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ABSTRACT

A reconfigurable intelligent surface (RIS) with a large number of
reflecting elements is capable of highly directed focusing for mul-
tiuser wireless cellular service provisioning, but to fully reap the
benefit of RIS, an efficient beamforming algorithm is required.
This paper investigates an RIS-assisted uplink multiuser multiple-
input multiple-output (MU-MIMO) system and proposes a low-
complexity algorithm for a max-min fairness beamforming problem.
This paper identifies the problem as a max-min fractional program
with constant-modulus constraints. To solve the problem efficiently,
a novel constant-modulus linear transform is proposed to deal with
the RIS-specific fractional functions. In this way, the max-min
problem is transformed into a sequence of sub-problems, each of
which can be solved to global optimality with a low complexity,
provided that a specific condition is satisfied, thereby making the
overall algorithm highly efficient. Numerical results demonstrate
the effectiveness and the efficiency of the proposed algorithm.

Index Terms— Reconfigurable intelligent surface, uplink, max-
min fractional programming, constant-modulus linear transform.

1. INTRODUCTION

Future wireless networks are expected to provide ultra-high spec-
trum and energy efficiency, as well as ubiquitous coverage and reli-
able connectivity. To help realize these ambitious goals, the recon-
figurable intelligent surface (RIS) has been proposed as a promis-
ing technology to facilitate the control of the wireless propagation
environment in a programmable manner. Specifically, an RIS is
a low-power planar structure equipped with a large number of re-
flecting elements that can alter the phases of incident electromag-
netic (EM) waves. With the assistance of RIS, the wireless envi-
ronment becomes part of the network design parameters that are
subject to optimizations. This paper studies an uplink multiuser
multiple-input multiple-output (MU-MIMO) communication system
assisted by an RIS. The focus of this paper is on the max-min signal-
to-interference-plus-noise-ratio (SINR) reflection beamforming op-
timization for the RIS that ensures fairness among the users.

There exist many prior works investigating fair beamforming de-
signs for MU-MIMO systems with and without the assistance of
RISs. For example, [1] investigates the max-min fairness beam-
forming design problem for a MU-MIMO interference channel and
proposes an iterative algorithm based on solving a sequence of sec-
ond order cone programming (SOCP) feasibility problems, which
is computationally expensive. In [2–7], the integration of RIS into
MIMO systems is explored to help improve performance fairness.
In [2–4], the antenna beamformer and the RIS beamformer are alter-
nately optimized, and the bisection approach and the semidefinite re-
laxation (SDR) technique are employed to maximize the minimum-

SINR. In [5, 6], the authors respectively investigate multicell and
cell-free MIMO systems, while applying the SDR to optimize the
RIS beamformer. In addition, [7] investigates the same objective
in RIS-assisted MIMO vehicular networks, where SDR is also em-
ployed. All these works rely on algorithms with high computational
complexity, which limit the practicality in real-time or large-scale
deployments, especially when the RIS has a large number of reflect-
ing elements.

The main focus of this paper is to develop algorithms with low
complexity to optimize RIS coefficients, which is essential for
the practical implementation of RIS-assisted MU-MIMO systems.
Specifically, we tackle a problem of maximizing the minimum
uplink SINR using the ideas of fractional programming [8] and
constant-modulus linear transform [9, 10] to transform a fractional
function over constant-modulus variables to a linear function. In this
way, the max-min SINR beamforming problem can be transformed
into a sequence of sub-problems. We show that each sub-problem
can be solved globally optimally with low complexity (provided that
a specific condition is satisfied), thereby making the overall iterative
optimization process highly efficient.

2. SYSTEM MODEL AND PROBLEM FORMULATION

Consider an uplink RIS-assisted MU-MIMO system, where an RIS
consisting of N reflecting elements is used to enhance the commu-
nication between an M -antenna base station and K single-antenna
users. The reflection coefficients of the RIS are denoted by

x ≜
[
exp (jθ1) , . . . , exp (jθN )

]T
, (1)

where θn ∈ [−π, π) denotes the phase shift of the n-th element of
the RIS. In this model of RIS beamforming, the optimizing variable
x has a unit-modulus constraint, |xn| = 1, ∀n, which is a challeng-
ing constraint to deal with. Further, the RIS beamformer is coupled
with the BS receive combiners.

The channel from the RIS to the BS is represented as G, the
channel from the k-th user to the RIS is represented as hk, and the
channel from the k-th user to the BS is represented as dk. The cas-
caded channel of the k-th user can be expressed as G diag{hk}x ≜
Hkx. The channel matrices dk’s and Hk’s are assumed to be known
at the BS by virtue of some channel estimation methods; see, e.g.,
[11] and the references therein.

