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Abstract:

This paper introduces a methodology for virtual network partitioning in a single node with a generalized
processor sharing scheduler. The approach is based on the worst-case service curve provisioning. The true
service curve is a function of the number of users and their traffic fluctuations. In this paper, we define a
deterministic universal service curve as a lower bound to the true service curve. The universal service curve
is time-invariant and is independent of traffic characteristics. We design a novel call admission controller to
guarantee that the true service curve is always lower bounded by the deterministic universal service curve.
This is achieved by adapting a suitable regulator to the input traffic of each user and allocating appropriate
scheduler parameters. The universal service curve is then used to quantify the performance of the network
in terms of the maximum delay and the maximum backlog. We further use the universal service curve to
propose a virtual subnetwork decomposition. The assignment of an input traffic to a certain subnetwork
is based on the proximity of its upper envelope function to the universal service curve. We use min-plus
algebra and network calculus to concoct our approach. By using min-plus algebra, we establish a duality
between the maximum delay and the maximum backlog.

Keywords: Guaranteed quality-of-service, network partitioning, min-plus algebra, service curve, upper
envelope process, generalized processor sharing, traffic regulation.

1 Introduction

Guaranteed quality-of-service (QoS) has been the focus of recent literature in high-speed networking. Pro-
viding QoS in general, and guaranteed QoS in particular, impose a significant restriction on network man-
agement. The worst-case design approach to network provisioning has been utilized as a means to restrain
the network operation to a range of behavior induced by “greedy” sources. A greedy source tries to consume
all available resources by producing a traffic that meets its worst-case behavior. The worst-case network
provisioning commences with the seminal work of Cruz [1] [2]. This approach has later on been explored in
several comprehensive subsequent works [3], [4], [5]. The main results, reported in the literature, quantify
the worst-case network performance by monitoring the maximum delay and/or the maximum backlog, the
scheduling strategy in the nodes, and the parameters of prescribed regulators—usually located at the network
boundary for shaping and/or filtering the injected traffic into the network.

The two concepts of traffic burstiness and service curve have been widely discussed in the literature. The
traffic burstiness constructs a bound on the worst-case behavior—in the sense of worst induced backlog—of
the input traffic [6] [7]. The burstiness of a source is usually used to anticipate the worst-case behavior of
the source in the network and to take appropriate steps to minimize its destructive effect. The service curve,
on the other hand, is used to set up a guaranteed performance for the network when exposed to an injected
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traffic. Indeed, the service curve of a user reflects the tendency of the server to the submitted traffic and
quantifies the minimum service given to the corresponding user.

The worst-case network design has created a new set of techniques usually referred to as the network
calculus [8] [9] [10] [11]. Network calculus uses the min-plus algebra [12] to instrument the worst-case network
design. In min-plus algebra, the addition operator of the conventional algebra is replaced by minimization
and the multiplication is replaced by addition. The min-plus algebra provides a systematic approach to
traffic regulation and service curve formulation by devising a complying filtering theory [9]. The filtering
theory in min-plus algebra imitates its counterpart in the classical signal processing and creates a structured
framework for network calculus.

The objective of this paper is two-fold. We introduce a new methodology for virtual network partitioning
and also devise a novel call admission controller. Our approach is to make use of the concept of service curve.
The service curve has been utilized in network calculus as a means to quantify the minimum guaranteed
output for a backlogged traffic. In [3], the service curve has been used as a metric that represents the
output traffic in a single node network with a generalized processor sharing (GPS) scheduler and a regime
of all-greedy leaky bucket regulated traffics. The authors show that if the input traffics are regulated by
leaky bucket regulators, the service curve will be a continuous piecewise linear convex function. Service
curve, in general, is a function of the scheduler used in the network, the projected data flow, and the volume
of data infused by other sources as a crossing traffic. Hence, the service curve is a multivariate functional
moving over a range of behavior circumscribed by some unknown time-varying parameters. This observation
suggests that using the service curve to construct a framework for guaranteed QoS can be challenging.

Cruz [5] generalizes the concept of service curve by defining the service curve as a function assigned by
the network controller to each source, such that the stability condition is satisfied: addition of all service
curves at any time instant is smaller than the total capacity. In [13], for a given service curve, the Service
Curve Earliest Deadline first (SCED) algorithm has been introduced (see also [14]). Although [5] relaxes the
one-to-one relationship between the source regulator parameters and the induced service curve, it does not
provide a mechanism for service curve allocation. The network controller should choose the service curve of all
connections based on the required QoS for each source. This approach suffers from the scalability problem.
Nevertheless, the stability condition requires that the selected service curves be coupled. Therefore, any
change on the parameters of one connection may require a rearrangement of the service curve of other
connections.

Our approach in this paper is different. We envision the service curve as a random functional changing
with the network load. However, if the input traffics satisfy certain constraints, the stochastic behavior of the
service curve can be confined to a region with a non-stochastic lower bound. We devise such constraints in
this paper. Our technique generalizes the results of [5] by allowing the service curves move arbitrarily inside
the stability region. We then compare a weighted version of each service curve with a lower bound. When a
service curve coincides with the lower bound, the maximum traffic load is obtained and no new connection
is allowed into the network. We show that the proposed methodology solves the scalability problem of [5].
Furthermore, the proposed approach can be applied to distributed call admission control. We have proposed
such a call admission controller for wireless LANs in [15].

It has been observed in [16] that it is very challenging to simultaneously achieve fairness and guaranteed
service curve. The challenge arises from the fact that the service curves are selected so as to satisfy the
stability condition. Therefore, to satisfy this condition, the SCED algorithm should be modified, resulting in
a violation of the service curve [16]. Indeed, [16] shows that if fairness is necessary, using only the stability
condition does not provide an appropriate set of service curves. In this paper, we solve this problem by
allowing the service curves be arbitrary functions that move with the requirements of the input traffic and
the fairness indices.

The present paper focuses on assuring guaranteed QoS for input traffics. Here, the network is provisioned
to guarantee certain QoS parameters—defined here as the maximum delay and the maximum backlog—for
input traffics. We propose to impose a deterministic lower bound on the service curve which we call it the
universal service curve. The definition of the universal service curve in this paper is different from that
used in [3]. In our technique, the universal service curve is independent of input traffics and is selected by



the network manager and used for the network life time. The universal service curve acts as a reference
curve where all users can refer to quantify their QoS parameters. The application of the universal service
curve produces an effective approach to network provisioning by decoupling the interaction among individual
sources and reverting it only to the coordination of each user with the universal service curve.

We use the universal service curve as a lower bound to the service provided by the network. Admission of
a new traffic into the network is then allowed if the prevailed service curve is secured below by the universal
service curve. This bound is then used as a benchmark that can be utilized to capture the worst-case
behavior of the projected traffic and to give a framework for a call admission procedure. It also produces a
methodology for network partitioning.

