Performance of Orthogonal CDMA Codes for Quasi-Synchronous Communication Systems^�

Victor DaSilva and Elvino S. Sousa

Department of Electrical and Computer Engineering University of Toronto Toronto, Canada (416)978-3651

email: dasilva@comm.toronto.edu

Abstract

In this paper, the performance of quasi-synchronous direct-sequence CDMA communication systems based on different sets of orthogonal codes is investigated. We search for sets of sequences that minimize the probability of bit detection error, given that there is imperfect synchronization among the signals. Orthogonal sequences based on the Sylvester-type Hadamard matrices (Walsh functions) are shown to provide a large improvement over the case where an orthogonal set is chosen at random. For these sequences we derive closed form expressions for the average bit error rate. Computer searches indicate that this set of codes has special properties with respect to minimizing the average cross-correlations between the different signals for small errors in chip synchronization. It appears that these codes are optimal. We also discuss a multi-carrier signalling scheme designed to help synchronize the CDMA signals at the chip level.

1 Introduction

Direct sequence spread spectrum transmission has received a large degree of consideration for applications in mobile and personal communications networks as a result of its potential to provide higher spectral efficiencies in comparison to conventional modulation techniques [1, 3, 4]. The potential increases in capacity over conventional modulation schemes are a result of the cellular structure of these systems and not a result of the efficiency of direct-sequence code-division multiple-access (DS CDMA) as a multiplexing scheme. In fact, in a one-cell system the efficiency of a direct-sequence CDMA scheme is considerably lower than that of a system utilizing TDMA or FDMA [2]. To improve on the capacity of a CDMA cellular network beyond the estimates in [1], more specialized signal processing techniques may be used. These techniques attempt to cancel the interference that arises as a result of non-zero cross-correlation for the different codes used [5]. Alternatively, we may attempt to synchronize the various transmissions at the chip level and to use orthogonal spreading codes, thus reducing the amount of interference. This approach is used in the forward channel for the CDMA proposal discussed in [6]. However, its implementation in the reverse channel is more difficult, especially in the case of small chip periods. In an

�This work was supported in part by the Natural Sciences and En-

gineering Research Council of Canada (NSERC) through a graduate scholarship, and in part by the Information Technology Research Center of Ontario (ITRC).

indoor environment the delay spreads are not too large and, hence, for low data rates and moderate processing gains, it may be feasible to maintain chip synchronization even in the reverse channel. This is the approach taken in the system proposed by Omura [4].

We consider a one-cell system with one receiver base station and several mobile transmitters. While synchronization and orthogonality of signals can be maintained in the forward link, only quasi-synchronous conditions exist in the reverse link. If mobiles remained stationary all reverse link signals could be made to arrive at the base station in synchronized fashion. If mobile speeds are insignificant in comparison to the bit time, quasi-synchronous conditions can exist.

In this paper we analyze the performance of a quasisynchronous DS CDMA system and discuss a set of orthogonal codes that attempt to minimize the bit error rate. We also propose a new system architecture based on multicarrier signalling to help achieve quasi-synchronous operation.

2 Non-orthogonal Codes

We consider a CDMA system with N_u mobile transmitters where the total received signal is r(t) = N_u∑

i=1 A_id_i(t − τ_i)p_i(t − τ_i) cos(w_ct + θ_i) + n(t) (1)

where A_i, d_i(t − τ_i), p_i(t − τ_i), and θ_i are the signal amplitude, time-delayed data signal, time-delayed code sequence, and phase offset of the i^{th} user, respectively, and n(t) is a background thermal noise process with power spectral density N_0/2. The bit period is T_b, the chip period is T_c, and the processing gain is N = T_b/T_c. We assume that a rectangular chip pulse is used. A correlator receiver structure is used to receive the k^{th} signal. The output of the correlator receiver is y = ± A_kT_b 2 + ψ + η (2)

depending on the data bit. The first term in (2) is the signal component, ψ is the interference due to the other users and η is a Gaussian random variable due to the background noise. We assume that the relative delays τ_i are random variables with a uniform distribution on the interval [−α_{max}T_c, α_{max}T_c]. For the completely asynchronous case we model the code sequences as completely random 1 and thus we may assume without loss of generality that α_{max} = 1. For the synchronous system α_{max} = 0, and for a quasi-synchronous system 0 < α_{max} < 1. In (2) the variance of η is N_0T_b/4, and the variance of ψ is

