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Abstract—The two-user broadcast channel (BC) with decoders
connected by cooperative links of given capacities (known as
conferencing decoders) is considered. A novel outer bound on
the capacity region is established. This outer bound is derived
using multiple applications of the Csiszar-Korner identity. A new
achievable rate region for the channel is also presented which is
derived by applying Marton’s coding as the transmission scheme,
and quantize-bin-and-forward at one receiver and decode-and-
forward at the other receiver as cooperative strategy. It is proved
that the outer bound coincides with the achievable region for a
class of semi-deterministic BCs with degraded message sets. This
is the first capacity result for the two-user BC with bidirectional
conferencing decoders. This result demonstrates that a one-round
cooperation scheme is sufficient to achieve capacity for this class
of semi-deterministic BCs with degraded message set. A capacity
result is also derived for a new class of more capable and semi-
deterministic BCs with both common and private messages and
one-sided conferencing.

Index Terms—Broadcast channel, conferencing decoders, semi-
deterministic channel, Csiszar-Korner identity

I. INTRODUCTION

This paper investigates the impact of user cooperation via
digital links of given capacities, known as conferencing links,
on the capacity region of a two-user broadcast channel (BC)
with both common and private messages. The two-user BC
with conferencing decoders is previously studied in [1]- [7].
In [1]], the authors develop communication strategies for the
interactive decoding of a common message broadcast to coop-
erative users. In [2]], the capacity region of physically degraded
channel is derived and also an achievable rate region is given
for the general case. In [3]], the problems of communication
over physically degraded, state-dependent BCs with one-sided
conferencing decoders are investigated. In [4], the capacity
region of the semi-deterministic BC with one-sided decoder
cooperation is derived and its duality with a source coding
problem is addressed. The authors in [5] consider the BC
with one-sided cooperating users under the strong secrecy
constraints and present capacity results for semi-deterministic
and physically degraded cases. In [6]], the BC with (one-sided)
unreliable cooperating decoders is studied. Lastly, in a recent
work [7]], the BC with degraded message sets and one-sided
cooperation link that may be absent is considered and its
capacity region is given.

As reviewed, the existing capacity results for BC with
conferencing decoders are all for the case of one-sided coop-
eration, i.e., only one of the users is connected to the other by
a conferencing link. This is due to the lack of outer bounds for

the two-sided cooperation case. In this paper, we first establish
a novel outer bound on the capacity region of the two-user
BC with bidirectional conferencing decoders. The new outer
bound is derived using multiple applications of the Csiszar-
Korner identity [8) Lemma 7]. It is strictly tighter than the
previous outer bounds including that of [2, Prop. 1], which is
essentially the cut-set bound.

Further, we propose an achievability strategy for the chan-
nel. In 2| Th. 2] an achievable region is derived for the BC
with bidirectional cooperation by applying Marton’s coding at
the transmitter and compress-and-forward cooperative scheme
at both receivers. A second achievable region is given in
[4, App. B] for the BC with one-sided cooperation between
receivers that is derived by applying Marton’s coding at the
transmitter and decode-and-forward as cooperative protocol.
Both of these achievable schemes (which are given for the
channel with private messages only) are in general insufficient
to either derive new capacity results or approximate capacity
results for the Gaussian channel. Instead, this paper presents an
achievability scheme for the two-user BC with both common
and private messages and bidirectional conferencing receivers,
in which we apply Marton’s coding as the transmission scheme
and quantize-bin-and-forward at one receiver and decode-and-
forward at the other receiver as cooperative strategy.

We prove that the novel outer bound coincides with the
proposed achievable region for a class of semi-deterministic
BCs with degraded message sets. This capacity result is
important from two viewpoints. First, it is the first capacity
result for the two-user BC with two-sided conferencing re-
ceivers (all previously known capacity results are regarding
the channel with one-sided cooperation). Second, it is among
rare cases in network information theory for which quantize-
bin-and-forward is optimal. Our result also demonstrates that
a one-round bidirectional cooperation protocol is sufficient to
achieve capacity and multi-round strategies similar to those
devised in [1]] are not needed. Finally, we derive the capacity
region of a class of more capable semi-deterministic BCs with
both common and private messages and one-sided cooperation.