In this paper, we use the maximum delay and the maximum backlog to specify the requested QoS and
to measure the performance in the presence of greedy sources. The sources are assumed to be greedy in
order to reflect the worst-case behavior of the input traffic. As a means to classify the injected traffic, a
virtual network partitioning is proposed. We emphasize a “virtual” partitioning since the classified traffics
are not totally segregated into isolated subnetworks. We propose a nested network partitioning in which the
aggregates of input traffics are treated in a hierarchical manner—unused resources in a higher class can be
utilized by a lower hierarchy. This approach is also useful for the differentiated services (DiffServ) standard
of the internet engineering task force (IETF) [17]. In DiffServ, a relative service differentiation is used in
which network resources are distributed into certain classes so as to satisfy a relative QoS ordering [18].

Virtual network partitioning is performed on the basis of the proximity of greedy traffic patterns to
the universal service curve. We decompose the “support” of universal service curve into non-overlapping
intervals. All the traffic upper envelopes intersecting the universal service curve in a given interval are
allocated to the same subnetwork. We will show that the maximum delay and the maximum backlog for an
input traffic allocated to a certain subnetwork, are bounded in a prescribed region.

We also use GPS or one of its non-preemptive variants [3]. In GPS, the backlogged traffic of each user is
handled by a server, with a specified fair share, usually dictated by a non-negative real number, indicating
the relative proportions of the served traffics of the sources. GPS provides a relative fairness among the
users sharing a common infrastructure. The GPS weight is only valid over a single node, therefore we do
not consider a multi-node GPS assignment as suggested in [19]. In this paper, a multi-node case can be
treated using an approach similar to [2]: the total maximum delay is the summation of the maximum delays
in all nodes along the path. Therefore, analyzing each node is independent from the rest of the network.
This assumption decouples the interaction between tandem nodes and justifies the study of virtual network
decomposition in a single node.

2 Background

The set of all non-decreasing functions over IR is denoted by J 2 {a(t)]0 < a(t1) < a(ta), for 0 <ty < ta}.
Define also Jy = {a(t) | a(t) € J,a(0) = 0}. Let f. and f, be, respectively, the set of all concave and convex
functions. We use the min-plus algebra [12] to handle the algebraic manipulation of sequences in 7. In
min-plus algebra, the addition operator of the conventional algebra is replaced by point-wise minimization,
denoted here by the notation ¢, and the multiplication is replaced by point-wise addition, represented by
®. In fact, for a(t),b(t) € J, a(t) @ b(t) = min{a(t),b(t)}, and a(t) @ b(t) = a(t) + b(t). The sets J and Jy
are closed under @ and ® operations. It is also possible to show that (7, ®, ®) is a complete dioid [20]. The
scalar projection of a function a(t) onto b(t) was defined in [21] as

(a(t), b(t)) = supla(t) — b(t)] v 0. (1)
>0

Definition 1 For a(t) € J, we define the adjoint mapping as a*(t) = t + inf{d |t < a(t + d)}. The reverse
mapping is defined as a(t) =t — inf{d|a*(t — d) < t}.

It is straightforward to show that there is a one-to-one relationship between a(t) and a*(t). In other words,
for each a(t) € J there exists a unique a*(t) € J. Fig. 1 illustrates an example with two functions a(t) € Jy
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Figure 1: The adjoint mapping for functions a(t) € Jy and b(t) € Jo.

and b(t) € Jo and their adjoint mapping. The adjoint mapping of a function is the reflection of that function
about the line a(t) = t.

The cumulative input traffic for source i over the interval [0,¢] is denoted by a non-decreasing function
A;(t) € Jo. Assume that the input A;(¢) is served by a node which assigns to this traffic, the service curve

Si(t; A, ®) € Jo, in which A = (Al(t), e ,AN(t)) is the vector of all traffics, N is the total number of

connections, and ® is the scheduler used in the node. The network guarantees the service curve S;(t; A, @)
for the input traffic A;(¢) if the output of the server, B;(t; A, @), satisfies

Bi(t; 4,®) 2 inf {Ai(s)+5i(t —5,4,9)}. (2)

In min-plus algebra, this inequality can be represented by
where * is the convolution operator defined as

a(t) xb(t) = @ {a(s) @ b(t — )} (4)

0<s<t

A traffic A,(t) is called a;-upper constrained [9], if
A (t) < Ai(t) *x ai(t). (5)

where a;(t) is the upper envelope process. The source is called greedy if A;(t) = a;(t). Define the aggregated

input traffic
N

A 2" Aifo). (6)

If the input traffics, A;(t), are a;-upper constrained for all i« = 1,..., N, the aggregated traffic A(t) will be
a-upper constrained with

N
a(t) =) a(t). (7)
i=1



The multiplexed traffic, A(t), is called all-greedy if A(t) = a(t). Throughout the paper, we assume that the
input traffic satisfies
: a(t)
limsup —= < C. (8)
t—oo t

We further assume that the node uses a GPS scheduler [3] with the parameters ¢;,i = 1,..., N, satisfying

N
Z¢i <1 9)
i=1

In GPS, the service provided for a session ¢, which is continuously backlogged over the interval [0, ], satisfies

Sit:A,®) _ 81 A @) (10)

@i o

A session 17 is said to be backlogged at time t, if ¢;(t; A, @) > 0; the server is backlogged at ¢, if there exists an
1€ {1,..., N} such that ¢;(t; A, ®) > 0. Equality holds in (10), if both sessions ¢ and j are backlogged in [0, t].
Therefore, the normalized service curve of all backlogged connections are identical. This is an important
property of the GPS scheduler since a unique service curve can quantify the service given to all backlogged
connections. We represent the set of all backlogged sessions at time ¢ by B(¢). The complementary set of
B(t)—the set of unbacklogged sessions—is represented by B¢(t). In a GPS scheduler, the service provided
for a backlogged session i at time ¢ is given by

- ZjEBC(t) Aj (t)

7 ;77 7
ZjEB(t) J

(11)

We use the mazimum delay and the mazimum backlog as the QoS parameters. The delay, d;(t; A, @), and
the backlog, g;(t; A, @), for session 4, with the input traffic 4;(¢) at time ¢, are defined as

di(t; A, ®) = inf{d > 0|A;(t) < Si(t +d; A, @)}, (12)
Gi(t; A, ®) = Ai(t) — Si(1; A, D). (13)

The objective is to give a set of constraints over A and ® such as to guarantee

>0
supgi(t; A, @) < Qi (15)
>0

The bounds D; and @; in (14) and (15)—indicated as the prescribed QoS parameters—are the maximum
delay and the maximum backlog for source ¢, respectively. Using (1) and Definition 1, (14) and (15), are
given by

(Sr(t; A, ®), A;(t))
(Ai(t), Si(t; A, @)

D;, (16)
Qi (17)

<
<

Note that (16) and (17) manifest a duality for the maximum delay and the maximum backlog. The maximum
backlog is the scalar projection of the traffic curve onto the service curve. Similarly, the maximum delay can
be interpreted as the projection of the adjoint service curve onto the adjoint traffic curve.