Assume that the received signal y at the BS is processed by the
receive combining matrix W with the k-th unit-norm column vector
designed for the k-th user. Then, the output of the receive combiner
for the k-th user is expressed as follows:

ŝk = wH
ky =

K∑
i=1

wH
k (di +Hix) si +wH

kn, (2)



where sk represents the signal transmitted by the k-th user, and n
represents the additive noise distributed as CN (0, σ2

nI). The signals
transmitted by the users are mutually independent and distributed as
CN (0, pk) with transmit power pk.

Given an RIS beamformer x, optimizing the receive combiner
wk to maximize the SINR is a generalized Rayleigh quotient prob-
lem. The optimal w⋆

k can be given in closed-form as follows:

w⋆
k =

(Rk(x))
−1 (dk +Hkx)∥∥(Rk(x))
−1 (dk +Hkx)

∥∥
2

, (3)

where the matrix Rk(x) denotes the covariance matrix of the inter-
ference and noise and is given by

Rk(x) =

K∑
i ̸=k

pi (di +Hix) (di +Hix)
H + σ2

nI. (4)

With the optimal w⋆
k, the SINR of the k-th user is given by

γk(x) = pk (dk +Hkx)
H (Rk(x))

−1 (dk +Hkx) . (5)

One can observe from (5) that the SINR is a multi-dimensional ratio
function over the RIS reflection coefficients x.

In this paper, we aim to provide a fair quality-of-service for all
users via optimizing the RIS reflection coefficients x, which can be
formulated as a max-min problem as follows:

(P1): max
x

min
k

γk(x) (6a)

subject to |xn| = 1, ∀n. (6b)

Problem (P1) is a max-min-multi-dimensional-ratios problem with
constant-modulus constraints. In the sequel, we propose a highly
efficient algorithm to solve this problem.

3. LINEAR TRANSFORM FOR BEAMFORMER DESIGN

3.1. Constant-Modulus Linear Transform

To solve problem (P1) in an efficient manner, we employ a technique
called the constant-modulus linear transform, which is first proposed
in our prior works [9, 10], to tackle ratios for MIMO sensing. Here,
we propose a novel way of utilizing this technique, specifically tai-
lored to the fractional structures of problem (P1).

We begin by defining the following general form of the ratio
function in order to later tackle problem (P1):

f(x) ≜ (a+Ax)H (Σ(x))−1 (a+Ax) , (7)

where the variable x is an N -dimensional complex vector with each
entry being unit-modulus, the denominator matrix Σ(x) is

Σ(x) ≜
∑
r

(br +Brx) (br +Brx)
H +C, (8)

and the constant matrix C is positive definite.
To establish the constant-modulus linear transform for f(x), we

first apply the quadratic transform technique [8]. The result is given
in the following lemma.

Lemma 1. A lower bound for f(x) is the following:

f(x) ≥ 2Re
{
(a+Ax)H λ

}
− λHΣ(x)λ, ∀x,λ, (9)

with the equality achieved at

λ⋆ = (Σ(x))−1 (a+Ax) . (10)

After some algebraic manipulation, we can rewrite the quadratic
term in (9) as follows:

λHΣ(x)λ = xHM(λ)x+ 2Re
{
xHv(λ)

}
+ c(λ), (11)

where the matrix M(λ) is given by

M(λ) =
∑
r

(
BH

rλ
)(

BH
rλ
)H

, (12)

the vector v(λ) is given by

v(λ) =
∑
r

(
BH

rλ
)(

bH
rλ
)H

, (13)

and c(λ) is given by

c(λ) = λH

(∑
r

brb
H
r +C

)
λ. (14)

We now eliminate the quadratic term xHM(λ)x in (11) by using
a majorization-maximization technique [12, Eq. (26)], which is

xHMx ≤ xHLx+ zH (L−M) z

+ 2Re
{
xH (M− L) z

}
, (15)

where L ⪰ M, and the equality is achieved at z = x. Then, by re-
placing L with δI, where δ is the trace of M(λ) so that δI ⪰ M(λ),
and by combining with the fact that for unit-modulus x and z,

xH (δI)x = zH (δI) z = δN, (16)

we obtain the following constant-modulus linear transform for the
multi-dimensional-ratio function f(x).

