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Abstract—We present the optimal relay-subset selection and
transmission-time for a decode-and-forward, half-duplex coop-
erative network of arbitrary size. The resource allocation is
obtained by maximizing over the rates obtained for each possible
subset of active relays, and the unique time allocation for each
set can be obtained by solving a linear system of equations.
We also give a recursive algorithm which reduces the number
of operations as well as the computational load of finding the
required matrix inverses. Our results, in terms of outage rate,
confirm the benefit of adding potential relays to a small network
and the diminishing marginal returns for a larger network.
Furthermore, optimizing over the channel resources ensures that
more relays are active over a larger SNR range.

I. INTRODUCTION

Cooperation has become a popular technique to implement
diversity in the absence of multiple antennas at receiving and
transmitting nodes [1-3]. In this context, resource allocation
in cooperative networks has been investigated under many
scenarios and metrics. In this paper, we address the problem
of resource allocation, in terms of channel resources (time
or bandwidth), in multi-relay networks with arbitrary connec-
tions. We describe the contributions of the paper in detail after
a brief review of the pertinent literature.

For the single-relay case, several works have dealt with
various aspects of resource allocation, in terms of power and/or
bandwidth and time. Yao et al. determine the optimal power
and time allocation for relayed transmissions specifically in
the low-power regime [4]. Larsson and Cao present various
strategies for allocating power and channel resources under
energy constraints [5]. For the channel resource allocation
problem, however, the authors consider selection combining
only and do not address the scenario of joint decoding of
the source and relay signals. The works in [6-8] address
the problem of power and channel resource allocation under
sum average power constraints. Optimal time and bandwidth
allocation using instantaneous and average channel conditions
is obtained using power control in [9]. Channel resource
allocation using fractional frame slots under fixed power is
developed in [10].

In networks with multiple relays, the available literature
can be classified into two groups: networks where relays do
not communicate with one another (parallel-relay networks),

and networks without restrictions on relay communication
(arbitrarily-connected networks). Resource allocation for the
former has been addressed in [11-14]. Ibrahimi and Liang
develop the optimal power allocation for a multi-relay coop-
erative OFDMA amplify-and-forward (AF) system [11]. By
maximizing the channel mutual information, Anghel et al. find
the optimal power allocation for multiple parallel relays in AF
networks [12], [13]. A more general solution is given in [14]
where the authors give the optimal power and channel resource
allocation for a parallel-relay network with individual power
constraints on the nodes.

To the best of our knowledge, channel resource allocation
for arbitrarily-connected networks and dedicated multiple ac-
cess has not been addressed. Works in the area of multi-relay
systems with arbitrary links generally neglect the bandwidth
penalty arising from multiple hops by assuming full-duplex
nodes, a bandwidth-unconstrained system, or the availability
of channel phase information at the transmitter [15-27].

These assumptions, however, are not realistic for practical
wireless networks, where nodes are likely to be half-duplex,
phase information is very difficult to obtain at the transmitter,
and bandwidth is a scarce resource. To fill this void, in
this paper we investigate the problem of resource allocation
in a bandwidth-constrained, cooperative, decode-and-forward
(DF), wireless network, and consider the most general setting
where multiple relays can transmit and cooperate with each
other. We address the joint problem of optimal selection of a
relaying subset and allocation of time resources to the selected
relays. The problem is framed in the context of mesh networks
of relatively simple and inexpensive nodes. We concentrate
on resource allocation in terms of transmission time only,
removing power allocation from the optimization; further-
more, to reduce implementation complexity, we consider time-
orthogonal transmissions.

This paper is structured as follows. Section II describes
the system model. In Section III and IV we develop the pro-
posed resource allocation scheme and present a significantly
simplified recursive implementation. Simulation results are
presented in Section V and concluding remarks are presented
in Section VL.
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Fig. 1.

Location of the relays with respect to the source and destination.