3 Universal Service Curve

Assume a scenario with N sources using a node with capacity, C, and a work-conserving GPS scheduler.
The GPS weights are assigned by the node during the call admission process. The traffic of each source ¢ is
guaranteed by a service curve S;(t; A, ®). Since the total service given in a time unit cannot exceed the link
bandwidth, we should have [13]

N
S A1)+ 514, @) < C. (18)

Equality holds if the server is work-conserving and the node is continuously backlogged over the interval
[0, t].

Inequality (18) shows that the service curves S;(t; A, ®),i = 1,..., N, are dependent and cannot be
selected independently. Hence, altering the traffic descriptors and/or the scheduling parameters of a single
source might affect the performance of all sources. Indeed, admitting a new traffic A;(t) into the network
will reduce the service given to some of the backlogged sessions. The maximum delay and the maximum
backlog for session 4 in an all-greedy regime are defined as

di(a,®) = (S} (t;a,®),a}(t)), (19)
gi(a,®) = (a;(t), Si(t;a,®)) (20)
where g = (a1(t),...,an(t)) is the vector of all traffic upper envelope processes, and S;(¢, a, ®) is the service

curve of user i under an all-greedy regime.
We denote the depletion time, T;, for each session 7 in an all-greedy regime, by

T; = inf{t > 0] a;(t) < Si(t,a,®)}. (21)

Without loss of generality, we assume that the sessions are numbered in the increasing order of depletion
times, Th < Ty <...<Ty. Let also Ty = 0. The service curve S;(t;a,®), i =1,..., N, for a GPS scheduler
is then represented as

s Ct*Zle a;(t)
Si(t;a, @) = DDA

00 for t > T;.

fOI‘tG[Tk,Tk+1),k:O,...7i—1, (22)

Theorem 1 Let A(t) = a(t).

(i) If a;(t) is concave for all j = 1,...,N, the service curve S;(t;a,®),i = 1,..., N, will be convex in
[0, T3];

(ii) If a;(t) is u.s.c.t forall j =1,...,N, the service curve S;(t;a,®),i =1,..., N, will be Ls.c. in [0,T;];

(iti) If a;(t) is sub-additive for all j = 1,...,N, the service curve S;(t;a,®),i = 1,..., N, will be super-
additive in [0,T;].

Proof: See Appendix A. a

Theorem 1 can be considered as the generalization of the results of [3]. The concave upper envelope
processes a;(t), used in Theorem 1, are of practical importance; regulators of the form min;{c; + p;t} provide
concave upper envelope processes. These type of regulators are used in the ATM Forum [22] and the IETF
IntServ [23] standards. Note also that concave functions are subadditive [8], a requirement for upper envelope
processes [4].

LA function f(t) is called upper semi-continuous (u.s.c.) at to if f(tg) = lim sup;_4, f(t). It is called lower semi-continuous
(Ls.c.) at tg if f(to) = liminf; ¢, f().



Since the service curves S;(t;a, ®),i =1,..., N, satisfy Si(iﬁ’@) =5 (g?"b) for t <T; ® T}, one can verify
that g o g o
i t;77 j t;fa L > ]
( (0, 2) 5;(tia )>:{0 ©2J (23)
o3 ?; 00 1 <.
Hence, {%ﬁé)} is a set of ordered orthogonal bases [21]. The span of {W} is the set of all linear
Si(t;a, ®)

N
combinations, @ (ai ® ) with a; € IRT.
i=1

i

We can define the minimum service curve S(t;a, ®) as

S(t;a, @) 2 P Siltia, ®) (24)

1<i<N i

The minimum service curve, S(t;a, ®), is a linear combination of the bases {%} with the a; = 0

(note that a; = 0 is the identity element in min-plus algebra). Hence, S(t;a, ®) € Sp&ﬂ{%}. Since
(J,®,®) is a complete dioid, S(¢;a,P) € J (the property also holds for N — oo). Representation (24) can
also be interpreted as a combination of N parallel filters operating in min-plus algebra [9]. Since S(¢; a, @)
is a function of the number of sources, N, and the upper envelope processes, a;(t),i = 1,...,N, it is a
time-varying filter.

Lemma 1 For A(t) = a(t), and a;(t) concave and u.s.c. for all j € {1,..., N}, the minimum service curve
S(t;a,®) is conver and l.s.c.

Proof: Use (23) to get SNE;;VQ’(D) < Si(tf’q)), forall i = 1...,N — 1. Hence S(t;a,®) = 7SNE;;\%’¢) for

0 <t <Ty. In Theorem 1, we proved that Si(t;a, ®) is convex and ls.c. in [1,7;] foralli=1,...,N. O

Definition 2 The universal service curve, S(t) € Jo, is defined as a positive, increasing, l.s.c., convex
function, independent of the traffic bounds a and the scheduler ®, that satisfies for all ¢,

S(t) < S(t;a, ®). (25)

If the lower bound (25) could be found, the delay and the backlog will be bounded above by

di(t; A, ®) < inf{d > 0] A;(t) < ¢;S(t+d)}, (26)
Gt A @) < Ai(t) — ¢:S(t). (27)

Then, the QoS parameters, D; and Q;, are guaranteed for the input traffic A;(t), if the following constraints
hold

<S*<£>,Ar<t>> < D, (28)
(Ai(t), 0:S(1)) < Qi (29)
S; (t; A, ‘I)) e S (30)

where S; is defined as S; = {S(t)|S(t) € Jo,S(t) > #:S(t)}. A call can be accepted into the network if
(28)-(30) hold for all 4. This requires that A;(t) be constrained to the region ¢;S(t) < S;(t; A, ®) < A;(t) <
#:S(t ® D;) @ (¢;S(t) ® Q;) as illustrated in Fig. 2.

In practice, for any S(t; a, ®) it is possible to find a universal service curve S (t). However, in this paper,
we address this problem from a different perspective. We assume that the network manager chooses an
appropriate S(t) and then only those calls are accepted into the network that satisfy (25). Note that S(t)



Figure 2: The deterministic lower boundary of the service curve.

is a parameter of design that should be properly selected by the network manager. There might be a large
number of curves that can be selected as the universal service curve. There is not a unique approach to
select such a curve. The universal service curve acts as the lower bound to the service provided by network.
Therefore, selecting an appropriate universal service curve is related to the call initiation process, guaranteed
QoS, and pricing. The selection of universal service curve is an off-line procedure that should be performed
once for the network life time. In general, an appropriate universal service curve can be determined by
a tradeoff on the guaranteed QoS of all sources and the network usage (number of connections). These
two factors are usually contradictory. In one hand, accepting more connections usually increases the total
revenue of the network. On the other hand, more connections will produce a degraded service. Therefore, the
network controller should select a universal service curve that guarantees a required QoS for all connections
and also increases the network usage. In Section 7, we will give an example on how a proper universal service
curve can be selected. For the moment, we assume that a universal service curve is given and we continue
to use it in our network decomposition technique and call admission control.

