) is a weighted sum of the linear Aol values
and the quadratic virtual queues. Define the corresponding
modified Lyapunov drift as

At £ Lt+1 -

”]Jr} <00, Vn (25)

(26)

Ly, Vt. 27

We provide an upper bound on its conditional expectation in
the following lemma.

Lemma 1. The modified Lyapunov drift is upper bounded by

E{AS:} <= Y Ua™r'E{d}u}|S:}
neN

= QM E{wpdyul|S:} + By
neN

(28)

-

where B, £ ZneNq QM4 + U + € with ¢ £
max{(¢™)?, (w™ —q™)?}, g™ £ max{q"}, q = min{q"},

£ max{w}'}.
t,n

min
and w™

Proof: Substituting L; in (26) into A; in (27) and taking
conditional expectation over the system state S;, we have

E{A|S;} =U > o"B{r]\; — 7|5}

neN
£y SR - QIs) @)
n€N
From the equivalent Aol evolution below (9), we have
IE{TZLH — Tt”|St} = —Tf]E{d?uﬂSt} +1 (30)

From the equivalent virtual queue updating rule below (24),
we have

[Q?-Hﬁ- < [max{[Q?h +q" — wydiuy ,O}]
< [1Q¢1+ — (wpdyuy —q™)]". 31
Rearranging the terms of (31), we have
Qi3 - [
< —2Q )4 (widiup — ") + (widiu —¢")? (32)

Taking conditional expectation over S; and noting that
(wpdpul — ¢q)? < C yields

E{ Qt+1 - [QF ]+|St}
< =2[Q})4 [E{wpdju}|S:} — ¢"] +C.  (33)
Substituting (30) and (33) into (29), we have
B{AS:} < =U > o"rE{d}u}|S:} +U Yo"
neN neN
—me@www+zq@u-zc
neN neN neN

which proves (28). |

Note that B, in (28) is not affected by the scheduling
decision uj. We solve the following per-slot optimization
problem P; to minimize the modified Lyapunov drift upper
bound in Lemma 1

P, : rmn Z Uari'diuy +wi[QF ]+ diuy
neN
s.t. Z ul <K, Vit (2lc)
neN

It is easy to see that the solution to P, is selecting the top-K
local devices with the highest value of

W £ Uo7 d} + wi'[QF]+d}. (34)

This provides the desired scheduling policy.

We summarize the AIMWeL algorithm in Algorithms 1
and 2 at the server side and the local device side, respectively.
We will further show that AIMWeL provides guarantees on
both the long-term weight constraint and the optimality ratio
in Sections IV-D and IV-E.



Algorithm 1 AIMWeL: central server’s algorithm

Algorithm 2 AIMWeL: local device’s algorithm

Initialize U > 0, {a™ > 0}, {77* = 1}, {Q} = 0}.
Receive {w}'} and {d}'} from devices N.

Send{u} =1}to devices NV; with K-largest {WW*} in (34).
Receive xln from devices M.

Update global decision x;41 via (5).

Broadcast x;,1 to devices N;.

Update {7/",,} for devices \ via (9).

Update {Q7,,} for devices N via (24).

S AR S e

Initialize x; = 0.
Send w}', d} to central server.
if Received x; then

Update local decision xi* via (4).
else Continue to update XZ
if dfu} =1 then

Upload xln to central server.
Update dj’, ; via (6).

A o

Remark 2. (Computational Complexity) In each time slot,
AIMWeL requires only the updating of N virtual queues,
closed-form calculation of {W}*}, and finding of top K out
of N values, with computational complexity O(N), O(N),
and O(N + KlogK), respectively. Therefore, the overall
computational complexity of AIMWeL is O(N + K log K).
It is in the same order of computational complexity as some
simple huristic Aol minimization methods, e.g., calculating N
Aol values and then selecting K devices with the largest Aol.

Remark 3. (Communication Cost) In each time slot, the
communication cost of AIMWeL is dominated by the upload-
ing of at most K local decisions {Xz } from the scheduled
local devices N, and the receiving of an equal number of
global decisions x;y; from the central server. Thus, both
the uplink and downlink communication cost of AIMWeL
is O(Kd), with d being the number of decision parame-
ters. Note that since d is usually large in modern machine
learning applications, e.g., it can be thousands for logistic
regression in Section V-B and millions for neural network in
Section V-C, the O(N) communication cost of uploading the
function weights {w}'} and communication indicators {d}'} is
negligible. Furthermore, the scalar values of {w}} and {d}'}
can be efficiently communicated over K uplink channels via
time division.