II. SYSTEM MODEL

We consider a mesh network of static nodes comprising a
source and destination node and NV potential relays. The inter-
node channel powers are denoted as \aij 2 where 4 and j
represent the source node s, relay nodes i, kK =1... N, or
the destination node d. They are assumed independent of each
other and are modelled as flat, slowly-fading and exponential
with parameter A. A is inversely proportional to the average
channel power and is a function of inter-node distance, d;;,
through the path loss exponent p,, e.g., 1/ sq = (1/d%3), and
1/Area = (1/d}2 ;). We do not include shadowing into the
fading model, although this can easily be incorporated on an
instantaneous basis. Because the nodes are static, the channels
are assumed to change very slowly with time; we thus assume
knowledge of all channel gains (although not channel phases)
at some central decision-making node. With the aim of design-
ing simple and cheap nodes, we assume half-duplex channels
and time-orthogonal transmissions, which greatly simplifies
receiver design. The relays are numbered as in Figure 1 such
that relay r; transmits after r; if j > 4. We also assume the
DF cooperation strategy with independent codebooks, which
allow for the optimization of system resources.

With these assumptions, the cooperation framework for the
network is as follows. The half-duplex constraint precludes
simultaneous transmissions on the same channel from a par-
ticular node, and the lack of forward-channel phase infor-
mation precludes simultaneous transmissions from different
nodes. Transmission between source and destination is thus
divided into N + 1 time-slots, of duration ¢, ..., tn, with
to + ...+ ty = 1. In the first time-slot, the source transmits
its data to all nodes. The first relay, r;, decodes this data
which the destination and remaining N — 1 relays store for
future processing. In the second slot, of duration t;, the first
relay re-transmits the data using an independent codebook,
the second relay decodes the data from the first relay and
the source, and the destination and remaining N — 2 relays
store the data for further processing. In general, each relay
ri decodes data from the source and from the previous relays
r1...75—1 up to and including time-slot ¢;_q. This process
continues until all relays have transmitted and the destination
attempts to decode the information. The overall rate is limited
by the need for all decoding to succeed.

Assuming that each node uses power P and W Hz per
transmission the signal to noise ratio (SNR) at node j resulting
from transmission from node ¢ can be written as SNR;; =
NOLWMM |2, where Nj is the noise spectral density. In the rest

of the paper, we use the short-hand notation L;; to denote
logy(1 + SNR;;), the capacity of the corresponding channel.

III. OPTIMAL TIME ALLOCATION AND RELAY SELECTION

In this section, we solve the joint problem of time allocation
and relay selection for the network discussed above, giving the
values of ¢;, « = 0...N, that maximize the achievable rate
between source and destination. Assuming that all relays are
active, the mutual information at each relay and destination is

Il (tO) = tOLsrl y

Ik(t07 ctt 7tk—1) = tOLST’k + t1L7‘17‘k + e + tk—lLkalT‘ka
=1, K
Ip(to, . stks- s tn—1,tN) =toLsa +t1lra+ ...

+tk—1er,1d + ...+ tNLrNda

where I and Ip denote the mutual information at relay 7y
and the destination, respectively.

With all N relays cooperating, the maximum achievable rate
under orthogonal transmissions is the minimum of the mutual
information obtained at each individual relay node:

Ry = max min{
to,..,tN

I (to), Ia(to, t1)y - - -y Tg—1(to, - - -, t—2),

Li(tos - tioe1)s Tos1(tos - oo ti)s -

In(tos- sty tn—1), In(tos o sty tn—1,tN) T,
st.t; >0, Vito+ti+...tx <L (1)

Consider the case with relay 7, removed from the network.
The maximum achievable rate R%;_, becomes

RIJCV—l = max min{]l(to)...,Ik_l(to,...,tk_g),
to,estk—1,tk41,---tN
Ik:+1(t07 s 7tk71)3 s 7ID(th cee 7tk717tk+17 cee 7tN)}?
s.t.t; >0, Vi,to+ .. tpe—1 it + ...ty < 1. 2)

Removing relay r; is thus equivalent to removing t; and
I}, from the optimization. Note that we use the subscript in
R%, | to denote the maximum number of potentially active
relays, and the superscript to denote the relay removed. The
maximum achievable rate can be written as the maximum of
the rate obtained by using all N relays, and the rate obtained
by successively removing each relay:

Ry = max{Ry,RN_1,R%_,,...,RY _,}. (3)

If Ry = R%; |, the maximum rate can be obtained by iterating
through (1) and (2), successively removing a relay each step.
Note that obtaining R%, ; includes the cases where two or
more relays are removed. In theory, therefore, all 2V possible
cases must be checked.