Using the definition of the minimum service curve S(¢; a, ®), we have <5’(t), w> =0, for all ¢ =
1,...,N. If we also take <%,§(t)> = 00, then {Sl(fﬁ’@),... SNg;f’@),g(t)} will be a set of ordered
orthogonal bases. Hence, for every a(t) € Jp, we will have (a(t), %} < {a(t),S(t)) and (S*(t),a*(t)) <
(S (¢it;a,®),a*(t)). In the following theorem, we will find the necessary and sufficient conditions under
which (25) is satisfied.

Theorem 2 Let S(t) € Jy and S(t) € Jo be two positive, increasing, l.s.c., conver functions, and assume

S(0T) > S(01). A necessary and sufficient condition for S(t) < S(t),0 < t < T, is that there exists a
countable set of time indices 0 = tg < t1 <ty < ..., such that

S(t5) + Stz — ;) > S(tj+1), (31)
forallj=0,1,2,... and lim; oo t; > T.

Proof: See Appendix B.
The condition (31) of Theorem 2 can be interpreted as follows. Assume two affine functions Aj(t)

S(t;) + S(tj)(t —t;) and A;(t) = S(t;) + M(t — t;) acting, respectively, as the lower bound of

tj+1—1;

S(t) and the upper bound of S(t) over the interval [t;,¢;+1] (see Fig. 3 for an illustration.) We have A;(t) =

inf{S(t)| S(t) € foand S(t;) = S(t;),5(t7) > S(t)}, and Aj(t) = sup{S(t)|S(t) € f, and S(t;) =

S(t;),5(tj11) = S(tj+1)}. Theorem 2 states that the necessary and sufficient conditions for S(t) > S(t) is that

there exists a set of time indices 0 = o < t; <tz < ..., such that Aj(t) > Aj(t) fort; <t <tjyq1,7=0,1,....
The following corollary gives a sufficient condition on S(t) < S(¢),0 <t < T.

>0
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Figure 3: An illustration for Theorem 2.

Corollary 1 Let S(t) € Jy and S(t) € Jo be two positive, increasing, l.s.c., convex functions. A sufficient
condition for S(t) < S(t),0 <t < T is to have S(t) < S(t) for all 0 <t <T.

4 Hierarchical Network Partitioning

Here, we devise a framework for bandwidth provisioning based on a partitioning of the link capacity into
a hierarchy of subchannels. Network partitioning is performed on the basis of an observation made in
Theorem 2: if we could select a set of time indices 0 = to < 1 < ..., < tr, such that (31) is satisfied over
this set, we will have S(t;a, ®) > S(¢) for 0 <t < t. We proceed as follows.

We decompose the support of S(t) into L non-overlapping intervals. The end points of the intervals are
indicated by, 0 = Ty < T} < ... < Ty, where, without loss of generality, we might have T, = co. The L
hierarchical virtual subnetworks are denoted here by I'y, £ =1,..., L. Define S, £38 (Tg).

Definition 3 We say that the connection i belongs to the virtual network Iy if

inf{t>0

b(t) <51} <T, (32)

where b;(t) = QT(t) is the normalized upper envelope process of source i.

Fig. 4 illustrates an example with a leaky bucket regulated traffic. The universal service curve in this
figure is selected as a piecewise linear convex function. Note that the left-hand-side of (32) is the intersection
of the upper envelope b;(¢) and the universal service curve S(¢). Since b;(¢) is a concave increasing function,
and S(t) is a convex function, i € I'y if and only if b;(T;) < Sp. It is also possible to show that if b;(Ty) < Sy,
then bi(Tp) < Sp for all £ < p < L. This suggests that the virtual networks 'y are nested as

rc..cry. (33)

In a nested structure, any unused bandwidth in a virtual network can be consumed by the sessions of a
higher subnetwork.

Our definition of subnetworks is different from the conventional definitions. Although the subnetworks
are nested, the connections in a subnetwork with a smaller index do not necessarily perform better—in terms
of maximum delay and maximum backlog—than the connections in subnetworks with higher indexes. In our
approach, each connection can have a smaller maximum delay or maximum backlog if it is accepted into a
subnetwork with a smaller index. However, a connection k£ € I'; might have a smaller maximum delay and
maximum backlog than another connection &’ € I'; with I'; C T';. In other words, the performance of each



Figure 4: An example with a leaky bucket regulated traffic and a piecewise linear convex universal service
curve.

connection in any subnetwork can only be compared to the performance of the same connection in other
subnetworks. This observation relates to the fact that using the universal service curve for call admission
decouples the connections and removes the dependency among their QoS indexes.

In the sequel, we derive several sufficient conditions which satisfy S(t) < S(¢;a, ®), for 0 <t < Tr.

In Corollary 1, the derivative of the universal service curve should be smaller than the derivative of
the true service curve over the whole interval [0,77). We can reduce the complexity by applying a virtual
subnetwork decomposition. Let Ty = 0 and assume that [0,77) is decomposed into L non-overlapping
intervals [Ty, Ty),¢,=1,...,L with Ty < Ty < ... < Tr. Using the sufficient conditions of Theorem 2, we
can show that S(t;a, ®) > S(t) for 0 < t < Ty, if

S(Tp-1;a,®) + S(T," 30, ®)(Ty — Ty—1) > Se. (34)

forall ¢ =1,...,L. The conditionsi(34) only use the value of the true service curve and its derivative on
L points over the whole interval [0, Ttho verify whether it is lower bounded by the universal service curve.
We can also use S(Tj_l;g, D) (Ty—1 —Tp—2) > S(Ty-1;0,P) — S(Ty—2;a,P) to show that if

S(Ty—1;a,®)(Ty — Ty—2) — S(To—2;a,®)(Tr — Ty—1) > Se(Tp—1 — Ty—2) (35)

. S _
forall {=2,...,L, and S(0";a, ®) > ?1, then S(t;a,®) > S(t), for 0 <t < Tp.
1

Equations (34) and (35) give sufficient conditions for S(t;a, ®) > S(t). Note that these conditions depend
on the service curve S(t;a, ®). It is possible to show that for affine regulators the conditions (34) and (35)
are translated to user traffic descriptors [24].

4.1 An Example

Here, we give an example to further study the virtual network partitioning technique. Assume that we have
a set of fictitious leaky bucket regulated connections with the parameters {(ps, ¢, ¢¢);¢ = 1,..., L} where
ZzL:1 $¢ = 1. It is possible to find a piecewise linear convex service curve S(t), which is the normalized
service curve of an all greedy GPS node with the leaky bucket parameters {pg,5¢;¢ = 1,..., L} and the GPS
weights {¢,;¢ = 1,..., L} [3]. Let us represent the break points of S(t) by Ty < ... < Ty, and let Ty = 0.
It is possible to show that S(t) is the only service curve for the connections {(pe,5¢, ¢¢); € = 1,..., L} [24].
Therefore, there is a one-to-one relationship between the set of parameters {(ps, ¢, d¢);¢ = 1,..., L} and
the service curve S(t).
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Assume that the total capacity of the link is normalized to 1 and define
¢

pll) = Pm (36)
m=1
L
o) = Z P (37)
m=~+1
Now let us choose S(t) as the universal service curve of the network. The network accepts a set of leaky
bucket regulated traffics with parameters {o;, p;, ¢;;4 = 1,..., N} into the network. The universal service
curve S(t) decomposes the traffics into L virtual subnetworks. For all £ =1,..., L, we also define
pTe) = D pi (38)
i€l
¢(T) = Y o (39)
i€ly

Since the true service curve is a piecewise linear convex function [3] given by

t— ) cpeplo; + pjt
iSi(t;Q, ) = Zjezg (t)( j TPy ), (40)
bi > jeB) i
using Corollary 1, it is possible to show that if for all £ =1,..., L,
T < o) (41)
o(Te) = o) —(0) (42)
(') < 1, (43)

then S(t;a,¢) > S(t) forall 0 <t < T7.

