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Abstract—Minimizing the sum of mean squared errors using Downlink
linear transceivers under a sum power constraint in the multuser k y B
downlink is a non-convex problem. Existing algorithms expbit x H § H| /)
an uplink-downlink duality and transform the solution of a _’L’\/i 7 U _’L’Hk Vk 7>

. ) ; ; L M N L
convex problem in the virtual uplink back to the downlink. k k
In this letter, we analyze the optimality criteria for the power _ ]
allocation subproblem in the virtual uplink, and demonstrate Virtual Uplink
that the optimal solution leads to identical power allocatons X
in the downlink and virtual uplink, thus extending the known -+ Q, [ Vz >
duality results and permitting a reduction in the computational L - — 1N,
complexity of existing algorithms. :
. . xK ——
mégr?e;( Terms—MIMO systems, optimization methods, least ] QK+' VK />
quare methods L, N,
. INTRODUCTION Fig. 1. Processing for usérin downlink and virtual uplink.

INIMIZATION of the sum of mean squared errors

(sum-MSE) under a sum power constraint using linear

precoding and decoding in the multiple-input, multiplegmut ~_ Section 11 describes the system model and existing algo-
rithms for minimizing the sum-MSE using uplink-downlink

(MIMO) multiuser downlink is a well-studied problem. The | k =
downlink sum-MSE minimization problem is non-convexfjua“ty- In Segtmn I, we pres_ent the KKT conditions for
thus, it is not possible to directly solve the problem ifhe virtual uplink power allocation subproblem, and use the

its original downlink formulation. In [1][4], an equivai resulting expressions to prove the equality of the dowrdiné

problem is solved using theirtual uplink model, wherein yirtual uplink power allocations. We present our concluasio

the roles of transmitter and receiver are exchanged. In tfeSection V.

virtual uplink, the receiver is the Wiener filter and the powe

allocation is convex. [l. BACKGROUND
The equivalence of the downlink and virtual uplink proba System Model with Linear Precoding

lems are enabled by asplink-downlink dualityresult for the

MSE of each data stream. Duality results for linear precgdin N the I.|rrl]ear precoding system, |Ilus(;rated 'nl_F'gd 1 ab_?ase
systems were first presented for signal-to-interfererige-p StAtON With A/ antennas transmits ' decentralized mobile

noise ratios (SINR) in [5] with single-antenna receiversisT users withN;, antennas each over flat wireless channels. The

work was later extended to MSEs and systems with multipfd'@"nel between the transmitter and uses represented by
receive antennas in [1], [2] and subsequently generalizgﬂ3 Ni % ]\g matrix H}', and the overallV x M channel
in [6]. A necessary and common feature to all of this work {@12trx is B, with H = [H;, ..., PTIK]' Userk receivesLy
a transformation of the power allocated to each data streanf2t@ Symbolscy, = [zy1, .. "IkLk]T from the base station,
the virtual uplink to the downlink, while achieving the sam@nd the vectoxx = [x{,...,x} |  comprises independent
SINR/MSE in each stream in both systems. This transform@mbols with unit average energf (xx"] = I, where
tion requires the solution of a matrix equation. L = Y, Ly). Userk's data streams are precoded by the
In this letter, we use the Karush-Kuhn-Tucker (KKT) conM x Ly transmit filter Uy = [ugy,...,uxr,], where uy;
ditions for the power allocation subproblem in the virtuals the precoding beamformer for streamof user & with
uplink to show that at the optimal point, the powers allodatd|ux;|| = 1. These individual precoders are combined in the
to each data stream in both the downlink and virtual uplink/ x L global transmitter precoder matlf = [Uy, ..., Uk].
are identical. This result extends the known dualities ia tHPower is allocated to uséfs data streams in the vectpy, =
multiuser MIMO case. Furthermore, this also eliminates tHex1, - --,pr,]. and Py = diag [py]; we define the down-