Theorem 1. A lower bound for the multi-dimensional-ratio function
f(x) can be constructed as follows:

f(x) ≥ 2Re
{
xH
(
(δI−M(λ)) z+

(
AHλ− v(λ)

))}
+ c̄(z,λ) ≜ f̄(x, z,λ), ∀λ, ∀x, z ∈ SN , (17)

where S = {x ∈ C | |x| = 1}, and c̄(z,λ) is given by

c̄(z,λ) = 2Re
{
aHλ

}
+ zHM(λ)z− 2δN − c(λ). (18)

The equality in (17) is achieved at

z⋆ = x, (19)

λ⋆ = (Σ(x))−1 (a+Ax) . (20)

Theorem 1 directly provides an equivalent reformulation of op-
timization problems involving ratio functions. Specifically, the max-
min-ratios problem can be reformulated in the following way.

Corollary 1. The max-min-multi-dimensional-ratios problem with
constant-modulus constraints

max
x

min
i

wifi(x) (21a)

subject to |xn| = 1, ∀n, (21b)

where wi > 0, ∀i, is equivalent to

max
x,z,λ

min
i

wi f̄i(x, z,λi) (22a)

subject to |xn| = |zn| = 1, ∀n. (22b)



3.2. Max-Min SINR Beamforming

We now solve the max-min SINR beamforming problem by utilizing
the proposed linear transform in the following steps, which would
eventually lead to a low-complexity solution.

Applying Corollary 1, problem (P1) can be transformed into the
following equivalent problem:

(P2): max
x,z,λ

min
k

pkγ̄k(x, z,λk) (23a)

subject to |xn| = |zn| = 1, ∀n. (23b)

Here, the new transformed function γ̄k(x, z,λk) is given by

γ̄k (x, z,λk) = c̄k (z,λk)+

2Re
{
xH
((

δkI− M̄k(λk)
)
z+

(
HH

kλk − v̄k(λk)
))}

, (24)

where the matrix M̄k(λk) is given by

M̄k(λk) =
∑
i̸=k

pi
(
HH

i λk

)(
HH

i λk

)H
, (25)

the parameter δk is the trace of M̄k(λk), v̄k(λk) is given by

v̄k(λk) =
∑
i ̸=k

pi
(
HH

i λk

)(
dH
i λk

)H
, (26)

and c̄k(z,λk) is given by

c̄k(z,λk) = 2Re
{
dH
kλk

}
+ zHM̄k(λk)z− 2δkN

− λH
k

∑
i̸=k

did
H
i + σ2

nI

λk. (27)

We now solve problem (P2) in an iterative manner. When x is
fixed, the optimal z⋆ and λ⋆

k are given in closed-form by

z⋆ = x, (28)

λ⋆
k = (Rk(x))

−1 (dk +Hkx) . (29)

When z and λ are held fixed, updating x requires us to solve the
following problem:

max
x

min
k

pkγ̄k(x, z,λk) (30a)

subject to |xn| = 1, ∀n, (30b)

which is equivalent to

max
x

min
ν

L (x,ν) ≜
∑
k

νk pk γ̄k(x, z,λk) (31a)

subject to |xn| = 1, ∀n, (31b)∑
k

νk = 1, νk ≥ 0, ∀k. (31c)

Since the constraint (31b) is non-convex and the problem (31) is
of max-min form, solving it is still challenging. To solve the problem
efficiently, we first relax the constraint (31b) into |xn| ≤ 1, ∀n. The
relaxed version of the problem (31) is given by

max
x

min
ν

L (x,ν) (32a)

subject to |xn| ≤ 1, ∀n, (32b)∑
k

νk = 1, νk ≥ 0, ∀k. (32c)

It is clear that the optimal solution of the relaxed problem (32) is an
upper bound to that of problem (31), because the relaxed problem
(32) has a larger feasible set than the problem (31).

3.3. Low-Complexity Algorithm

Observe that the objective function (32a) is linear (i.e., both convex
and concave) over x and ν, the constraints are convex, and the do-
mains are compact, so we can interchange min and max, i.e., the
optimal objective value of the max-min problem (32) is identical to
the optimal objective value of the following min-max problem:

min
ν

max
x

L (x,ν) (33a)

subject to |xn| ≤ 1, ∀n, (33b)∑
k

νk = 1, νk ≥ 0, ∀k. (33c)

Now, we make two key observations. First, for fixed ν, the inner
maximization in (33a) can be solved by setting the elements of x to
match the phases of the linear coefficient in (33a) as follows:

x (ν) = exp [j arg (ς (ν))] , (34)

where ς (ν) denotes the overall linear coefficient, i.e.,

ς (ν) =

K∑
k=1

νk pk
((

δkI− M̄k(λk)
)
z+

(
HH

kλk − v̄k(λk)
))

.

(35)
This gives a highly efficient procedure for optimizing x. Note that
the above method (i.e., using (34) to find the optimal x) only works
when ς(ν) is non-zero in every component. For now, let us assume
that this is true.