II. PRELIMINARIES

We use the following notations. Random variables are
denoted by upper case letters (e.g. X) and lower case letter
are used to show their realization (e.g. x). The probability
distribution function (PDF) of X is denoted by Px(z) and
the conditional PDF of X given Y is denoted by Px|y (zy),
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Figure 1. The Two-User BC with Conferencing Decoders.

where the subscripts are omitted occasionally for brevity. The
operator {a}" is defined as: {a}*T = max{0, a}.

Definition: The two-user BC with conferencing decoders
is a communication scenario in which a transmitter sends a
common message and two private messages to two users.
The users are able to exchange information via communi-
cation links of finite capacities called conferencing. links.
Fig. [1] illustrates the channel model. The channel is given
by (X, V1, V2, P(y1,y2]x), C12,Co1) where X denote input
alphabet, ), and ) denote output alphabets, P(y1,yo|z) is
the channel transition probability function, and C42, and Cy;
are capacities of the conferencing links.

Encoding: For the BC with conferencing decoders, a length-
n code with I' conferencing rounds is described as follows.
The transmitter encodes independent messages My, M7, and
My, which are uniformly distributed over the sets [1 : 27%0],
[1:27f1], and [1 : 27%2], respectively, into a codeword and
sends over the channel according to the following:

A [l:2mFo] i [1:2M] x [1: 27 ] X7
X" = A(My, My, M>)

Decoding: The receiver Y;, i = 1,2, receives a sequence
Y™ € Y. The code consists of two sets of conferencing
functions {Z12,}}_; and {E3; ,}}_, with the corresponding
output alphabets {712} _; and {J1,}L_;, respectively,
which are described as follows.

Eioy VI X To1,1 X e X Ja1 =1 — J12,4
= -1
Jizy = E124(Y7", J9) )
Eoty 1 Vo X J12,10 X oo X J12,9—1 > Jo1 4

— -1
Jo1,y = E214(YS", J172 )

A conference is said to be (C12,Ca;)-permissible if

r r

Zlog | J12,4]| < nCiq, Zlog | J21,4] < nCo

y=1 y=1
Before decoding, the receivers exchange information by hold-
ing a (Cha2,Ca1)-permissible conference. Thus, the first re-
ceiver obtains the sequence JQF1 = (Ja1,1,J21,25 s J21,1)
and the second one obtains the sequence Ji, =
(J12,1, J12,2, .-, J12,1). The receivers then detect their respec-
tive messages based on the following decoding functions:

ViV x Ja — [1:200] 5 12 2nfh)
(Mo, My) = V(Y] x J5)

Vo : Vi x Tl > [1: 27F0] x [1: 2nF2)
(Mo, My) = V(Y3 x Jiy)

The capacity region for the channel is defined as usual [9].
Here, we omit the details for brevity.

IIT. MAIN RESULTS

Theorem 1. Consider the two-user BC with conferencing
decoders shown in Fig. [I| Let R, denote the set of all rate
triples (Ro, R1, Ra) such that:

Ro+ Ry < I(U; Y1) + Coy (1)

Ry < I(X;V1|Ye, V) + I(X;Y3) (2)

Ry < I(X; Y5 Y1, V) +1(X;Y7) 3)

Ro + Ry < I(V;Y3) + Cho “4)

Ry < I(X;Ya|Y1,U) + I(X; Y1) (5)

Ry < I(X;Y1|Yo,U) 4+ I(X;Y3) (6)
Ro+ Ry + Ry < I(X;V1|V) +1(V;Ya) + Cra + Cor (7)
Ro+Ri+ Re < I(X;Y2|U)+ I(U; Y1) + C12+ Ca1 (8)
Ro+ Ry + Ry < I(X;Y1|Y2, V) + I(X;Y2) + Ch2 )]
Roy+Ri+ Ry < I(X; Y5 |Y1,U) + I(X; Y1) + Cor (10)
Ry + Ry + Ry < I(X;Y1,Y3) (11)

for some joint PDFs Py v, x where U,V — X — Y1,Y5 forms
a Markov chain. The set R, constitutes an outer bound on the
capacity region.

Proof. The proof is given in Appendix A. O

The above outer bound R, is derived using the Csiszér-
Korner identity and is clearly tighter than that of [2| Prop.
1] which is essentially the cut-set bound. As we demonstrate
later, the novel structure of the bound, specially the constraints
(9) and (10), are crucial to derive new capacity results.