σ^2_ψ = ψ^2 = N_u∑

i=1,i≠k A^2_i 8 R^2_{pipk} (τ_i)T^2_b (3)

where R^2_{pipk} (τ_i)T^2_b = (∫_{Tb} 0 d_i(t − τ_i)p_i(t − τ_i)p_k(t)dt )_2 . The overbar denotes expectation over the data and code symbols. We introduce the normalized delay α = τ_i/T_c. The variable α is assumed to be uniformly distributed on [−α_{max}, α_{max}]. If p_i(t) and p_k(t) are assumed to be random sequences then R^2_{pipk} (τ_i) = (1 − 2|α| + 2α^2)/N . Since α is random, σ^2_ψ is itself a random variable. For a moderate number of users we may use its expected value in the standard error formula [7]. Thus, the performance is determined by the variance of ψ,

σ^2_ψ =

N T^2_c 8 (1 − α_{max} + 2 3 α^2_{max}) N_u∑

i=1,i≠k A^2_i (4)

The probability of bit error is a function of α_{max} and is given by P_e = 1 2 erfc E_k N_0 + γ ∑_{Nui=1} i≠k E_i (5)

where γ = 1 − α_{max} +^2_3 α^2_{max} N (6) and E_i = A^2_i T_b/2 is the bit energy of the i^{th} user.

3 Orthogonal Codes

The bit error probability given by (5) can be reduced if orthogonal spreading codes are used. Let us denote the code sequences for the signals p_i(t) and p_k(t) as {a_l} and {b_l}, respectively. In this case R_{pipk} (αT_c) =^{Tc}_{Tb} ∑_N l=1 a_l((1−

α)b_l + αb_{l+1} ) reduces to^{Tc}_{Tb} ∑_N l=1 αa_lb_{l+1} since ∑_N l=1 b_la_l = 0. Taking the expectation over the code and data symbols, we obtain R^2_{pipk} (αT_c) ≈ T^2_c

T^2_b N∑ l=1 α^2 = α^2/N. (7)

(7) is an approximation since it is obtained by assuming that cross-terms obtained after the squaring operation have an expected value of 0. In effect, we assume that we may model the elements of the code sequences as being random, even though the sequences themselves are orthogonal. The computer results of Section 5 indicate that (7) is a valid approximation.

Optimal conditions for a DS CDMA system based on orthogonal codes exist when perfect synchronization is maintained, that is, when α = 0. In such a case σ^2_ψ = 0 and the error probability is a minimum. When perfect synchronization exists between all transmitter clocks and the receiver clock, errors in bit detection arise solely from channel noise and there is no cross-interference created by simultaneous transmissions from different users.

As before, α is assumed to be uniformly distributed on [−α_{max}, α_{max}] and the expected value for R^2_{pipk} (αT_c) is

α^2_{max}

3N , thus the probability of bit error can be obtained by substituting γ = α^2_{max} 3N (8) into (5). The resulting probability of bit error is lower than the result for non-orthogonal codes given by (5) and (6) for any 0≤ α_{max} <1.

4 Choice of Orthogonal Code Sequences

Given a specific set of orthogonal sequences, γ can be computed directly by averaging over all pairs of sequences. In this way we can compare the performance of one set of orthogonal sequences versus another set.