This example shows an interesting observation on the virtual network decomposition technique. Let p(£)
represent the capacity of the ¢th subnetwork. We can also indicate by p(T'y), the total accepted bandwidth
into the ¢th subnetwork. Equation (41) illustrates the stability condition of the ¢th subnetwork; that is, the
total accepted load into each subnetwork should be smaller than the capacity of that subnetwork. Similar
interpretation could be proposed for the GPS weights. If an:l ém < #('y), then (42) will also hold.
Therefore, the total service given to the connections in a subnetwork should be more than that of the
subnetwork. Fig. 5 depicts an instance at which a number of calls are allocated to 3 subnetworks with the
ordered capacities p(1) < p(2) < p(3). The total bandwidth assigned to each subnetwork is shown by p(I'y),
p(I2), and p(T'3). In this figure p(T'1) < p(1), p(T'2) < p(2), and p(I's) < 5(3). If we can further assume that
#(T;) > ¢(T3) — ¢(4), for i = 1,2,3, then we can conclude that S(t;a,¢) > S(t) for all 0 < ¢t < T3. Note
that unused bandwidth in I'y can be utilized in 'y and unused bandwidth in I's can be consumed in I's.
Therefore, the subnetworks are truly nested.

4.2 QoS Bounds

In this subsection, we find upper bounds and lower bounds on the maximum delay and maximum backlog
of a session with the upper envelope function b;(t) that belongs to a virtual network T'y.

Proposition 1 Ifi € Ty and b;(t) € f., the delay, di(a;,S) = (S*(t),b:(t)), and the backlog, % =
(bi(t), S(t)), will satisfy
b)) < d.S) < T (44)
¢
Sy gi(ai, S) G
bi(t), 2y < Ie2) g, 45
o), 324 - e (45)
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Figure 5: Nested virtual subnetworks in an example with leaky-bucket regulated traffics. Here, ¢ € I's. The
aggregated bandwidth in each subnetwork should be smaller than the total capacity of that subnetwork,
that is, p(I'¢) < p(¢), £ = 1,2, 3.

For the proof note that if ¢ € I';, then ‘%t > S(t) > Oy(t) for 0 < t < Ty, where Oy(t) is defined as Oy(t) = 0
for 0 <t < Ty, and Oy(t) = oo for t > Ty.

Fig. 4 illustrates an example with an affine upper envelope—as used in leaky bucket regulated traffics—
and a piecewise linear convex universal service curve. The lower bounds can simply be found by calculating
the maximum vertical and horizontal distances between the traffic upper envelope and the line %‘;t. Note
that for each subnetwork it suffices to store the pair (77, S).

We observe in Fig. 4 that the bounds of Proposition 1 can be very loose. Tighter bounds can be found
if we define

s 2V {s+8@e-1)} (46)
0<e<L

. A _ S, —S,_ _

HONE ISXL{SZI+M<t—Tel>} (47)

where S(T}) is the derivative? of S(t) at T. Since S(t) < S(t) < S(t), it is straightforward to prove the
following proposition.

Proposition 2 Ifi eIy, then

(S°(0.5(0) < di(an§) < (80610 (48)
bi(1), 5(1)) < q((bS) < (bilt), 5(0)). (49)

It is also possible to find lower bounds for the maximum delay and maximum backlog if we know that a
call does not belong to a virtual network. This fact has been investigated in the following proposition.

Proposition 3 Ifi € Ty and a;(t) € f., the mazimum delay, d;(a;, S), and the mazimum backlog, qi(i;w,
will satisfy '
_ - T,
di(a;, S) > (S*(t), §t> (50)
¢
qi(as, S) Se. &
FRGL0) S (28 St 51
28 > sy o1

2If the derivative, g‘(Tg), is not defined, the left and the right derivatives at T, are used in (46).
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The proof is straightforward by noting that if ¢ & I'y, then %t < bi(t) for 0 < t < Ty (see Fig. 4).

The interesting aspect of the bounds in Propositions 1-3 is that they only depend on the upper envelope
function of connection 7 and the universal service curve. In fact, the QoS parameters of each connection can
be obtained independent from the rest of the traffic. Therefore, a true decoupling of the traffics is achieved.

5 Vector Representation

In this section, we introduce a vector representation of virtual network partitioning. Define the functions
Ou(t),0=1,...,L, as

~ w0 t < Ty,
owm={% 1in @
{O¢(t),£=1,...,L} is a set of ordered orthogonal bases [21],
~ = ~J 0 L>p,
oam.om={ % (=P (53

O¢(t) is, in fact, the transfer function of a delay line with the delay of T, seconds. Let us also define
Or = span{O01(t),...,0L(t)}.

A session ¢ belongs to the virtual network I'y if and only if the projection of its traffic function, bi(t),
onto Oy(t) is smaller than the projection of the universal service curve S(t) onto the same basis, that is

i €Ty <= (bi(t),0(t)) < (S(t),0u(t)). (54)

Due to the duality between the maximum delay and the maximum backlog, it suffices to solely use backlog
to define virtual network partitioning.

In (54), (b;(t),O0.(t)) indicates the maximum normalized traffic that can be generated in 7, seconds
by source i. The inequality (54) denotes that a source ¢ belongs to I'y if the maximum normalized traffic
generated by that source is smaller than an amount indicated for that subnetwork.

Let a generic point in O, be represented by the L-topple x = (z1,...,21) where z; is the projection
onto the basis Oy (t). Since S(t) € f,, its projection onto Oy, will be in the region

N

Fo2{(@r,on)|an > 2o 20, for 1 <m<n <L}, (55)

m

A similar argument holds for the projection of S(t;a, ®). Furthermore, since S(t) < S(t;a,®), we should
have (S(t), O¢(t)) < (S(t;a,D),0.(t)),£ =1,..., L. Define also

T,
fcé{(xl,...,xL)‘xmgxngT—"xm, f0r1§m<n§L}. (56)
m

Since the normalized upper envelope process, b;(t), is concave and non-decreasing, its projection onto O,
denoted here as b; = (bi(Tl), ... ,bi(TL)), will be in F,. We further assume that the projection of the
normalized upper envelope process onto Op(t) is smaller than the projection of the universal service curve
onto this function. This assumption guarantees that the projection of the normalized upper envelope process
is, indeed, in F. {(z1,...,21) |z < SL}.