As mentioned in the introduction, in [2, Th. 2] and [4}, App.
B], some achievable rate regions are given for the channel.
However, those regions (which are given for the channel with
private messages only) are in general insufficient to derive new
capacity results. We next present a more effective achievable
strategy for the two-user BC with both common and private
messages and bidirectional conferencing receivers.

Theorem 2. Consider the two-user BC with conferencing
decoders shown in Fig. (I} Let Rgl) denote the set of all rate
triples (Rg, R1, Ra) such that

Ro + Ry < min{I(U,W;Y1) 4+ ¢, I(U,W;Y1,Y3)}

(12)

Ry + Ry < I(V,W;Y3) + C1z (13)

Ro + R1 + Ry < min{I(U; Y1 |W) + ¢, I(U; Y1, Yo |W)}
+I(V,W;Ys) + Cra — L({U; VW) (14)

Ro + Ry + Ry < min{I(U,W; Y1) + ¢, I(U,W; Y1, Ys)}
+I(V;Y2|W) = L(U; VW) (15)

2Ry + Ry + Ry < min{I(U,W; Y1) + ¢, I(U,W; Y1, Ys)}
+ I(V,W;Ys) + Ci2 — I(U; VW) (16)

where

¢ = {Cyy — I(Ya; Yo|W, U, Y1)}, (17)



for some joint PDFs P(u,v,w,x)P(y1,y2|x)P(J2|y2). The

convex closure of the set RE is achievable.

The cooperation scheme to derive the rate region RZ(»U is to
apply Marton’s coding scheme with quantize-bin-and-forward
at the second receiver first and then decode-and-forward at
the first receiver. We omit the details of the proof of Theorem
due to lack of space. It is clear that a second achievable
rate region can also be derived by exchanging the cooperative
protocols at the users. Moreover, one may consider achievable
rates by applying multiple rounds of cooperation at the users.
However, we demonstrate below that the region (12) is already
sufficient to prove new capacity results for some two-user BCs
with cooperative users. Our first capacity result is regarding a
class of semi-deterministic BCs with degraded message set.

Theorem 3. Consider the two-user BC with degraded message
sets, with a common message for both users and a private
message for the first user, and bidirectional conferencing
receivers. For the case of semi-deterministic channel where
Yo = f(X,Y1), the capacity region is given by:

Ry < I(V;Ya) + Cr2 (13)
Ro+ Ry < I(X; Y1) + Co (19)
Ry+ R < I(X;Y1|V)+I(V;Y3) +Ci2+Co1 (20)
Ro+ Ry < I(X; Y1, Ya|V) + I(V;Ya) + Cra (21)
Ro+ Ry <I(X;Y1,Ys) (22)

for some joint PDFs P(v,x).

Proof. The achievability is derived by setting U = X, W =
V,and Y5 = Y5 in Rgl . The converse is due to R,. O

Remark: By setting Ry = 0 and Ci5 = 0, the result of
Theorem [3] is reduced to the capacity of semi-deterministic
primitive relay channel derived in [10]. In this case, the
capacity is given by: maxp(,) [(X;Y1) 4 Ca1. Note that for
the case of Ry = 0 and C2 = 0, it is optimal to set V = @.
In fact, the cut-set bound is exactly optimal. This capacity is
achieved by quantize-bin-and-forward as the relay strategy.

We now present two interesting examples of semi-
deterministic BC with degraded message set.
Example 1: Consider the following binary channel,
i=XoZ
1 ©® 23)
Yo=Z7

where Z is a binary noise and @ is the XOR operator. For
this channel, we have Y5 = X & Yj, so the channel is
semi-deterministic. The capacity region of this channel with
degraded message set (Rp, R1) is given below:

Ro < (2 (24)
Ro+ R < I(X;Y1)+ Cx (25)
Ry + Ry < H(X) (26)

for some P(x). In this example, the user Y3 does not receive
information from the transmitter directly. Instead, it observes
the noise Z and relays the noise to the user Y; by sending

a compressed version of it through the digital link C5;. The
user Y; then decodes both messages and forwards the common
message to the user Y5 through the digital link C5. Therefore,
the user Y5 can still receive information at a positive rate.