We seek an orthogonal set that minimizes the average

value of R^2_{pipk} (αT_c) =^{T 2c}_{T 2b} (∑_N l=1 αa_lb_{l+1} )_2

. The problem is

as follows. Define

μ_{cor1} = 1 N (N − 1) N∑ i=1 N∑ k=1 k≠i N∑ j=1 v_{i,j}v_{k,j+1} 2 (9)

where v_{i,j+N} = v_{i,j} and define μ_{cor2} the same as μ_{cor1} except that now v_{i,j+N} = −v_{i,j} . We seek an N × N matrix V composed of elements v_{i,j} ϵ{−1, 1} such that μ_{cor} = 1 2 μ_{cor1} + 1 2 μ_{cor2} (10)

is minimized, subject to the constraint ∑_N j=1 v_{i,j}v_{k,j} = 0 for 1 ≤ k ≤ N , 1 ≤ i ≤ N , i ≠ k. The matrix rows are to be assigned as code sequences to a maximum of N users. We note that minimizing μ_{cor} corresponds to minimizing the average value of R^2_{pipk} (αT_c), where p_i(t) = a(t) and p_k(t) = b(t) are two row vectors of the matrix V . The 1/2 factors in (10) are weights and are chosen in accordance with the assumption that 1 and -1 data bits are equally likely.

To see the effect that μ_{cor} (N ) has on the bit error rate directly, we write

R^2_{pipk} (αT_c) = T^2_c

T^2_b α^2 (_N ∑ l=1 a_lb_{l+1} )_2

= T^2_c T^2_b α^2μ_{cor} (N ) (11)

For this expression to be minimized μ_{cor}(N ) should be a minimum, regardless of the distribution for α. If we take α to be uniformly distributed on [−α_{max}, α_{max}] then using (3) we obtain

σ^2_ψ =

T^2_c α^2_{max}μ_{cor} (N ) 24 N_u∑

i=1,i≠k A^2_i (12)

The average probability of bit error for a quasisynchronous DS CDMA system with N_u simultaneous users is obtained by substituting γ = α^2_{max}μ_{cor} (N ) 3N^2

(13) into (5). Clearly, P_e is minimized if μ_{cor} (N ) is minimized.

Since μ_{cor} is the same for nondistinct matrices, that is, matrices that can be obtained from one another by negating and interchanging rows, we are interested in investigating only distinct matrices when searching for an optimal matrix V that minimizes μ_{cor} , denoted V^∗. We have no guarantee that a unique solution exists. If N is small, then it is a simple task to find all distinct N × N orthogonal matrices and compute μ_{cor} for each. For large N , however, we choose to search for a possibly sub-optimal V^∗ by generating a large number of orthogonal matrices randomly and keeping track of only those matrices that have a relatively low μ_{cor} value. We restrict our attention to the case where N = 2^n, where n is an integer.

For the case N = 4, there exist only two distinct orthogonal matrices, and μ^∗_{cor} = 3.3333, corresponding to the 4 × 4 Sylvester matrix. For the case N = 8 there are a total of 480 orthogonal distinct matrices, and μ^∗_{cor} = 6, which also corresponds to the 8 × 8 Sylvester-type Hadamard matrix. For higher values of N , orthogonal matrices were generated randomly. Orthogonal matrices were generated by interchanging an orthogonal matrix’s columns and negating its columns randomly. Note that this method cannot generate all orthogonal distinct matrices for N ≥ 16 in general, even if the process of permuting and negating columns is carried on indefinitely [8].

5 Computer Search

From (10), the expected value of μ_{cor} is μ_{cor} = 1 2 (μ_{cor1} + μ_{cor2}) ≈ N (14)

using the same type of reasoning as in the derivation of (7). That is, if we randomly select N × N orthogonal matrices, and compute μ_{cor} for them, we expect that μ_{cor} will, on average, be approximately N . Substituting μ_{cor} (N ) = N into (13) yields (8), as expected.