The projection of the normalized upper envelope process, b;, the universal service curve, § = (S1,...,81),
and the true service curve, s = (S(Tl;g, ®),...,8(Tr;a, <I>)) onto O, have been illustrated in Fig. 6-(a) for
L = 2. To satisfy S(Ty;a,®) > S, for all £ = 1,..., L, the true service curve should be constrained to the
shaded region denoted as S in Fig. 6-(a).
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Figure 6: (a) The projection of the universal service curve, 8, the true service curve, s, and the normalized
upper envelope process, b;, onto Oy. (b) The projection of the adjoints of the universal service curve, §*,
the true service curve, s*, and the normalized upper envelope process, b}, onto the span of {d1(t), d2(t)}.
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Based on the observation above, the virtual network partitioning is also simplified. For ¢ = 1,... L
define

)

A 2 {(ml,...,xL) (v1,...,21) € Fey and Sp_y < xp_q, 14 < 52}. (57)

Then b; € U1<m<£ A, < i€ TIy. Note that Ay is a closed convex set. In practice, the true service
curve is a function of the vector of upper envelope processes b;,i = 1,...,N. Therefore, by varying the
parameters of b;,i =1,..., N, we can move s inside F,, and specifically in the shaded region. For instance,
for GPS scheduler and leaky bucket regulated traffics, the normalized service curve for a connection ¢ € I'y
is a piecewise linear convex function given by

1 T TZ - . (P O; + PTZ
—8i{(Te;a,®) = > jese(t (05 + 1)
“ 2 jenty) i

T =Y jer, (05 + piTi)

< . (58)
ZjEFL ¢j - ZjEF[ ¢J
Now for any j € I'y, if we increase o; or p;, then S 2 —S (Ty; a, ®) will decrease for all k > £. Similarly, if
we increase ¢;, then Sy will decrease for all k < /. Therefore by varying the paramters of an approprlately
selected set of b;, we can select the true service curve inside a region where S, > Sy, for all k =1,..., L.
A similar approach can be used in the dual space. Define for £ =1,... L,
. 0 t < S@

{61(t),...,61(t)} forms a set of ordered orthogonal bases with (S*(t),d,(t)) = Ty, £ = 1,..., L. The bases
(

{61(t),...,0L(t)} can be used to construct a projection subspace (as shown in Fig. 6-(b) for L = 2). Let
_*é(leu,TL) Note §* € F, where
* A 5
fc:{(xla“wa)‘meanS, Tmy f0r1<m<n<L} (60)

Similarly, b} € F,;, where

Sy
f;é{(xh...,x,;)‘xnzs T >0, for1<m<n<L} (61)

m

The hierarchical network partitioning can be used by assigning input traffics to the regions,
A 2 {(a:l, L) ] (21,...,20) € Fr, and Ty_q > xo_y, x> th}7 (62)

for £ = 1,...,L. Here, the call admission controller should be designed such as to guarantee that the
maximum distance between the elements of §* and b} be smaller than D;, the maximum prescribed delay.

We may also include Oy(t) to the analysis above to consider the traffic upper envelopes that have a jump
at the origin.

6 Call Admission Control

A call set-up is initiated by a source requesting a connection through the network with some specified QoS
parameters. A call admission controller is then used to allocate appropriate bandwidth and buffer-size to
the requested call. The call is accepted if (i) enough bandwidth and buffers are available (ii) the requested
QoS can be guaranteed (iii) admission of the new call will not drive the QoS for the ongoing sessions below
their prescribed thresholds. In fact, the call admission controller should verify that (28)-(30) are satisfied for
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all 4, once the new call is accepted. In this section, we propose a call admission controller for a node which
has been decomposed into L subnetworks with a FIFO queue allocated to each subnetwork.

The call admission controller might optimize a suitable cost function by shaping the source traffic, A;(t)—
provided that it is allowed by the user—and selecting the scheduler parameter, ¢;. Upon a new call request,
the network manager solves

max Ui, ) (63)
S.t. bi( 7@) < 7@ (64)
S(tia, @) > 5(1) (65)

(bilt). () < % (66)

(5" b3 (1)) < Dy (67)

where U (4, £) is an appropriate utility function [25] selected to maximize the network revenue, which in general
is a function of the requested call ¢ and the subnetwork ¢ to which the call is assigned to. For instance,
the network provider might be willing to accept a call into the largest subnetwork (least demanding) for
which the constraints (64)-(67) hold. In such a case, the utility function will be the maximum index of all
subnetworks that satisfy (64)-(67).

In a core network, traffic flows are usually aggregated into certain hierarchical classes. In such a network,
per-user quality of service guarantee is not prescribed. For instance, the differentiated services (DiffServ)
standard [17] of the Internet Engineering Task Force (IETF) provides a framework for the assignment of
an aggregate of flows into several classes of service called the per-hop behaviour (PHB). Here, a direct
application of a GPS scheduling for a single traffic flow may not be feasible. For such cases, one can assume
that the traffics of all connections for a certain class share a common queue with a first-in-first-out (FIFO)
discipline. The scheduler transmits the traffic of all queues in a pre-selected GPS framework.

Assume there exist L queues represented by Iy, £ =1,..., L. The traffic in queue II; is served by a GPS
scheduler with parameter

O = ||y (68)
where |II,| is the total number of connections assigned to queue II, (all traffics in II, have the same ¢;). The
GPS parameters ¢y are ordered as ¢; > ... > ¢r. Hence, the traffic in IT; is in the highest hierarchy and
receives the best relative service in terms of the maximum delay and the maximum backlog. The queues are
allocated to virtual networks in a nested structure.

We represent the aggregated traffic in the fth queue by a,(t) = > icm, @i(t). Assume that the service
given to the aggregated traffic a(t) is controlled by the fairness coefficient ®,. We assume that the GPS

parameter of each queue is adapted to the number of connections assigned to that queue. Since %:? =

|He| Zzerl m ) < Sy, we can prove the following proposition.

Proposition 4 The aggregated traffic, ae(t), belongs to the virtual network T'y.

Proposition 4 illustrates an interesting property of the GPS scheduler. It shows that the relative fairness
among all connections will remain constant if the GPS parameters are weighted with the number of connec-
tions in each queue. In other words, admission of a new connection into a queue will preserve the relative
performance of all connections. This can also be quantified in terms of the guaranteed QoS parameters.

Let d; and gr¢ be, respectively, the maximum delay and the maximum backlog of the aggregated traffic
ag(t). Therefore, we have

d
qe

(S7(t), a7 (Pet)), (69)
(ao(t), S(t) o). (70)
In the following theorem, we show that the maximum delay and the maximum backlog for a subnetwork

are bounded by the maximum delay and the maximum backlog of a session that represents the worst-case
behavior inside that group.