Example 2: Consider the following binary channel,

Yi=27

Yo=X®Z
where again Z is a binary noise. For this case, the capacity
region with degraded message set (R, R1) is given as follows.

27)

Ry < I(V;Ys) + Cha (28)
Ro+ Ry < Cyy (29)
Ro+ R < H(X|V) + I(V;Y3) + Cia (30)
Ro+ Ry < H(X) 3D

for some P(v,x). As shown, unlike the previous case, the
capacity region is characterized based on some auxiliary
variable V. The optimal choice for this variable depends on
the values of C12 and Cy;.

For this channel, the optimal coding strategy is as follows.
Note that the user Y; (which is supposed to detect both com-
mon and private messages) does not receive any information
from the transmitter directly. The optimal cooperation strategy
is that the user Y5 first sends a compressed version of its
received signal to the user Y7 through the digital link Co;.
Next, the user Y7 decodes both messages using the information
received (and its own signal which is in fact channel noise)
and then forwards part of the common message (using the
variable V') to the user Ys through the link C4,. Lastly, the
user Y decodes the unknown part of the common message
using its received signal.

It is worthwhile to make the following observation. For
Example 2, as the user Y; observes the channel noise only,
one would think that a cooperative scheme in which Y; applies
compress-and-forward and Y5 applies decode-and-forward is
the right strategy. However, it turns out that such a scheme
is not optimal when the message to Y> is a degraded version
of the message to Y;. This is in contrast to Example 1, in
which the message set degrades in the opposite direction and
performing compress-and-forward at the receiver that observes
the noise only is the capacity-achieving strategy.

As far as we know, the above results are the first cases
where a combination of quantize-and-forward and decode-and-
forward strategies yields an optimal bidirectional cooperation
protocol. There is no previously known capacity result in the
literature for channels with bidirectional cooperation between
users. Moreover, our results demonstrate that a one-round
cooperation scheme is sufficient to achieve capacity for this
class of channels.

We also prove a capacity result for a new class of semi-
deterministic and more capable BCs with both common and
private messages and one-sided conferencing.

Theorem 4. Consider the two-user semi-deterministic BC with
both common and private messages and Yo = f(X,Y7).
Moreover, assume that the channel is more-capable, i.e.,
I1(X;Y3) < I(X; Y1) for every input distribution P(x). For



the channel with one-sided conferencing where only Ys is
connected to Y1 by a digital link of capacity C, the capacity
region is given by:

Ro+ Ry < I(V;Y3) (32)
Ro+ Ry + Ry < I(X;Y7) + Coy (33)
Ro+Ri+ Ry < I(XsY|V)+1I(V;Ya)+Cor (34)
Ry + Ri+ Ry < I(X;Y1,Ys|V)+ I(V;Y3) 35)
Ro+ Ri + Ry < I(X;Y1,Y5) (36)

for some joint PDFs P(v,zx).

Proof. The achievability is derived by setting U = X, W =
V,and Yo = Y5 in RZ(»U. The converse is given by R,. O]

Note that the structure of the novel outer bound R, given
in Theorem in particular, the constraints (9) and (10), is
crucial for deriving the capacity results in Theorems [3| and
[Z_f} In ongoing work [11], we show that the bounds can also
be used to derive approximate capacity results for Gaussian
channels.

IV. CONCLUDING REMARKS

This paper shows that the Csiszar-Korner identity can be
used to derive novel outer bounds for the BC with bidirectional
conferencing receiver that are tighter than the cut-set bound.
Combining with the achievability results based on quantize-
bin-and-forward in one direction and decode-and-forward in
the other direction, it allows us to derive capacity results for
specific classes of semi-deterministic BCs with degraded mes-
sage set. Two binary channel examples are used to illustrate
the capacity-achieving coding strategy.

APPENDIX A
PROOF OF THEOREMI]

We only derive the constraints that include the auxiliary
variable U, i.e., (1), (5), (6), (8), and (10). The constraints
that include V' are derived symmetrically, and the last con-
straint is due to the cut-set bound. Consider a length-n code
with vanishing average error probability. Define new auxiliary
variables as follows:

Up = (Mo, M1, Yy ", Y0 4) t=1,..,n (37)
By Fano’s inequality, we have
TL(RO + Rl)
< I(Mo, My; Y7, J3y) + nelt)
= I(Mo, My; Y{") + I(My, My; 5 |Y7") + nel!)
n
< ZI(Mm My; Y1 [Y{40) + H(J3y) + nel!)
t=1

(a) &
< ZI(MOaM1>Y17}t+1a}g_1§yl,t) + H(J31) + nell
t=1

Z (U; Y1) +nC’21+ne()

(38)

where inequality (a) holds because conditioning does not
increase the entropy.
Next, we derive the constraints on R,. By Fano’s inequality,

nRy < I(My; Y3, J5) + ne?