D. Bound on Weight Constraints via Modified Lyapunov Drift

We bound the weight constraint violation by AIMWeL, via
a modified Lyapunov drift analysis to provide an upper bound
on the virtual queue. We require the following lemma, which
states that for any n and ¢, di’ and u} are uncorrelated.

Lemma 2. For any policy 7 € II, we have

E{d{u} = B{dy }E{u;'}, Vn, V. (35)
Proof: See Appendix C.
In the following theorem, we show AIMWeL guarantees
strong stability of the virtual queues in (24) and thus satisfies

the individual long-term weight constraints (21b) in P.

Theorem 2. The AIMWeL scheduling policy satisfies the
individual long-term weight constraints (21b) in P for any
strictly feasible {¢™}. Specifically, we have

Jim —ZZE{Qt <= (U+—N) <00, (36)

T—oo T
teT neN

Proof: Consider a stationary randomized policy 7, with
scheduling probabilities {v" }. The modified Lyapunov drift is
bounded by

(a)
E{A|S:} < = > Ua"rE{d}v"|S:}
neN

—Z[Qt]_,_IE{wtdtv —4q |St}+U+T
neN
(b) n,n. mn_mn n,n,n n n
<-U Z PV Ty Z (w PV — 4 )[Qt ]+
neN neN
CN
+ U+ —— (37

2

where (a) is because AIMWeL greedily minimizes the modi-
fied Lyapunov drift upper bound in (28) at every time slot ¢,
and therefore any other policy 7 € 1I yields a larger (or equal)
right hand side (RHS) of (28); and (b) follows from the lower
bound on E{d}} in (7) and (35) in Lemma 2.

Taking the expectation of (37) over S;, summing it over
t € T, and then dividing it by T', we have

1 CN
LHS; + LHS; < == Y E{A} +U + —— (38)
T 2
teT
where
LHS; £ — Z > (@ "ppo™ — ME{[QF]4},  (39)
teTne/\/
and
LHS, £ Z Z prota"E{m"}. (40)
teTneN
Let v = 9", where v" is defined in Section IV-B, and

applying the Slater’s condition (23) to LHS; in (39), we have

LHS; > —Z Z E{[ (41)
teT neN
Substituting it into (38) noting that
E{L
ZE{At} < { 13 (42)
teT
LHS; > 0, (43)
and taking the limit 7" — oo, we have
E{L:} 1 CN
1 = E{[ < i — — .
7 > QM < im S0+ )

teT neN
Further noting that L, is upper bounded, we prove strong
stability of the virtual queues in (36), which implies (21b)
is satisfied. [ |
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Fig. 2: An illustration of the double relxation approach to
bound the optimality ratio of AIMWeL.
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E. Bound on Optimality Ratio via Double Relaxation

We bound the optimality ratio of AIMWeL via a novel
double relaxation approach, to handle the policy-dependent
communication indicator sequence di caused by semi-
asynchronous aggregation. As illustrated in Fig. 2, the intuition
behind the double relaxation approach is to keep relaxing
the original problem P (21), until the optimal stationary
randomized policy 7, € Ilg for solving a single-relaxed
problem P, (44) — the solution to the stationary randomized
equivalent problem Pg, (48) — also achieves the optimal
objective value of a doubly-relaxed lower bound problem
P, (46). This stationary randomized policy 7, builds a bridge,
connecting AIMWeL and the optimal policy 7* to bound the
optimality ratio.

1) Double Relaxation: Existing constrained Aol scheduling
policies [26]-[30], [36], do not consider the case where the
communication indicator sequence dj is policy-dependent
with a time-varying probability p; of completing local deci-
sion update, so we cannot apply their techniques. Instead, we
first use the upper bound on E{d}} in (7) to relax P by setting
di =1, and then relax the deterministic constraint (21c) to the
expectation form. This leads to the following relaxed problem
of P

P.: OPT, —mm{Tlgr;oZ > a"E{r }} (44a)

teT neN
s.t. TIEI;O—ZUJ E{u;} > q¢", Vn, (44b)
teT
Z E{uy'} < K. (44c)

neN

Let 7, € II be an optimal online policy for P;, we have

OPT, < OPT". (45)

The following lemma provides a lower bound problem to
PR, by relating the scheduling decision u3 with the Aol /.
Our proof extends the results of Theorem 1 in [26], which
considers scheduling over a single i.i.d. interference channel,
i.e., at most K = 1 user can be scheduled at each time, to
the more general case that K > 1 devices can be scheduled
at each time.

Lemma 3. Any optimal online policy 7, € II for the follow-
ing optimization problem provides a lower bound OPT,; <
OPT; to Pg:

.1 a1
P,: OPT, 231611111 {2 ;[ - + 2} (46a)

Vn,
> E{uf} < K

neN

(46b)
(44c¢)

st. w"c" > ¢",

where ¢ £ limr 0 7 3,7 E{ul'} is the long-term time-
averaged expected number of schedules for device n.