Let (t5,t5,. .., ty) denote the time allocation that solves the
optimization problem. The following proposition is an outline
of the solution to the optimization problem in (1), (2) and (3).

Proposition 1: With a maximum number of potential relays
N, the maximum achievable rate R = Ry only if ¢} # 0,
Vk. Otherwise, if t; =0, R = RY,_,.



Proof: With exactly IV active relays, and with k <n < N,
the resulting rate can be written explicitly as:

Ry = max min{(toLsr, ), (toLsry + t1Lryry )y -y

to,..,tN

(toLsr, + .-+ te—1Lp,_,r.), (toLsp, + ...+
tk?_lLTk—lTn + tkerrn + tk+lLTk+1m . 'tn_lL"‘nflTn)7
ey (tOLsd +...+ tkfler_lrd + tkerrd + tk+1er,+1rd
+...

Setting t; = 0 gives
Ry =

max
to,.stk—15tk41,. IN

ooy (toLsr, + oo+ th—1Lr,_,r), (boLsr, + ... +
tkfler,lrn + tk+1er+1rn e tnflLrn_lrn)a sy (tOLsd
+ooo o1 Ly g Ftegr Ly F o EN L)}

tNLTN’I“d)}' (4)

min{(tOLsrl )7 (tOLsm + 1t L7’1'r‘2)7

subset 0 = (my,ma,...,mg), with m; < ms < my.
One critical point then is max¢,, ¢, I, (o, tm,_y)
s.t Iml (th s tml—l) Img (th cee tTVLz—l) =
I, (to, - -tm,—1). This optimization then gets repeated for
all sets 6, € M. In all but one combination, this optimization
is not over all the variables {¢,...ty}. As in point (1), this

maximization also leads to ¢;, = 0 for some value of k.

4) Maximize the intersection of all terms in (1):
Ii(tg) =...=In(to,...,tn—1) = Ip(to,...,tN). (6)

This is the only case that leads to ¢ # 0,Vk=0...N. R

Essentially, this proposition shows that if all N relays are
to contribute, all terms in the minimization in (1) must be
equal. Therefore, if the optimal solution has k < NN relays,
an expression like (1) can be written for those % relays. The
linear system of equations in (6) has the solution

< max min{(toLsy, ), (toLsr, +t1L ,
T tosesth—1,tkg1,etN {(toLsr), (toLor 1Lrirs) Lniityv+r = 1n41,
coos(toLsr, + ..o+ th—1Lry i+ teg1 Loy, - . Lyl v N1 ln a
= = {
tn—1Lr, yr,)s--o (toLsda + oo+ th—1Lpy_ir, + S HLKI1+11N+1H1 1%+1LK/1+11N+1 )
_ pk
b1 Lrparg + oty L)} = By W C)ahere [|v||1 denotes the sum of the elements of v, i.e., the

To solve the optimization problem of (1) we thus require
only the critical points for which ¢} # 0, Vk. In the following
proposition, we show that for each Ry, i.e., given a set of
potential relays, only one solution satisfies ¢}, # 0, Vk.

Proposition 2: The unique solution to the minimization
in (1) for which t} # 0,Vk is given by I1(t1) = I2(t1,t2) =
coo=In(1, ... tn) =Ip(tr, ..., tN).

Proof: Consider all possible critical points obtained from
the optimization in (1). The points are obtained either by
maximizing each individual term in (1) or by intersecting
all possible combinations of the terms in (1). We show that
the only solution leading to non-zero solutions results from
intersecting every term in (1).

The critical points for the optimization problem can be
obtained by solving the following:

1) Maximize the individual terms in (1) except
ID(to,...,tN)Z Vk S N,maXt07.._,tk71 Ik(t07~-~tk—1)
s.t. to+ ...+ tx—1 < 1. Because the optimization is not over
tm,Vk < m < N, the solution to this problem clearly has all
tm, = 0,Vk < m < N, and thus cannot be a solution to the
overall optimization problem.