Orthogonal matrices were generated randomly on a computer and μ_{cor} (N ) was calculated for each. There are 480 distinct 8 × 8 orthogonal matrices and, as mentioned before, the 8 × 8 Sylvester matrix produced the minimum μ_{cor}. Orthogonal matrices were generated at random for the cases N = 16, N = 32, N = 64, N = 128, and N = 256 and histograms for the N =16, 64, and 256 cases are shown in Figures 1-3. 40,000 16 × 16, 20,000 32 × 32, 2,000 64 × 64,

Figure 1: Number of occurrences of μ_{cor} versus μ_{cor} for the case N =16. 40,000 16×16 randomly generated orthogonal matrices were investigated.

1,000 128 × 128, and 500 256 × 256 randomly generated orthogonal matrices were investigated. In each of these cases

Figure 2: Number of occurrences of μ_{cor} versus μ_{cor} for the case N =64. 2,000 64×64 randomly generated orthogonal matrices were investigated.

Figure 3: Number of occurrences of μ_{cor} versus μ_{cor} for the case N =256. 500 256×256 randomly generated orthogonal matrices were investigated.

the matrix that produced the smallest μ_{cor} value was the Sylvester matrix. Note from the figures the concentration of observations around μ_{cor} = N . These histograms support roughly the statistical calculation of (14).

Recall that an order 2m Sylvester matrix is computed recursively as

H_{2m} = [ H_m H_m H_m −H_m ] (15)

where H_1 = 1. The following equation applies for N × N Sylvester matrices μ_{cor} (N ) = 2N^2 − 2

3(N − 1)

(16)

and is derived in the appendix. From (16), as N increases, μ_{cor}(N ) approaches 2N/3.

If orthogonal sequences are chosen from the row vectors of an N × N Sylvester matrix, we have μ_{cor} (N ) = 2N/3 for large N , as is typically the case in practice, so that the average probability of bit error is obtained by substituting γ = 2α^2_{max} 9N (17)

into (5). Comparing (17) to (8) we see the effect that the reduction of μ_{cor} (N ) from N , the statistical average, to 2N/3, for N × N Sylvester matrices, has on the performance of a DS CDMA system. Figures 4-5 are plots of the analytical expressions derived for P_e for three types of code sets, each code set consisting of N = 128 code sequences of length N chips. The number of simultaneous users is N_u=128. Each figure shows the performance assuming: a) non-orthogonal code sequences, b) the set of orthogonal code sequences is selected at random, c) the set of orthogonal sequences correspond to the row vectors of a Sylvester matrix. Case a) is given by (5) with γ given by (6), case b) has γ given by (8), and case c) has γ given by (17). In these figures, E_i = E_k = E_b, which may be possible if the CDMA system uses power control.

Figure 4: P_e versus E_b/N_o for case N_u=N =128, α_{max}=.5 a) Codes are non-orthogonal. b) Codes are orthogonal, random. c) Codes are orthogonal Sylvester sequences.

Figure 5: P_e versus E_b/N_o for case N_u=N =128, α_{max}=.75 a) Codes are non-orthogonal. b) Codes are orthogonal, random. c) Codes are orthogonal Sylvester sequences.

For large E_b/N_0, and α_{max} ≠ 0, the N_0 term in (5) can be neglected and it is seen that the Sylvester sets offer better performance than the random orthogonal set by a factor of 10log3/2 = 1.76 dB. Equivalently, for a given P_e, usage of the Sylvester-type sets results in 1^1_2 times as many simultaneous users as the random orthogonal set would allow. For α_{max} = 0, which corresponds to the ideal situation where perfect synchronization between all transmitters and the receiver is maintained, all orthogonal code sequences offer exactly the same performance. For small α_{max}, a relatively large E_b/N_0 is needed before the differences in the bit error rates of synchronous CDMA systems with different orthogonal code sequences becomes noticeable. Note also the large gain in performance when orthogonal sequences are used rather than non-orthogonal sequences.