Proof: See Appendix D.

Thus, the original scheduling problem P can be relaxed
twice to P ;. We will next show that P ; admits a stationary
randomized (i.e., Aol-independent) policy that achieves its
optimal objective value OPT,,. We require the following
lemma on the long-term time-averaged Aol for any stationary
randomized policy when the communication indicator d’ is
always 1. The proof proceeds by noting that the probability
of receiving a local decision from device n is v™ and then
applying renewal theory [37].

Lemma 4. Consider a stationary randomized policy s, with
scheduling probabilities {v"}. When d}’ = 1, Vn, V¢, the long-
term time-averaged expected Aol is

lim — ZE{T{L} = —, Vn.

T—oo T

(47)

Proof: See Appendlx E.

Applying Lemma 4 to problem P, we have the following
optimization problem Pg,, where Ilg denotes the class of
stationary randomized algorithms

P, : OPT, = min { 3 a} (482)
w€Ellgr [
neN
st. w"v"™ >q", Vn, (48b)
Z v < K. (48¢)

neN
Let 7} be an optimal stationary randomized policy that
solves the above Pg. The following lemma shows that 77,
also achieves the optimal objective value of P;. The proof
follows from noting that 7, is also a feasible solution to Py,
and then comparing OPT, with OPT,; and the objective value
of P, achieved by 7.

Lemma 5. The scheduling probabilities of the optimal station-
ary randomized policy 7%, € Il for solving Pg, are {c% }nens
where ¢}, is the long-term time-averaged expected number of
schedules for device n under the optimal policy 7, € II that
solves P,,. Furthermore, 7, achieves the optimal objective
value OPT,; of Py;.

Proof: Consider a stationary randomized policy 7g € Il
with scheduling probabilities {c },car- It follows that policy
e satisfies constraints (46b) and (44¢) in P,;, and achieves
the optimal objective value OPT,; in (46a). Note that policy
g With scheduling probabilities {c/% },cn also satisfies con-
straints (48b) and (48c) in Py, and thus is a feasible solution



to Pg.. Let the objective value of Py, achieved by policy 7, be
OBJg. Comparing the object of P, in (46a) with the object
of Py in (48a), we have

OB
2

< OPT,. (49)
We now prove by contradiction that the optimal stationary
randomized policy 7%, for solving Pg is {c }nen, i€,

OBJg = OPT;. (50)

Suppose there exists another stationary randomized policy with
scheduling probabilities {0™},cas that satisfies constraints
(48b) and (48c) in Py, and achieves a lower objective value for
Py than {c" },cn- From (49), it follows that the scheduling
policy with ¢” = 9", Vn satisfies constraints (46b) and (44c)
in P, and achieves a lower objective value for P, than 7.
This contradicts to 7, being the optimal scheduling policy for
solving P, ;. Therefore, the optimal stationary randomized pol-
icy m}, for solving Py, has scheduling probabilities {c[%, },enr
and thus (50) holds. [ |

2) Optimality Ratio of AIMWeL: The stationary randomized
policy 7%, € Ilg connects AIMWeL and an optimal policy
m* € II for solving problem P, to bound the optimality ratio
of AIMWeL. The following theorem provides an optimality
ratio of AIMWeL, where OPT .. is the objective of problem
P achieved by AIMWeL.

Theorem 3. The optimality ratio yielded by AIMWeL is upper
bounded by

OPTA[MWeL < le\x |:2

i CN } [( — i)
OPT*

1
U o +

(5D
pmm Cmm

where c{‘f‘" = mln{cm} e max{cm} prin & mgn{p&},

and g™ = max{q”}.
n

Proof: From the definition of LHS; (39) in the proof of
Theorem 2, we have

LHS; = Z Y (@i — aME{[QF]+)
tETnEN
2303w — RO} )
teTneN
ORI 62
teT neN

Substituting v™ = ¢}, into (52) and noting that w"cl}, > ¢",
we have

~LHS; = Z > (1 pi)a"E{[QF]+}
teTneN
— S pael - aE(Q])
teTneN
< *Z Z 1 _pLB nE{[ ;L]+}
tGTnGN
< L™ p“ 3o EfQr (53)

teT neN

Dividing both sides of (38) in the proof of Theorem 2 by
U, taking T' — oo, and rearranging terms, we have