< I(My; YY", Y5, Jfy) + nel?)
(@) .vnoyn (2) (39)
= I(M2; Y1, Y5) + ne,;

< I(My; Y], Y| Mo, My) + nel?)
where (a) holds because Ji, is given by a deterministic
function of (Y7*,Y3").
Now consider the following:
I(M27 Ylna }/2n|M07 Ml)
= I(My; Y3 [ Mo, My) + I(My; YY" Y5, Mo, M)
< I(Mo, My, Ma; Y5') + I(My; YY" Y5, Mo, M)

(Q)ZI (X1: Vo)

n

+ ZI(Xt;Yl,tD/Q,h MOa M1>Y2t_17Y27,Lt+1a erft+1)

t=1
= I(Xy;Yay) Z (X4; Y14|Yau, Us, Y3 i)
t=1 t=1
(b) n n
<) I(Xy;Yay) Z (X4; Y14|Ya, Us)
t=1 t=1

(40)

where (a) holds because X; is a deterministic function of
(Mo, My, Ms) and the channel is memoryless, and (b) holds
because conditioning does not increase entropy and also given
the input signal X, the outputs Y; ;, Y5, are independent of
other variables.

In the same way, one can also derive:

I(Ma;Yy", Yy | Mo, M)
= I(Ma; Y{"| Mo, My) + I(Ma; Y3 YY", Mo, M)

n n

< ZI(Xt; Yie) + ZI(Xt; Ya2,:[Y1,4, Ut)
t=1 t=1

41
By substituting (#0) and @I) in (39), we obtain the desired

bounds on Rs.
Next, we derive the constraints on the sum-rate. We have
n(Ro + R1 + Ra)
< I(Mo, My Y7, J5y) + I(Ma: Y3, Thy) + n(eld + )
< I(Mo, My; Y") + I(Ma; Y3') + (Mo, My; J3 | YT")
+ I(Ma; J5|Y5) +n(el) + €l
< I(Mo, My; Y7") + I(M2; Y5 | Mo, My)
+ H(J3) + H(Jip) + (el + )
< I(Mo, Mv; YT") + I(Ma; Y5 [ Mo, M)

+ Tl(Clg + 021) + TL(E%I) + 6%2))
(42)



Now consider the following:

I(Mo, My;Y7") + I(Mz; Y5 [ Mo, M)

M:

I(Mo, My; Y1,4|Y{" 1)

#
Il
_

+ ) I(Mz; Ya | Mo, My, Y5 ™)

t=1

NE

S I(}/Qt_laM07M1;Yl,t|Yl7}t+1)

w
Il
-

— ZI(Yzfl; Y1¢| Mo, My, Y71 1)
t=1

Y IV, Ma3 Yo | Mo, My, Y,

t=1

NE

<Y CI(Y5Th, Mo, My; Y| YY)

-
Il
—

— ZI(Y;fl; Yi e[ Mo, M1, Y7 44)

t=1
n

+ ZI(Yf}H; Yo, Mo, My, Y5 ™)

+ ) I(My; Yau| Mo, My, Yy~ H Y7 40)

t=1
n

a/
< Z Yy~ Mo, Mys Yi|Y7' 1)

+ ZI(M2; Y 1| Mo, M17Y215_17Y17?t+1)
=1

<

NE

I(thila Y1T,Lt+1a Moy, My; Yl,t)