6 Multi-Carrier Modulation to Facilitate Synchronization Among the Different Signals

To reduce the error probability the mis-match in chip synchronization should be a small fraction of the chip period. For a given processing gain, an increase in the chip period results in an increase in the bit period, hence a decrease in the data rate. We can regain the original data rate by using a multi-carrier signalling scheme. The overall transmitted signal is comprised of several bit steams, each modulated by a separate carrier. Figure 6 illustrates the components of the overall power spectral density for a single user for the case of three subcarriers spaced at multiples of the chip rate.

Spectral Density

i T_c i+1 T_c i+2 T_c f Figure 6: Spectral densities for three bit streams with different carriers.

In computing the probability of bit error for any given data stream we need to consider the interference from other data streams with the same carrier and interference from data streams using other carriers. For arbitrary carrier spacings the approach in [9] may be used to determine the variance of the noise. For carrier spacings equal to the chip rate the noise variance can be solved using a more direct approach which we use here. Assume that the chip pulse h(t) is rectangular, so that it is 0 outside [0, T_c]. We assume that each bit stream corresponding to a single transmitter is multipied by the same spreading code - the different streams belonging to the same transmitter do not interfere with each other due to the orthogonality of the carriers. The variance of the cross-correlation between two DS CDMA signals with carriers spaced by Δw = 2πi/T_c can be shown to be μ_{cor}(N ) (∫_∞ −∞ h(t + τ − T_c)h(t) sin(Δw + θ)dt )_2 where the

expectation is with respect to τ and θ. τ is modelled as uniform on [−α_{max}T_c, α_{max}T_c] and θ is uniform on [0, 2π].

This cross-correlation expression reduces to μ_{cor}^{T 2c}_{(2πi)2} (1 −

sinc(2α_{max}i)), where sinc(x) = sin(πx)/(πx), compared to μ_{cor}T^2_c α^2_{max}/6 which would have been the result if the two signals had the same carrier. Assuming M carriers, we can show that

γ = 2μ_{cor}(N ) N^2 α^2_{max} 6 + 1 4π^2 M∑ j=1 j≠m f(j) (18)

where f(j) = (1 − sinc(2α_{max}(m − j)))^1_{(m−j)2} . The resulting probability of bit error obtained by substituting γ into (5) corresponds to the bit error rate of the k^{th} user’s m^{th} bit stream.

7 Conclusions

The performance of quasi-synchronous direct-sequence code-division multiple-access communications systems was investigated. Analytical expressions for bit error rates of quasi-synchronous DS CDMA systems based on nonorthogonal and orthogonal code sets were derived and compared.

When synchronous or quasi-synchronous conditions exist, orthogonal sets are preferred over non-orthogonal ones. When perfect synchronization is not present, different orthogonal code sequences result in varying degrees of crossinterference between the transmitted signals.

For a given orthogonal N × N matrix, there is associated with it a parameter, which we have denoted μ_{cor}(N ). The larger the μ_{cor} value for a given orthogonal matrix, the worse the performance of a quasi-synchronous CDMA system based on the matrix. The problem investigated consisted of finding orthogonal matrices with minimum μ_{cor} values. It was shown analytically that μ_{cor} (N ) = N for the average orthogonal matrix. Computer calculations supported this claim. For the Sylvester-type Hadamard matrices investigated, it was seen that μ_{cor} (N ) tends to 2N/3 as N gets large so that there is a large improvement factor in the performance of systems with spreading sequences based on these matrices over that of systems based on orthogonal sets chosen at random. For a large signal-to-noise ratio and quasi-synchronous conditions, the performance improvement is about 1.76 dB. Equivalently, for a given bit error rate, usage of the Sylvester sets results in 1^1_2 times as many simultaneous users as the average orthogonal set would allow.

A multi-carrier signalling scheme which is designed to help synchronize CDMA signals at the chip level was discussed. A quasi-synchronized CDMA system based on orthogonal codes is an alternative to an asynchronous scheme which attempts to use sophisticated interference cancellation techniques.