2) Maximize ID(tO7 . ,tN)Z maXi,, ...ty ID(t07 e tN) =
maXz,,... tx {tOLsd + ...+ tNLT‘N’I‘d}7 st.to+ ... +tny < 1.
In this case, all variables are included in the optimization. It
is easy to show, however, that this function is maximized by
selecting the largest L value, i.e., evaluating the Kuhn-Tucker
conditions leads to a solution of the form ¢,,, = 1,¢;, = 0,Vk #
m, where m arg maxg{ Lsd, Lrydy- -y Lrpdy - -y Lryd -
Therefore, this solution is also not a solution to the overall
optimization problem.

3) Maximize the function that results from the intersec-
tion of all possible combinations of the functions Ij. Let
M denote all possible subsets of {1...N}. M then con-
tains 2% such subsets, i.e., M| = 2N Consider one such

1-norm. 1x41 is the length-(IV + 1) vector of ones, L1 is
the (N + 1) x (N + 1) rate matrix

Ly, 0 0 ... 0
Lsr, Lp» 0 .. 0

Ly = : 2 1 2 S 0 ' ®)
Lsd Lrld Lr2d LrNd

and tyy1 = [to,t1,...,tn]|T is the vector of time allocations.
The solution in (7) does not guarantee that the constraint
t, > 0 Vk = 0...N is satisfied. To ensure that all
considered solutions satisfy the constraint, again consider the
set M. Each entry in the set corresponds to a rate matrix,
L,,, similar to that in (8), formed using the relays in that
entry of the set. Furthermore, let |m| denote the size of the
rate matrix L,,. A relay set and its corresponding solution,
denoted as t,,, is included as a potential solution if t,, satisfies
the constraint, i.e., t;,, > Oy, where O, is the all-zero
vector of size |m/, O}, = [0,0,0,...0]” and the inequality
operates on an element-by-element basis. Let the set /C form
the subset of M that comprises all potential solutions. Let Ly,
t; and |k| denote the rate matrix, its corresponding solution
and size, respectively, for each entry of the set . Note that the
number of active relays being considered in each entry is |k| -
1. Finally, the optimum solution for the time allocation vector,
t*, can be obtained by solving (7) for all possible combinations
of active relays in the set K i.e.,

Ly 'Ly
t* :ma,XT'fl,vk:]ﬂ...,VCL (9)
K 1\k:\Lk Lk

We note here that in arbitrary networks, some links between
the nodes in the network may be unavailable. The approach
to the optimization problem in this case is the same as
for the fully-connected network, with the exception that the



rate matrix Ly4; may not be invertible, in which case the
corresponding solution is inadmissable. The remaining steps
remain unchanged.

IV. IMPLEMENTATION WITH REDUCED COMPLEXITY

The solution to the optimization problem in (1), (2) and (3)
involves checking 2V potential solutions, each involving the
inverse of a rate matrix. In this section, we decrease the
complexity of the optimization using a recursive approach. The
recursive solution, which exploits the special structure of the
rate matrix, greatly simplifies the matrix inversion, as well as
reduces the number of possible solutions to check. Essentially,
while the solution in Section III was a top-down approach, the
approach we suggest here is bottom-up.

Consider a set of p relays, P = {ri,ro,...,7p},p > 0,
and its corresponding rate matrix L, ;, solution vector tZ,DH
and maximum rate (if available) R”. We note that if p = 0
and the set is empty, the rate matrix and solution vector are
constants, L.qy and 1, respectively. Denote as P’ the set P
appended with another relay, i.e., P' = {r1,72,...,7p, Tpt1}-
Denote as LZ))_LQ, th/rQ, and RP’ the matrix, solution vector

and rate corresponding to set P’. .
Proposition 3: Given (LPH)_I, (Lpﬁ) can be ob-

tained with computational complexity order of O(p?)
Proof: For p > 0, the rate matrix Lp o can be written as

P . .
L Lp+1(]' . p7]- . p) ‘ 0p><2 :| , (10)

p+2 Faoxp | T,

where L;)_H(l :p,1: p) denotes the first p rows and columns
of the rate matrix L7, |, 0px2 is a (p X 2) matrix of zeros, T
is a (2 x 2) lower- triangular matrix, and Fay, is a (2 x p)
fully-loaded matrix. Note that L”, | (1 : p,1: p) is triangular.