need for the uplink-to-downlink power transformation. link power allocation matrix a® = diag{[p{,...,p%k]}-
Based on this model, uset receives a lengthV, vector
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applies theL;, x N}, receive filterV, yielding the estimated thus only requires minimization af [J*l], which is convex

symbolsxP’ = VEHIUVPx + Vin,. for both the power allocation subproblemdp and the joint
In order to minimize the sum-MSE in the multiuser MIMOprecoder design problem in covariance matri€es In this

downlink, we use the virtual uplink, also illustrated in Fily letter, we consider the former optimization problem, whigh

where each matrix is replaced by its conjugate transpo$ermally stated as

In this transformed system, we imagine transmissions from

; . . L -t
mobile userk that propagate via th#éipped channeHy to G1,...,d1) = argmin tr (Z QIBZBZH +021M>

the base station. The transmit and receive filters for use o

k becomeV, and U respectively, with normalized pre- . (4)
coding beamformers; i.e|lvy;|| = 1. Power is allocated

. t. > =1,... < .
to userk's data streams asy = [qr1,..-,qkL,] . With stooq=z0 I=1,...,1L ;qz < Prnax,

Qi = diag[qx] and Q = diag{[q7 ,...,ak]}. The received )
symbol vector at the base station and the estimated symiulere we have defined the effective channHll =
vector for userk are yUr = Zfil H;V,/Qix; +n and [H;Vy,... HgkVg|= {hl, . .,hL}. Note that the columns
K . . ~
xpt = 3L, UH Vi /Qix; + Ujln, respectively, with in [ refer to the effective channel vectors for each individual
zero-mean white Gaussian noige~ CN(0,021y). data streami = 1,..., L.
2) Uplink-Downlink Duality: The duality result in [2], [4]

B. Minimum Sum-MSE Multiuser MIMO Linear Precoding shows that the achievable set of SINRs and MSEs for all

1) Convex Minimum Sum-MSE Precoder Desighe MSE individual data streams under a sum power constraint aral equ
matrix for userk in the downlink using arbitrary precoder andn both the downlink and virtual uplink. If a selected set

decoder matrices can be written as of target SINRsy; is achievable under the specified power
DL _ DL DL H constraint, the corresponding downlink and virtual uplink
E;"=E {(Xk —xi) (%" —xi) } (1) Power allocations that satisfy the SINR targets are
= VI3,V - VIHU, - U/H,V, + 1, p—o?D ! —w) 1, -
whereJ,, = H UPU"H,, + ¢°1, U;, = U/P}, and data q=0*(D ' — w1,

and noise terms are assumed to be independent. The indiViduﬁerel is the lenathi, vector consisting of all ones
MSE terms are minimized using the minimum MSE (MMSEyV L gths v ISting '
receiverVi = UJ/H,J, . The resulting MMSE matrix is ' - I
EPL =1, -UHH,J, 'HIU,, and the minimum sum-MSE D = diag { w2 hfu |2} ) 6)
for any choice ofUy, is SMSEP" = S5 tr [EPL]. L Lo

The problem of finding the sum-MSE minimizing precoderand

and power allocations in the downlink under a sum power [0),; = { IhfTuy|? i @)
constrainttr [P] < Ppax IS non-convex_due to the cross- 0 =7
coupling introduced by the presence of B} terms in every \ye nave relabelled the columns Bf — [ui,...,ug] as we

Ji.. However, a transformation to the virtual uplink gives risgjq with FI above to refer to the beamforming vectors for each
to several equivalent problems that can be solved usingesony5t5 stream.

optimization. The set of virtual uplink minimum sum-MSE
precoders and power allocatio$Vy,qx),k=1,..., K}
can be found jointly, by finding the optimum covariance
matricesR;, = VZ Q; V), and applying Cholesky or eigen-
decomposition [4]. An alternative approach finds the optimu  Based on (5), we see thit = ¥ is a sufficient condition
precodersV,, and power allocationsy, in an iterative man- for the equality ofp andq. We now proceed to prove that
ner [2], [4]. The convexity of these problems originatesniro this transpose symmetry indeed applies for arbitrary alrtu
the decoupling of users in the virtual uplink. The MMSEUPlink precodersV;, (with unit norm columns) as long as the