Jm S = i 230 5 B
teTneN

_LHS, ON
< - fim = - lim o ;E{At}H’L 20
(a) __ pymin) o max CN
SO i 733 @) + 52+ ]

teT neN

®) (1—p™g™r  CN7 1r. CN
< e 3l
:%[2+C7N} [7( Pis)e +1] (54)

where (a) follows from the bound on —», . E{A;} in (42)
and the bound on —LHS; in (53), and (b) follows from the
virtual queue upper bound in (36). Dividing both sides of (54)
by prirerir, we have

el n n
OPT e = lim - Z > a"E{r'}

teT neN
1 ON 1 __ pymin’) omax
< {2+—} [7( piv)a +1} (55)
2pryery U o
From the objective (46a) in P,;, we have
1 o1 a 1 1
OPT,, = - OL > z:ﬂeif\/ + > (56)
2 2 2cmax 2 2cmax
nEN
Comparing (55) with (56), we have
OPTA[MWeL CE;X |: C N ( pmm) qmux
< oy CNAZB )
OPTLB pmm Cmm U + ( )
Further noting that OPT,, < OPT, < OPT*, we have
OPTA]MWEL OPTA]MWEL OPTA]MWEL (58)
OPT* — OPT, ~— OPT,
Combining (56) and (58), we complete the proof. [ ]

The following corollary provides an upper bound on the
optimality ratio yielded by AIMWeL for the special case
where the communication indicator sequence dj is i.i.d. and
is independent of the scheduling decision sequence u}'.

Corollary 2. For i.i.d. communication indicator sequence dj’
that is independent of the scheduling decision sequence u},
AIMWeL provides an optimality ratio

OPT s ywer. 5?{? [
OoPT*

*

< = (59)
g

where &> £ max, {¢"} and & £ min, {é"} with &, being
the long-term time-averaged expected number of schedules for
device n achieved by the optimal policy 7, for solving a lower
bound problem P ; to P.

Proof: See Appendix F

As a point of comparison, the drift-plus-penalty (DPP)
policy proposed in [26] for device scheduling over a single
K = 1 ii.d. interference channel and a policy-independent
communication indicator sequence, is shown o be 2-optimal.

In Corollary 2, the additional constant a%"}?" is caused by
LB




scheduling multiple K > 1 devices at each time ¢. As the
network heterogeneity reduces and U is set large enough,
AIMWeL becomes 2-optimal.

Remark 4. (Comparison with Existing Works) As observed
earlier, the assumption of ii.d. and policy-independent d}
is a highly-simplified case that is nevertheless common in
existing works [26]-[30], [36]. Specifically, the policies pro-
posed in [26] are for device scheduling over a single i.i.d.
interference channel with fixed transmission success proba-
bilites at the devices, i.e., K = 1 and p} = p™,Vt, while
we consider scheduling multiple K > 1 devices with time-
varying probabilities p;' of finishing their local updates at
each time ¢. Furthermore, different from the standard quadratic
only Lyapunov function used in [26], we use the weighted
sum of linear Aol values and quadratic virtual queues as
a new Lyapunov function, to handle the policy-dependent
communication indicator sequence. In addition, we propose a
novel double relaxation approach to bound the optimality ratio
of AIMWeL with policy-dependent and thus non-i.i.d. com-
munication indicator sequence, which is also different from
the bounding approach in [26] for i.i.d. systems. Finally, we
emphasize here that AIMWeL together with its performance
analysis is applicable to general constrained Aol scheduling
problems with policy-dependent communication states under
time-varying state transition probabilities.

V. APPLICATION TO SEMI-ASYNCHRONOUS FL

As an example to study the performance of AIMWeL,
we apply it to semi-asynchronous FL. We present numerical
results to demonstrate the performance advantage of AIMWeL
over the current best alternatives, based on standard image
classification datasets for both logistic regression and neural
network training.

A. Simulation Setup

We consider a FL system with N = 10 devices and a server.
We evaluate our results on the popular MNIST dataset [38] and
Fashion-MNIST dataset [39]. Each of their training dataset D
consists of 6 x 10* data samples, and their test dataset &
consists of 1 x 10* data samples. Each data sample (u,v)
represents an image with 28 x 28 pixels and 10 possible
labels, ie, p € R™ and v € {1,...,10}. We study the
scenario where the local datasets {B}"} contain data samples of
different labels among devices, such that the data is non-i.i.d.
We consider unbalanced and streaming data at the devices,
and set the number of arriving data samples ;' as uniformly
distributed U1, 4] for n € {1,2}, U[1,5] for n € {3,4,5},
Ul6,8] for n € {6,7}, and U[6,10] for n € {8,9,10}. We
also consider network heterogeneity in computational capacity

and set p" = % for n € {1,...,5}, and p" = %% for
n € {6,...,10}. We set equal Aol scaling factor o™ = 5 for

each device. All programming codes will be provided along
with the final version of this paper.
We compare AIMWeL with the following schemes.
e Select All: The server schedules all devices that are ready
to upload their local models {x;.}. It represents the

idealized aggregation scenario without any limits on the
number of participating devices, i.e., K = N.