, N1
Using the inverse of a partitioned matrix [28], (L;’H) can
be written as

(L17)3+1(1 :p,1: p))7 ‘ Opx2

—1
P’
(Lp+2) =

-1, . .
Note that (L7, ,(1:p,1:p))  is the inverse of a partition of
the triangular matrix L;’H. Using the inverse of a partitioned
matrix one more time, however, it is easy to see that

(LY (L:p,1:p) = (L)) (1:p,1:p),
and thus

()" =

—1
and hence obtaining (Lp +2) is an O(p?) operation. B

‘ —1

—Ty Foxp (Ln(Lip1ip) | T,

(1)

(Lp+1) '(1:p,1:p) | 0pc2
-T5 ngp(Lp+1) 1:p,1:p) ‘ T;

Using this above proposition, the solution vector tf_{r2 of
L?, can be obtained from the solution vector t7; of L”,

’ -1 .
" (L§+2) 102 L(1:p)
tpto = -1 = p+2(p +1) |,
Lp+2 Tra(p+2)

(13)
p+2 (Lp+2>

where t7, (1
already-calculated solution vector tp 11, and tz,ig(p +1) and
t;’+2(p+2) are the last two entries of the solution vector tfer

that remain to be calculated. R”" = % is the

p+2(Lp+2) lpto
maximum achievable rate obtained using the set P’ of relays.
The last two entries of the solution vector t +2(p + 1) and

tfiz(p + 2) can be written as
{ tp+2(P+1) ] — RP «
tp+2(pJr 2)
B 1 _
T3 oy (L) (1:p 12 9) | T3] 1) a(14)

p) represents the first p entries of the

with a corresponding achievable rate RP' given by
-1
’ 1 ’ -1

RP = —1 = Z (L;)JrQ) (%J) 9
1;{+2 (LZJDH) 1p+2 ij

-1 . .

=[> (L) Ghd) -
4,7

S Ty Fary (L) (Lip i p)(ig) + 3 T (0)]

.3 ij

5)

where we use >, ; A(i, ) to denote the summation over all
the elements of matr1x A.
Using the above, the optimization problem for a network of
N potential relays can be solved recursively as follows:
1) Determine the set of all potential relay combinations.
Sequence the set as:

M ={(r1), (r1,r2), (r1,72,73), ... (r1,72, . . ., TN ), - - -

(r1,73), (r1,73,74)5 -5 (11,73, - -, "N )5 - - (71, TN ),

(ra), (ro,73), (ra, r3,74), ... (ro, 73, ..., TN), (T2, 74),
(ro,ra,75), .y (royray .oy TN ),y ... (ro, ), oo (PN—1,7N) }-

Note that each “row” of M is a subset of relay combina-
tions in which each element is formed from the previous
element by adding a relay.

2) In each “row”, obtain the rate matrix, its respective
optimized time allocation vector and achievable rate
for each element (i.e., relay combination) recursively
using (12), (13), (14) and (15).

3) Check that for each particular set P of p relays, the so-
lution t,, and achievable rate I?,, satisfies the constraints
R?P > 0, and tZ,D_H > 0p41. If both constraints are
satisfied, place the solution in the potential set of valid

. (12) solutions K, advance elements and return to step (1). If
tZ))H > 0,11 is not satisfied, check which element of the
the allocation vector t,, does not satisfy the constraint.

« If any of the first (p — 1) entries of t, are less than
zero, ie., t,(1: p—1 < 0,_1), this constraint will
not be satisfied for any other relay combinations in
this “row”. Advance rows and return to item (1).

« If the constraint is not satisfied by either of the last
two items in the solution vector, discard the solution
but check the other elements in the “row”.



4) From the set K, pick the highest achievable rate and its
corresponding time allocation.

The recursive algorithm given above simplifies the optimiza-
tion problem in two ways:

1) It reduces the computation load of determining successive
matrix inverses by writing each matrix inverse as a function
of another, already known, matrix inverse, and two other
matrices obtained through simple matrix multiplication. It is
straightforward to show that the resulting complexity order
of calculating each rate and solution vector is O(g?). Without
the recursion, this complexity is of order O(q?), resulting from
the inverse of the rate matrix. The recursion thus introduces
significant savings in terms of complexity.