<
<
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Theorem 3 Using a weighted GPS scheduler, we will have, for all subnetworks £ =1,... L,

(57(8), a7 (2et)) < max(S" (1), af (¢et)) (71)
(ac(t), () < maxa(t), $eS(t) (72)
g Y4
Proof: Replace all the connections in I'y with the one for which (a;(t),¢¢S(t)) is maximized. Similar
argument holds for the maximum delay. O
Theorem 3 can be used to propose a call admission controller that satisfies for all £ € {1,..., L},

(57(1),a7 (®.t)) < minD; (73)

? Y4
{ag(t), S(t)®y) < Helip Qi, (74)

? Y4

where D; and @); are the requested QoS parameters of session ¢. Thus, in general, upon initiation of a new
connection request with the QoS parameters D; and @;, the call will be accepted into I'; if £ is the solution
of

max ¢ (75)
st bi(Ty) < Se, (76)
S(t;a,®) > S(t) (77)
(S*(t),a;(@et)) < nel%nD“ (78)
<df(t)> S(t)(bé> < Hel%_‘n Qzu (79)
i€l
Yo P <1 (80)
where S(t; a, @) is defined as
Ct — ae(t
S(tia, @) = S 2eeo el (81)
Zéeg“(t) %
with G(t) being the set of all subnetworks satisfying
G(t) = {E‘ a(0) < 514 <I>)} (82)
@K — ) )

and G°(t) the complementary set of G(t).

7 Assignment of Universal Service Curve

In this section, we will use a numerical example to devise a procedure to designate an appropriate universal
service curve. The universal service curve is selected at network setup. The selection is an off-line procedure
and might be computationally involved. Here, we use an exhaustive search approach. A numerical example
is used to illustrate the procedure.

Let the input traffic to a node be composed of two types of leaky bucket regulated traffics with the
normalized parameters (o1 = 0.1, p; = 0.08,¢1 = 0.01) and (o3 = 0.7, p2 = 0.1, ¢3 = 0.03). For the sake of
simplicity, we consider two traffic types. Generalization to larger number of traffic types is straightforward.

For given p;, the maximum number of Type 1 traffics that can be supported by the network in the
absence of Type 2 traffic is Ny = 1/p; (assuming that ¢; < pp). Similarly, in the absence of Type 1
traffic, a maximum of Ny = 1/py can be supported by the network (¢2 < ps). Now, for all combinations
(n1,n2), 0 < ny < Np,0 < ng < Ny, we find the true service curve. Note that for nip; + nopy > 1, the
system is unstable and the maximum delay is infinity.
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Table 1: The maximum delay as a function of the number of Type 1 and Type 2 users.

(di,d2) [0 1 2 3 1 5 6
0| (——) (—.,07 (—,14 (—21) (—28 (—,35) (—,42)
1| (01—) (0409 (0.7,1.6) (1.023) (1.53.0) (3.03.7) (5.4,4.4)
2 | (0.2—) (0.51.0) (0.81.9) (1.1,26) (1.9,3.3) (3.7,4.0) (6.54.7)
3 1(03—) (0.61.3) (0.9,21) (1.228) (2435) (454.2) (7.9.4.9)
4] (04,) (0.7,1.6) (1.023) (1.53.0) (3.03.7) (5444) (9.6,5.1)
51 (05—) (0.819) (1.1,2.6) (1.9,3.3) (3.7.4.0) (6.54.7) (11.85.4)

| 6 (06) (0.921) (1.2,28) (2435) (4542) (7.950) (c0,00)
71 07—) (1.023) (153.0) (3.037) (54,44) (c0,00) (00,00)
8 | (0.8,—) (1.1,2.6) (1.9,3.3) (3.7,4.0) (o0,00) (00,00) (00, 00)
9 | (09,—) (1.2,2.8) (24,3.5) (00,00) (00,00) (00,00) (00, 00)
10 | (1.0o,—) (1.5,3.0) (3.0,3.7) (00,00) (00,00)  (00,00) (00, 00)
11| (1.1,—) (1.9,3.3) (oc0,00)  (00,00)  (o0,00)  (00,00) (00, 00)
12 | (1.2,—)  (00,00)  (00,00) (00,00)  (00,00)  (00,00) (00, 00)

We use these service curves to compute the maximum delay for both traffic types; for simplicity we assume
that the traffics are not backlog-constrained—similar approaches can be used for backlog-constrained traffics.
Any combination of (n1,ng) for which the maximum delay for each traffic type is smaller than the maximum
allowable delay can be considered as an appropriate service curve.

In the present example, in the absence of Type 2 traffic, a total of 10 Type 1 sources can be accepted
into the network. Similarly, in the absence of Type 1 traffic, a total of 12 Type 2 traffics can be accepted.
The maximum delay for this example has been illustrated in Table 7 for 0 < n; <12 and 0 < ny < 6. The
mnth entry of the table represents the maximum delay incurred if m Type 1 users and n Type 2 users are
admitted into the network. As expected, for the values of m and n with nip; + ngps > 1 the maximum
delay is infinity. In these cases, the service curve does not intersect the load line.

The maximum delays for both traffics are illustrated in Fig. 7. Now assume that the maximum tolerable
delays for the two traffic types are given by D; = 1.0 and Dy = 2.5. These values are represented by
horizontal lines in Fig. 7. A service curve, corresponding to a point located below the dashed lines, can be
considered as a candidate for the universal service curve. It is obvious that the points closer to the dashed
lines will result in the service curves that are smaller and therefore can accept more calls into the network.

Fig. 8 illustrates the lattice of all combinations of 0 < n; < Ny, 0 < ng < Ny, and nip; + nops < 1.
Note that all points which nip; +nsp2 > 1 will provide unbounded d; and ds and therefore are not shown in
Fig. 8. In the figure, all points corresponding to d; < D; and dy < D5 are illustrated by dark circles. Note
that if (n1,n9) is an acceptable point—that is dy < Dy and dy < Da—all points (n},n}), n} < ni, nhy < ng,
will also be acceptable. Furthermore, the service curve associated to a combination (nf,n%) with nj < n; or
nf < na, will be larger than the service curve associated to (n1,ns).

It is obvious that the service curve of any black circle in Fig. 8 can be used as the universal service curve.
It should be noted however that an appropriate universal service curve will be the one that is a lower bound
to the service curve of all dark circles in Fig. 8. Using the observation in the previous paragraph, one might
prefer to choose the service curve of (n1,n2) instead of the ones for which 0 < n} < nj and 0 < n) < ng. In
this example, three points can be used as the candidates for the universal service curve: (nj,ns) = (1,3),
(n1,n2) = (4,2), and (n1,n2) = (7,1). The three service curves are illustrated in Fig. 9. The smallest service
curve corresponds to (ny,n2) = (7,1). Therefore, the universal service curve can be selected as the service
curve of (ny,n2) = (7,1).