o Aol-MaxWeight: The server selects K devices with the
largest weight U“T;pn (4 1) + p" Q7]+ Tt is a
modification of the max weight policy in [26] to handle
multi-user scheduling over i.i.d. channels. Also, we use
the same virtual queue updating rule in (24) for the max
weight policy to take into account the local weights wy'.

e Aol-DPP: The server selects K devices with the largest
DPP value U #TZ‘ +p"[Q}]+. It represents a Lyapunov
optimization based scheduling policy similar to the one
in [26]. The DPP policy has been extended to also use
the same virtual queue updating rule in (24) as AIMWeL.

e Random: The server randomly schedules up to K de-
vices that are ready to upload their local models. This
policy is commonly adopted by existing works on semi-
asynchronous FL [13]-[15].

We detail the adaptations needed to apply the Aol-
MaxWeight and Aol-DPP methods of [26] to solve our prob-
lem.

o Aol-MaxWeight and Aol-DPP are designed for schedul-
ing over a single i.i.d. interference channel, i.e., K =1
and d} is ii.d. In contrast, AIMWeL is for multi-user
scheduling, i.e., K > 1, over policy-dependent and time-
varying communication environment, i.e., the communi-
cation indicator sequence {d}'} depends on the scheduling
decision sequence {u}} and has a time-varying and un-
known probability p}* of being 1. To run Aol-MaxWeight
and Aol-DPP in our simulation, we have extended them
to multi-user scheduling and assume P{d} = 1} = p" is
constant and known.

o Aol-MaxWeight and Aol-DPP do not consider time-
varying weights w;" in the long-term constraints. Here we
have used the same virtual queue updating rule in (24)
as AIMWeL for Aol-MaxWeight and Aol-DPP to take
into account the local weights. Note that in this work we
have used a novel double relaxation approach to show
that AIMWeL provides a bounded optimality ratio of the
weighted sum Aol and satisfies the individual long-term
weight constraints. In contrast, Aol-MaxWeight and Aol-
DPP do not provide any performance guarantee to our
problem.

B. Convex Logistic Regression

for multinomial

- Zjev Hv =

We consider the cross-entropy loss
logistic regression, given by Il(x;u,v) =

j}log%, where x = [x[1]7,...,x[10]7)T
with x[j] € R™* being the model for label j.

The entire model is thus of dimension d = 7,840.
Our computation performance metrics are the time-
averaged test accuracy over & given by A(T) =

1 exp((x¢[5],n")) — i
TeIT 2otet Lice Hargmax{log s "R iy} = v}
and the time-averaged training loss over {Bf} given by
FT) = 25 ier Soen 55 Suesy Mo ™ v™). Our
scheduling performance metrics are the time-averaged
weighted sum of Aol given by 7(T) = £ > ,c7 > e Q™77
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Fig. 3: Test accuracy A(T'), training loss f(T'), Aol 7(T'), and
data sample 3(T") vs. T for logistic regression on MNIST.

and the time-averaged total number of data samples given by
B(T) = 7 Yier Dpen Bldiui * _

Fig. 3 shows A(T), f(T), 7(T), and 5(T') versus time T
over MNIST. We set the learning rate n = 1 x 1075, U =1,
" = 8 n’]:;lK ,and K = 2. We see that the learning per-
formance yielded by AIMWeL outperforms Aol-MaxWeight,
Aol-DPP, and Random, and is close to the idealized Select
All. Aol-MaxWeight and Aol-DPP achieve nearly the same
performance, which is consistent with the simulation results
in [26]. We observe that AIMWeL incurs over 20% less time to
reach the same 88% accuracy that Aol-MaxWeight and Aol-
DPP reach at the end. Furthermore, AIMWeL yields lower
averaged Aol at the same time processes more data samples
than Aol-MaxWeight and Aol-DPP.