Appendix

In this appendix we derive (16). Defining X^N_{ij} = ∑_N k=1 v_{i,k}v_{j,k+1}, where v_{i,N +1} = v_{i,1}, and v_{i,k} is the (i, k)^{th} element of a Sylvester matrix, we use (9) to write N (N − 1)μ_{cor1}(N ) = ∑_N i=1 ∑_{Nj=1} j≠i (X^N_{ij} )^2 = 8 ∑_{N/2} i=1 ∑_{N/2} j=1 j≠i (X^{N/2}_{ij} )^2 − 16 ∑_{N/2} i=1 ∑_{N/2} j=1 j≠i (X^{N/2}_{ij} )v_{i,N/2} +16 (_N 2 ) (_N 2 − 1 ) (A.1)

where (A.1) follows because X^N_{ij} equals 2X^{N/2}_{ij} if i and jϵ{1 . . . N/2}, 0 if iϵ{1 . . . N/2} and jϵ{N/2 + 1 . . . N }, or

2X^{N/2}_{i−N/2,j−N/2} − 4v_{i−N/2,N/2} if i and jϵ{N/2 + 1 . . . N }. It can be shown that N/2∑ i=1 N/2∑ j=1 j≠i (X^{N/2}_{ij} )v_{i,N/2} = 4 ( N 4 ) ( N 4 − 1 ) (A.2)

where v_{i+N/4,N/2} = −v_{i,N/4} was used. (A.1) reduces to μ_{cor1}(N ) = 8 (_N 2 ) (_N 2 − 1 ) μ_{cor1} (_N 2 ) + 8N N (N − 1) (A.3)

This is a recursive formula for μ_{cor1}(N ). We interpret (A.3) as a first order difference equation and solve it to obtain μ_{cor1}(N ) = 2N^2 − 8 3(N − 1)

(A.4)

for an N × N Sylvester matrix. The boundary condition μ_{cor1}(2) = 0 applies to (A.3).

In a similar fashion, we can show that μ_{cor2}(N ) = 2N^2 + 4

3(N − 1)

(A.5)

(16) follows from (A.4), (A.5), and (10).

References

[1] K. S. Gilhousen, I. M. Jacobs, R. Padovani and L.

A. Weaver, “Increased capacity using CDMA for mobile satellite communication”, IEEE J. Select. Areas in Commun., vol. JSAC-8, pp. 503–514, May 1990

[2] M. B. Pursley, “Performance evaluation for phase– coded spread–spectrum multiple-access communications – Part I: System analysis”IEEE Trans. Commun., vol. COM-25, pp. 795–799, Aug. 1977

[3] R. L. Pickholtz, L. B. Milstein and D. L. Schilling, “Spread–spectrum for mobile communications”, IEEE Trans. Veh. Techn, vol. VT-40, pp. 313–321, May 1991

[4] J. K. Omura and P. T. Yang, “Spread–spectrum S- CDMA for personal communications services”, Proc. IEEE Milcom., San Diego, CA, Oct. 1992, pp. 269-273.

[5] M. K. Varanasi and B. Aazang, “Multistage detection in asynchronous code–division multiple–access communications”, IEEE Trans. Commun., vol. COM-38, pp. 509–519, Apr. 1990

[6] K. S. Gilhousen, I. M. Jacobs, R. Padovani, A. J.

Viterbi, L. A. Weaver and C. E. Wheatley, “On the capacity of a cellular CDMA system”, IEEE Trans Veh. Techn., vol. VT-40, pp. 303–312, May 1991.

[7] E. S. Sousa, “Interference modeling in direct–sequence spread–spectrum packet radio networks”, IEEE Trans. Commun., vol. COM-38, pp. 1475–1482, Sept. 1990.

[8] F. J. MacWilliams and N. J. A. Sloane, The Theory of Error- Correcting Codes, North Holland, Amsterdam, p.48, 1986.

[9] E. S. Sousa, ”The performance of a direct sequence spread spectrum CDMA system utilizing unequal carrier frequencies”, Proc. IEEE Second International Symposium on Spread Spectrum Techniques and Applications, Yokohama, Japan, Dec. 1992.