#
Il
—

+ ZI(M2§ Yot | Mo, My, Yy ', Y7 1)

t=1

(Ui Y1) + > 1(Xe; Yau|Uy)
t=1

NE

-
Il
—

(43)

where (a) is due to the Csiszar-Korner identity. By substituting
(@3) in @2)), we obtain the bound (B) on the sum-rate.
Finally, we can write:

n(Ro+ R1 + R2)
< I(Mo, My Y, J3y) + 1(Ma; Y3, J15) +n(el) + €(?)
< I(Mo, Mi; Y{") + I(Ma; Y{", Y3, Jis)
+ (Mo, My; T3 Y1) + (el + €)
< I(Mo, My; YY) + 1(Mo; YT, Y3")
+ H(ng) + n(eg) + 6;2))
< I(Mo, My; Y1) + (M Y7, Y3' | My, M)

+nCa1 + n(egll) + egf))
(44)

Continuing with this chain of inequalities, we have
n(Ro+ Ry + R2)
< (Mo, My; YT) 4 I(Mo; YY", Yq' | My, M)
+nCoy +n(e) + )
< I(Mo, My YY) + 1(Ma; Yo' [ My, My)
+ I(Ma; Y|V aM07M1) +nCo1 + n(el) + €?)

(a)
< Z (Ui; Y1,0) +ZI X3 Y2, |Ur)
t=1 t=1
+ ) I(Xi: Y14|Yau, Up) + nCor + n(el) + €l?)
t=1
= ZI Ui; Y1) +ZI X3 Va0, Yau|Up)
t=1 =

+nCs + n(e%l) +€2)

=Y I(U;Yie) + > I(X4; Y14|Uy)
t=1

+ Z I(X; Y24 Y1, Up) +nCor + n(e) + )

t=1
n

=3 I(Xi; Y1) + > I(Xe; You Vi, Uy)

t=1 t=1
+nCy + n(eg) + 6512))
(45)

where inequality (a) is derived by following the same line
of argument as in (@3). By applying a standard time-sharing
argument, we derive the desired constraint @

Finally, (II) is just the cut-set bound. The proof is thus
complete.

REFERENCES

[11 S. C. Draper, B. J. Frey, and F. R. Kschischang, “Interactive Decoding
of a Broadcast Message,” in Proc. Allerton Conf. Commun., Control,
Computing, Monticello, IL, 2003.

[2] R. Dabora, and S. D. Servetto, “Broadcast channels with cooperating
decoders,” IEEE Trans. Inf. Theory, vol. 52, no. 12, pp. 5438-5454,Dec.
2006.

[3] L. Dikstein, H. H. Permuter, and Y. Steinberg, “On state-dependent
degraded broadcast channels with cooperation,” IEEE Trans. Inf. Theory,
vol. 62, no. 5, pp. 2308-2323, May 2016.

[4] Z. Goldfeld, H. H. Permuter, and G. Kramer, “Duality of a source coding
problem and the semi-deterministic broadcast channel with rate-limited
cooperation,” IEEE Trans. Inf. Theory, vol. 65, no. 5, pp. 2285-2307,
May 2016.

[5] Z. Goldfeld, G. Kramer, H. H. Permuter, and P. Cuff, “Strong secrecy
for cooperative broadcast channels,” IEEE Trans. Inf. Theory, vol. 63,
no. 19, pp. 469-495, Jan. 2017.

[6] W. Huleihel, and Y. Steinberg, “Channels with cooperation links that
may be absent,” IEEE Trans. Inf. Theory, vol. 63, no. 9, pp. 5886-5906,
Sep. 2017.

[7]1 D. Itzhak, and Y. Steinberg, “The broadcast channel with degraded
message sets and unreliable conference,” IEEE Trans. Inf. Theory, vol.
67, no. 9, pp. 5623-5650, Sep. 2021.

[8] I. Csiszar and J. Korner, “Broadcast channels with confidential mes-
sages,” IEEE Trans. Inf. Theory, vol. IT-24, no. 3, pp. 339-348, May
1978.

[91 A. El Gamal, and Y. H. Kim, Network Information Theory. Cambridge,
U.K.: Cambridge Univ. Press, 2011.

[10] Y.-H. Kim, “Capacity of a class of deterministic relay channels,” IEEE
Trans. Inf. Theory, vol. 54, no. 3, pp. 1328-1329, Mar. 2008.

[11] R. K. Farsani and Wei Yu, “Capacity Bounds for Broadcast Channels
with Bidirectional Conferencing Decoders,” in preparation.



	Introduction
	Preliminaries
	Main Results
	Concluding Remarks
	Appendix A: Proof of Theorem 1
	References