C. Non-Convex Neural Network Training

To further validate the performance of AIMWeL for non-
convex loss functions, we train a convolutional neural network,
with a convolutional layer with 10 filters each of size 9 x 9,
a ReLU hidden layer with 100 neurons, and a softmax output
layer. The total number of model parameters is d = 101, 810.
We set the learning rate 7 = 0.1. Under the same settings as
Fig. 3, we compare the test accuracy A(T') and the training
loss f(T) among AIMWeL, Select All, Aol-MaxWeight, Aol-
DPP, and Random on both MNIST and Fashion-MNIST in
Fig. 4. The Aol 7(T") and data sample (3(T) plots are not in-
cluded since they are similar to the ones in Fig. 3. We see that
Aol-MaxWeight and Aol-DPP have nearly the same learning
performance as Random. AIMWeL substantially outperforms
Aol-MaxWeight, Aol-DPP, and Random, incurring over 25%

4As explained in Section III-A, the local weight is commonly set as wy =

%, VYn € N for FL. In our simulation, we replace wy® with B{*, and use the
time averaged number of data samples as equivalent constraint for FL.
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Fig. 4: A(T) and f(T) vs. time T for neural network training
on MNIST and Fashion-MNIST. The plots for 7(7) and 5(T)
are not included since they are similar to Fig. 3b.

less time to reach the same accuracy as these policies on
MNIST, and over 50% less time on Fashion-MNIST.

VI. CONCLUSIONS

We consider device scheduling for semi-asynchronous ag-
gregation in online distributed optimization. We propose an
efficient AIMWeL scheduling policy via a modified Lyapunov
drift design that uses the weighted sum of linear Aol values
and quadratic virtual queues as a new Lyapunov function, to
minimize the accumulated Aol on the local decision updates,
under both individual long-term weight constraints and a
number of devices constraint. Through a novel double re-
laxation approach to decouple the dependency between the
communication indicator sequence and the scheduling deci-
sion sequence under time-varying probabilities of completing
local decision updates due to semi-asynchronous aggregation,
we show that AIMWeL provides guaranteed optimality ratio
and no long-term weight constraint violation. When applying
AIMWeL to semi-asynchronous FL, our experimental results
demonstrate substantial performance advantage of AIMWeL
over the current best approaches, in terms of both improved
final classification accuracy and reduced training time for both
convex and non-convex loss functions.

APPENDIX A
PROOF OF THEOREM 1

Proof: Our proof consists of six major steps.

Step 1: Bound on D1 = fii1(xe1) — fep1(x7y1). We
have

Dy & ftH(

S uixt Y wlx) - fenlxia)

neN; meN\N¢



(b)
<D [wifea i)+ >0 [w fera(xe)] = frra(x54)
neN; mEN\N
© > wit [ fra(xe) = frpa(x5)]
mGN\Nt
+ Z wy' [ft+1(xﬁr) — ferr1(xi41)]
neN
24,
QST W [fulxe) — fulx))]
meN\N¢ —D,
+ Z Wi [ fer1(xe) — fr(xe)]
mEN\Nt
EyoN
+ Z wi [fe(x}) = fea1(XFp1)] +A1
mEN\Nt
LE,
meN\N¢

where (a) follows from the global decision updating rule in
(5) and I = t+1—7" in (8), (D) is because of the convexity of
frr1(x), (c) is because the sum of the local weights satisfies
Y nen Wi =1, and (d) follows from

Jrr1(xe) = froa(xpy0) = [fe(xe) = fe(x])]
+ [ft+1(xt) - ft(Xt)} [ft(xt) - ft+1(Xt*+1)]-

Step 2: Bound on A; in (60). We have
Ay = wl [frp(x) = frpa (x50)]

nGNt
(a) n *
- Z W [fll‘ (xip) = fip (Xzyﬂ
nGNt
=Dpn
+ Z w [ fuy (x7n) — fror1(x741)]
nENt
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+ Z wy! [ft+1(XZ}) = Jip (xap)]
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nENt
24,
= Z ’w?Dl’;} + Es+ E4+ Ay (61)
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where (a) follows from
S (xpn) = frar(x540) = [fip (xip) = fip (x77)]
+ [fip (xgp) = frrr ()] + [fera (xqp) — fip (xa)]

and (b) is because

fea(xp) — fip (xap)

= [ferr (xgn) = fip (x3)] + [fip (x3) = fip (xap)]-
Step 3: Bound on A; in (61). We have
A = Z wi! [ fip (xin) — fiz (xi2)]
neN;
((l‘) n n n
< Z wp(V fie (xup ), X[n — X7 ) Z wi'|[xgn — xip
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where (a) follows from f;(x) being L-smooth in (13), (b)
is because the local decision updating rule in (4) that X}, =
xip =0V fin (xiz), and (c) follows from (14) in Assumptiotn 4.

Step 4: Bound on As in (62). We require the following
lemma, which is borrowed from Lemma 1 in [10].

Lemma 6 (Lemma 1, [10]). For a p-strongly convex
loss function f(x) : RY — R, if f(x*) > —oo where
X* € arg miny g« f(x), we have for any x € R?

(Vf(x),x —x*) < f(x) - f(x*) < ”Vf(u I
d

Also, the co-coercivity of a L-smooth function f(x) : R* —
R implies that for any x,y € R?