2) It may eliminate infeasible solutions by discarding relay
combinations which do not satisfy constraints. For example,
if the relay combination (71,72, 73) does not satisfy the con-
straints, the combination (ry,r2,73,74) may be automatically
discarded.

V. SIMULATIONS

In this section, we present results of the resource allocation
scheme discussed in Section III for networks with 1 to 6 relays
arranged linearly. The figure of merit is the achievable rate
R, with an outage probability of 1073, i.e. Pr[R* < R,] =
1073, A closed form expression for the outage probability
of optimized cooperation is very complicated and beyond the
scope of the paper. The outage probability and rate are thus
obtained numerically.

The relays are equispaced on a line between the source and
destination, as in Figure 1, and we use an attenuation exponent
of p, = 2.5. This choice is motivated by the application of
static mesh-nodes installed on posts; transmissions between
such nodes should undergo little shadowing and a lower atten-
uation exponent. From 60000 fading realizations we obtain the
cumulative density function of the instantaneous rate Fr(r).
The outage rate is the rate for which the probability of outage
is 1073, i.e., Fp'(10793).

Figures 2 and 3 plot the outage rate as a function of
the average end-to-end SNR, NOLW, for optimized and non-
optimized cooperation, respectively. As expected the rate in-
creases with increasing number of potential relays. The rate
for the optimized cooperation is obtained from (9). Non-
optimized cooperation uses equal time allocation, i.e., the
rate for a particular relay set is simply the minimum of the
mutual information at each node. Non-optimized cooperation,
however, does optimally select relays by choosing the best, in
terms of rate, of the 2"V relay combinations. Comparing Fig-
ure 2 and Figure 3 shows that optimizing resources increases
rates significantly, as expected. The outage rate increases as a
function of nodes available to relay. We also note the typical
phenomenon of decreasing marginal returns: the gains of
adding each additional relay decreases with increasing number
of relays.

Figures 4 and 5 show the average number of relays that are
active from the set of potential relays for optimized and non-
optimized cooperation. For each network size, this number

Outage rate with resource allocation for 1 to 6 relays arranged in a line

o
g3 Increasing N
ok
1}
o ; ; ;
10 5 0 5 10 15 20
SNR (dB)

Fig. 2. Outage rate vs. SNR using 1, . .. 6 potential relays and with resource
allocation.

Outage rate with no resource allocation for 1 to 6 relays arranged in a line
4.5 T T T T T

Increasing N

10 5 0 5 10 15 20
SNR (dB)

Fig. 3. Outage rate vs. SNR using 1,...6 potential relays and without
resource allocation.

is a decreasing function. Interestingly, the number of active
relays decreases much faster for non-optimized as compared
to optimized cooperation, suggesting that optimizing resources
distributes the relaying burden more effectively.

VI. CONCLUSIONS

In this paper, we determined the optimal channel resource
allocation, in terms of time allocation, for the N-node coop-
erative diversity, multihop network using DF and independent
codebooks. For a particular network, i.e., set of potential
relays, the unique solution for a particular relay numbering
scheme is obtained by taking the inverse of the triangular
rate matrix, and the optimal solution is found by maximizing
over the rate for each possible network, given its maximum
size. We show that by exploiting the special structure of the
rate matrix, the optimization can be performed in a recursive
fashion which decreases the computation load of the rate
matrix inverse and the number of required iterations. Node
selection is inherent to the optimization strategy. Simulation



Fig.

Average number of active relays with resource allocation for 1 to 6 Relays arranged in a line
4.5 T T T T

Increasing N

Average Number of Relays Used
N
(5]

10 5 0 5 10 15 20

4. Average number of active relays with 1,...6 potential relays and

with resource allocation.

Fig.

Average number of active relays with no resource allocation for 1 to 6 Relays arranged in a lir

Increasing N

Average Number of Relays Used

05
0 ; ; ; ; ;
10 5 0 5 10 15 20
SNR (dB)
5. Average number of active relays with 1,...6 potential relays and

without resource allocation.

results show significant gains in achievable rate due to resource
allocation, but diminishing marginal returns as a function of
network size.
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