In this example, the service curves of all candidate points can be ordered monotonically. This results in
one of the service curves being considered as the lower bound to the other service curves. In some cases, this
requirement may not be satisfied and the service curves of the candidate points cannot be ordered over the
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Figure 7: The delay lines for all combinations of 0 < n; < Nj and 0 < ny < Ns.
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Figure 8: The lattice points for all combinations of 0 < ny <

correspond to the pairs (n1,ns) for which dy < D; and dy < Ds.
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\,

Figure 9: The service curves associated to (ny,n2) = (1,3), (n1,n2) = (4,2), and (n1,n2) = (7,1). The
smallest service curve corresponds to (n1,n2) = (7,1) and the largest service curve corresponds to (ny, ng) =
(1,3).

whole temporal extent of their support. In such cases, two or more candidate service curves intersect and the
assignment of one of the candidates as the universal service curve might result in the rejection of the others
as eligible service curves—a true service curve cannot cross the minimum bound set by the universal service
curve. A remedy would be to use the convex hull of all candidate service curves as the universal service
curve. It is important to note that in such cases, the maximum delay and/or the maximum backlog might
grow slightly beyond the recommended threshold. Since in most cases the maximum delay and maximum
backlog are conservatively selected, a small increase of the maximum threshold might not be destructive.

Selecting the universal service curve also relates to the issue of pricing. The network manager can select
the universal curve so that the total network benefit is increased. For instance, the service curve can be
selected so as to favor some traffic types that produce a higher revenue.

Another technique to select the universal service curve is to increase the total probability of call admission.
In such an approach, a probability mass function is assigned to all black dots in Fig. 8. Then, the service
curve is selected so as to maximize the aggregated probability.

8 Conclusion

This paper introduces a methodology for partitioning a single-node network with a GPS scheduler into
several nested subnetworks. The approach is based on the worst-case service curve provisioning. In general,
the service curve is a function of the scheduler, the parameters of the regulator of input flow, and the volume
of the crossing traffic. We have shown that, assuming a concave subadditive upper envelope process for the
input traffic and using an elaborate call admission controller, the true service curve will always be lower
bounded by a deterministic universal service curve. This is achieved by adapting a suitable regulator to the
input traffic and allocating appropriate scheduler parameters. The universal service curve is then used to
quantify the performance of the network in terms of the maximum delay and the maximum backlog.

The universal service curve is independent of the traffic fluctuations and can also be used as a vehicle to
decompose the input flows into several nested classes. Assignment of an input traffic into a certain class is
based on the proximity of its normalized upper envelope process to the universal service curve.

We have constructed our technique based on the min-plus algebra. An adjoint operator has been defined
and it has been shown that the maximum delay can be represented by the projection of the adjoint of the
service curve onto the adjoint of the traffic upper envelope process. This observation establishes a duality
between the maximum backlog and the maximum delay. The duality can be used to prescribe similar

20



approaches to the management of the maximum delay and the maximum backlog in a network.

We have also shown that the method can be applied to aggregate the flows in a backbone network into a
hierarchical structure of subnetworks. In a backbone network, the per-user QoS guarantee is not advocated.
Here, all connections, belonging to a similar category, share a common — usually FIFO disciplined — queue.
We have shown that if the GPS parameters are weighted with the number of connections in each queue, the
relative fairness among all connections will be preserved. In other words, admission of a new connection into
a queue will maintain the relative performance of all connections intact.

A  Proof of Theorem 1

Let the sessions be ordered such that T} < Ty < ... < Ty, and define Ty = 0. In [Ty—1,T%], k= 1,...,4, the

service curve is equal to

ct—SFlat

Si(t;a, ®) = ¢; Z]:\,Jfl i )
Zj:k bj

(¢) Use the fact that if a;(t) is concave, —a;(t) will be convex, and the summation of concave functions is
also concave, to conclude that S;(t; a, ) is convex for t € (Ty—1,Tk), k =1,...,i. Therefore, S;(t;a, D)
is a piecewise convex function. Furthermore, S;(¢;a, ®) is continuous at T. It remains to prove that
the slope of service curve at T}, is smaller than its slope at T,j .

(83)

Denote by S’i(t;g, ®) the derivative of S;(¢;a, ®). Since the kth connection depletes at Ty, we should

have N
(T .
W) _ g1+, 0,0). (84)
Pk
Take the left and the right derivatives of S;(¢;a, ®) at Ty, k=1,...,1,
. & k—1
$T7a,0) = ——(C =Y a,(1y) (85)
2k O j=1
) b; k
STy a,9) = ——— (C - Z%(ﬂj)) (86)
Zj:k—i—l bj j=1
where a;(t) is the derivative of a;(t). Note also that since a;(t),j =1,..., N, is convex, we have

k—1 k—1
> (1) = D ay(T) (87)
j=1 j=1
Now use (84)-(87) and a little algebra to get
Si(T] ;a,®) < Si(T}; a, ). (88)

(74) Use (83) and the fact that if a;(¢) is u.s.c., then —a;(¢) will be l.s.c., to prove that S;(t; a, ) is Ls.c.

(#91) Use (83) and the fact that if a;(¢) is sub-additive, then —a;(t) will be super-additive, to get the result.

B Proof of Theorem 2

Sufficiency:
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Assume there exists a set of time indices 0 =ty < t; < ¢t < ... such that
S(t) + SNt — t5) > S(tj11), (89)

holds for all j =0,1,2,..., and lim;_,. ¢; > T'. First note that the left hand-side of (89) is a tangent line to
S(t) at tj+ and remember that S(t) is convex and l.s.c. for all ¢ > 0. Hence,

S(tjp1) = S(t;) + SE ) (i1 —t)). (90)

Take tg = 0. We have S(0) = S(0) = 0. Use the convexity and the lower semi-continuity of S(¢) and S(t)
along with (89) and (90) for ty to get S(t) > S(0)t > S(t), for t € [0,t,]. Now assume S(t;) > S(t;). The
convexity and the lower semi-continuity of S(¢) and 5(t) and (89) give S(t) > S(t;) + S(t7)(t —t;) > S(t),
for all t € [tj,tj+1].

Necessity:
Assume S(t) < S(t),0 < t < T and S(07) < S(07), with S(¢) and S(t) being positive, increasing, ls.c.,
convex functions. Take to = 0. Since S(01) < S(0T), there exists a neighborhood of the origin, (0,¢) for
which S(0%)t > S(t) for all t € (0,¢). Take t; = sup{e|S(0T)t > S(t),t € (0,€)}. Since (0,¢) # (), we have
that t; > tg = 0.

Now proceed with the same procedure and define ty = sup{e|S(t;) + S(t)t > S(t),t € (t1,€)}. Note
again that to > t1. The procedure can be continued to produce the subsequent points.

Since t; < t; for i < j, one can conclude that the sequence {t,} is convergent (possibly to infinity). Let

too = limy,_ oo tn. With the procedure that we have generated {t,}, if t» is bounded, it should be a point for
which S(t) = S(t~), otherwise the process will not end at t,. From this observation, and the assumption
that S(t) > S(t),0 <t <T, one can conclude that toc > T.
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