IVF(x) = VII? < LV(x) = VI(y),x—y). (64
We now bound A3 on the RHS of (62). We have

Az =1°L Z v IV £ (x|

(63)
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neN;
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where (a) is because |la+ b||? < |la]|? + ||b]|, (b) follows
from the co-coercivity of the L-smooth function in (64), (c)
is because fi(x) = >, o fi'(x) in (2), (d) follows from the
co-coercivity of f;(x) in (64) such that

- L<Vfl7;(xl;‘) - sz?(xz*y% Xip — Xz*p>
< IV (xp) = VR (x)? <0,
and (e) follows from applying (63) in Lemma 6 and
V fi(x5) = 0 in (10) of Assumption 1.

Substituting the bounds on A, As, Az in (61), (62), (65)
into the bound on Dy, in (60), we have

Dt-‘rl < Z w;ﬂDt + Z ’U)’tnDl?
mEN\Nt nGNt

n’L? ) 2
- (776 - W) Z wy IV fim (i)

neN;
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where (a) follows from 7 < % such that ne — %ﬁz > 0 and
applying (63) in Lemma 6 again such that

=V fip a1 < =2p[ i (1) = fup (x7)] = =2p Dy

Step 5: Bound on E, + E5> + F5 + E4 + E5 in (66). We
first bound F; + F, as
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mEN\Nt
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neN
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where (a) follows from the definition of Afy in (15)

and (b) is because of the definition of 7, under (19) and

ZmEN\N} w:n + ZneNt U}f =1
We then bound E5 + E5 as

Es+EBs= Y wl[fi(x)) = fisa(xi4)]
mGN\Nf,
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nENt
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where (a) follows from f;(x) bing convex, V fi(x;) = 0 in
(10), and the definitions of A fi; in (15), such that
fe(x7) = fer(x711)
= [fe(x}) = fe(x7 )] + [fe(xFy1) — froa(x7p)]
<V fu(x7), % —x711) + Afe = Afa,
and (b) is because of the definition of 7, under (19) and

> nen Wi = 1.
For F5, from the definition of V f;; in (16), we have

By =n"L Y wPl|V i (xi)|)?
neN
<L Y wi'V fo LY fup (69)
neN

Substituting the bounds on E; + E4, Es + Es, and Ej5 in
(67), (68), and (69) into (66), we have

Dy < Z wy* Dy + Z wf[l —n(2ue — 77L2)] Dy
meN\N¢ neN;

EPN
+ 276 A fos + 0P LV fus - (70)
2A
Let 0, = 3, v, W+ 2 en, A'> where X' is defined in
(70). We have
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<1 —n2ue —nLHwy, < 1 (71)

A
=0bup

where (a) follows from 7 < 24 and w,, < 3, N, Wi
Step 6: Relate D; to D;. We prove by induction that the
following inequality holds for any ¢

Dy < p'Dy+6 (72)



where p = GUQB and 0 = 7 Aa are defined in (18) and (19).

Obviously, (72) holds when t =1, ie, D1 < pDy+ 9,
since p < 1 and & > 0. Suppose (72) holds for t = 1,...,¢
we now prove (72) also holds for ¢ = ¢’ + 1. From (70) and
I =t +1— 17, we have
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where (a) follows from the induction.
We now bound the RHS of (73). Note that
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1

where (a) follows from 77" < 7y, (b) is because p = 0",
1

(¢) is because 6 < 1 and 7 > 1 such that (HUB)fT% > 1,
and (d) follows from the definition of 6.
Also, we have

(X e X

) 0+ A
meN\N,/ neN,

(a)
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where (a) follows from the definition of 6, and (b) is because
§=_-48

= T-0u;s°
Substiutfilting (74) and (75) into (73), we have

Dyy1 < p" Dy +4, (76)

which proves that (72) holds for ¢t = ¢ + 1.
Therefore, by induction, we have (72) holds for any ¢. It
then follows that (17) holds. [ |

APPENDIX B
PROOF OF COROLLARY 1

Summing (72) in the proof of Theorem 1 over ¢t € 7 and
dividing both sides by 7', we have

1
Tz [ft(xt ZDt

teT tET

ft Xt

77
where (a) follows from (72) in the proof of Theorem 1. W

APPENDIX C
PROOF OF LEMMA 2

Proof: From the iterated law of expectation and by conduct-
ing two case studies on uy’, we have

E{dMul} = E{E{df #lug }}
= E{d}u} [u} =0}P{u} =0} + E{d}u
(i) B{d}|u} = 1}]}”{11? =1}

O E{apyP{up =1} E{@YE{]).