IIl. EQUALITY OF DOWNLINK AND UPLINK POWER
ALLOCATIONS

matrix EUZ for user k is found using the MMSE receiver Optimum power allocatio® = [q1, . . ., ¢.] satisfying (4) and
fij = VIHII !, the corresponding MMSE receive beamformarsare used.
Ejl =1, - V/HII 'H,Vy, (2

A. KKT Conditions for MMSE Precoding

From the objective and constraint functions in (4), we define
the Lagrangian

with Vk =VivQr andJ = Zle HkaV,fH,f + 02Ty,
The resulting minimum sum-MSE is

K K
R -1
SMSEYE =N "L, —tr |J71S H,V,VIHI Lo
; ; R €)) L(q,p) =tr Z ghhf? + 0Ty,
=L—-M+otr [J7], =1

L L
which follows fromtr [AB] = tr [BA], linearity of the trace + fsum Z G — Poax | — Z .
operator, and the definition af. Minimizing the sum-MSE =1 =1

(8)



The resulting KKT conditions are We rewrite the individual terms in the first KKT condition

BHJ-2h, as h/7J72h; = (feum — ). Due to the complementary
I slackness conditiony;q; = 0 in (9), the dual variableg,
VL = — + fsum1r — Zmel =0 are zero for all active streamise Sy with ¢; > 0. Thus, it
: =1 follows that
fng_QflL

fllHJ72f1l = Msum Vi e SA; (13)

that is, (12) is satisfiedP = ¥7', and the downlink and virtual
uplink power allocationg andq that satisfy the same set of
per-stream MSEs and equal sum-MSE are identical.

L
ZQI < Phaxs, @ =0 (9)

=1
Hsum > Oaﬂl > 0

L
Hsum (Z qr — Pmax) = Oa maqr = 0.
=1

Here, 07, is the lengthf all-zeroes vector, an@; is the
standard basis vector with a single one in the position
and zeroes elsewhere. The gradient in the stationarity c
dition follows from the inverse differential identit§J ' =

—J~1(8J) I~ [7] and the linearity of the trace operator; thu

Otr [J_l] _ 1 0d ] 1y L H -1
e T [_J e } — tr [J h/hi'J }
—h/ 37 %h,.

C. Discussion

The equality result presented in Section Il was shown to
apply for arbitraryv;, as long as the optimum power allocation
and MMSE receivers are used. This result implies that the
Vtual uplink to downlink transformation stage can be dedt
from algorithms using both iterative and joint designs [1]-
3[4], thus allowing for simplified implementations. Sinceeth
virtual uplink solutions are solved using convex programgpi
eliminating the power transformation step (with its asated
matrix inversion) may represent an appreciable decrease in
computational complexity.

q

(10)

B. Conditions for Equality under Optimal Power Allocation IV. CONCLUSIONS

Having solved (4) for an arbitrary set of virtual uplink |n this letter, we have proven that the optimum power
precodersv;, we then find the MMSE receive beamformerallocations for the downlink and virtual uplink are idertic
w; = J~'h;\/q. In order to preserve the sum power constraiRfhen minimizing the sum-MSE under a sum power constraint.
after transformation to the downlink, we normalize thes@ith this proof, we extend the known results in a well studied
beamformers asy, = @/||w||. With this selected set of problem, and decrease the computational complexity reduir
(vi,Gi,wz), we can find the associated virtual uplink SINR$o implement existing algorithms.
v/E and set these as the (achievable) target SINRs (6).
Thus, a feasible power allocation is possible in the dovinlin
to achieve the same MSE for each data stream.

In the case where the optimal power allocation results in ohlé
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