where (a) follows from dfu} = 1 with probability 0 when
up = 0 such that E{d}u}|u} =0} = 0, and (b) is because
d¥ = 1 with probability E{d}} when u} = 1 such that
E{d}uf =1} = E{di'}. m

¢ luf =1}P{uy =1}

(78)

APPENDIX D
PROOF OF LEMMA 3

Proof: Consider a policy m € II that satisfies (44b) and
(44c). Let D & > 7 uf be the number of times that device
n is scheduled over 7' time slots. Let I} be the number of
slots between the m — 1-th and the m-th schedule of device n,
for any m € {1,..., D}.}. Let the number of remaining time
slots be R™ after the D7:-th schedule of dev1ce n. The Aol
area associated with the m-th schedule is Zl 0= %
From this equality, the time-averaged Aol of each device n can
be expressed as

n
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where (a) follows from 7' = ZmTlﬂﬁL + R", Vn (b) is

T I’I’LZ

m=1"m
to minimize

because of the Jensen’s inequality, (c) is because Z

T—R", and (d) follows from setting R™ =
T—R" n
L 4 (R,

Ta7l;1ng expectation on both sides of (79), we have
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Multiplying both sides of (80) by o™
and take the limit T — oo, we have

Tlgrgo = Z Z a"E{r]'}

teT neN

D rm—

S imre > e E{up}

, summing over n € N,

n
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—
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where (a) follows from D} = ZteT uf and ) 0" =1

Further noting that ¢ = limy_, 7+ ZtET E{u}}, the RHS
of (81) is the objective of P,;;, and (46b) is equivalent to (44b),
we have that P,; provides a lower bound to Px. [ |

APPENDIX E
PROOF OF LEMMA 4

Proof: At any time slot ¢, device n is scheduled with
probability v™. When di = 1, V¢, the number of time slots I,
between the m — 1-th and the m-th schedule of device n are
iid. with P{I" =r} = v"(1 —v")" L. The sequence of de-
cision uploads at each device n is therefore a renewal process.
From the generalization of the elementary renewal theorem for
renewal process in [37], we have limp_, oo = F )T BATI} =

E{(/;)}
]E{In} 'l‘ 5 = vn. ]

'U”"

APPENDIX F
PROOF OF COROLLARY 2

Proof: For i.i.d. communication indicator sequence d}’, we
do not need the double relaxation approach in Section IV-E to
find a lower bound problem for P. Let d" = P{d} = 1}. Sim-
ilar to the proof of Lemma 3, we can show that the following
optimization problem provides a lower bound OPT,; < OPT*
to the original scheduling problem P when df is i.i.d.:

~ — . 1 a™ 1
P, : OPT, =min {2 > Too + 2} (82a)
neN
st. wtdc™ > ¢", Vn, (82b)
> E{uf} < K (44c)

neN
where c” is defined below P,;. Let ¢, be the long-term time-
averaged expected number of schedules of device n under the
optimal policy 7,5 that solves Py.

Similar to the proof of Lemma 4, we can show that for i.i.d.
dy, the long-term time-averaged expected Aol achieved by
a stationary randomized policy with scheduling probabilities
{v™} becomes lim7 o0 e BE{7/'} = Z=. Applying
the above inequality to P, we have the following equivalent
optimization problem Py, over Ilg:

Py, : OPTg :wrg%[igik { Z diévn} (83a)
neN
st w"d™" > q¢", Vn, (83b)
Y <K (83¢)
nenN
Following the proof of (37) in Theorem 2 and noting that

E{d}} =

E{A|Si} < =U Y d™v"a" )
neN

, we have

=D (@d"" —gMQF) + U+ = (84
neN
Taking the expectation of (84) over Sy, summing it over t € T,

and then dividing it by 7', we have
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Let v" = ¢, in (85) and note that w"d"é ¢t —q" > 0 from
(82b), we have LH51 > 0. Dividing both 51des of (85) by U
and taking T' — oo, we have

Jim = =T1;H;o*ZZd ety " E{r'}
tETnEN
CN
<- — |-
< - Jlim § E{A} + = [2+ = |

D1v1d1ng both sides of (88) by d™"é"", where d™ = min,, {d"}
and & £ min,, {&"}, noting that ™" < 1, and from the bound
n —+ >, .+ E{A;} in (42), we have
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teTneN
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Substituting ¢, into PLB, we have

—~ 1 n 1 a” 1 1
OPT, =L 3 2 S Znen @ 1

T 0
ey’ dnér 2 2(max gma 2 7 2¢m
where d™ £ max,{d"} and & £ max, {é%}.
Comparing (89) with (90), we have
OPT s juwer < o {2 i C’N} 1)
OPTLB Cmm U

Further note that OPT s < OPT*, we complete the proof. W
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