It remains to find the optimal ν. Substituting x (ν) in (34) into
(33a), the problem (33) can be rewritten as

(P3): minimize
ν

L (x (ν) ,ν) (36a)

subject to
∑
k

νk = 1, νk ≥ 0, ∀k, (36b)

where the objective function is given by

L (x (ν) ,ν) = 2 ∥ς (ν)∥1 +
K∑

k=1

νk pk c̄k(z,λk) . (37)

Our second key observation is that this is a linear program in which
the dimension of the variable ν is K ≪ N . Thus, this approach of
first obtaining the optimal ν⋆ by solving (P3), then obtaining x (ν⋆)
based on (34) can be used to solve the problem (33) very efficiently.

Let ν⋆ denote an optimal solution of problem (P3). As already
mentioned, when none of the entries of ς (ν⋆) are zero, i.e.,

[ς (ν⋆)]n ̸= 0, ∀n, (38)

x (ν⋆) obtained from (34) would be a unique maximizer of L (x,ν⋆).
We now justify that this x (ν⋆) is also the solution to the original

max-min problem (30) if the condition (38) holds. Let (x̄, ν̄) be any
optimal solution of the max-min problem (32). Then, we have the
following relations:

d⋆ = L (x (ν⋆) ,ν⋆) ≥ L (x̄,ν⋆) ≥ L (x̄, ν̄) = p⋆, (39)

where p⋆ and d⋆ represent the optimal objective values of the prob-
lems (32) and (33), respectively. Since d⋆ = p⋆, we have

L (x (ν⋆) ,ν⋆) = L (x̄,ν⋆) . (40)

Therefore, under the condition (38), x (ν⋆) = x̄ is the optimal so-
lution of the relaxed problem (32). Since x (ν⋆) also satisfies the
constant-modulus constraint, it must be an optimal solution of the
problem (31), and hence an optimal solution of (30). We summarize
the above result in the following theorem.



Theorem 2. If the optimal solution ν⋆ to problem (P3) satisfies the
condition (38), then x (ν⋆) is the optimal solution to the non-convex
max-min problem (30).

Empirically, for the scenario considered in this paper, where the
number of RIS reflecting elements is much greater than the number
of users, i.e., N ≫ K, (38) is almost always satisfied. It can also be
shown that if the condition (38) is satisfied at every iteration of the
proposed algorithm, the algorithm always converges to a stationary
point of the original problem (P1).

4. NUMERICAL RESULTS

In this section, we provide simulation results to show the efficiency
and the effectiveness of the proposed algorithm. The simulation en-
vironment is given as follows:

• The RIS is a planar with 152 or 202 reflecting elements, and the
BS is equipped with 8 antennas.

• The distance between the BS and the RIS is 100 meters with
pathloss exponent 2, the distance between the users and the RIS
is 20 meters with pathloss exponent 2, and the distance between
the users and the BS is approximately 100 meters with pathloss
exponent 3.5.

• The BS-RIS and BS-users channels are modeled as Rayleigh fad-
ing. The RIS-user channel is modeled as Rician fading with Rician
factor of 10. The noise power is set as −80 dBm.

We first show that the designed beamforming solutions are in-
terpretable. To illustrate this, we plot the RIS beampattern, which is
the power of the signals received at the BS from a unit-power sig-
nal transmitted in different azimuth angles with respect to the RIS.
From Fig. 1, one can observe that the solutions produce beams that
are aligned well with the directions of users in both cases of three
users and five users, with relatively fair beam quality among users.

To evaluate the efficiency of the proposed algorithm, we com-
pare it with several benchmarks. In most prior works, e.g., [2–7], the
receive combiner and the RIS beamformer are alternately optimized.
In each iteration, the bisection method, along with the SDR tech-
nique are used to find the maximal minimum-SINR. This baseline
is referred to as Bi-SDR. Alternatively, it is possible to optimize the
RIS by first quantizing the phase shifts into 8-bit levels, followed by
using the coordinate ascent algorithm, referred to as Di-CoD.

Table 1 shows the SINR performance and the run-time of the
proposed algorithm, referred to as CM-LT, and the benchmarks un-
der the same setup. It can be observed that the proposed algorithm
not only achieves the highest SINR values but also is less complex,
particularly as N increases. Note that CM-LT can be further accel-
erated via the momentum method [13].

To further illustrate the performance, we plot the minimum rate
among the users versus the transmit power utilizing different algo-
rithms in Fig. 2. It can be observed that the proposed algorithm
outperforms the benchmarks. Furthermore, the Bi-SDR method suf-
fers from significantly higher complexity. Moreover, quantizing the
solution obtained by the proposed algorithm into 8-bit discrete phase
shifts results in only a negligible performance loss. In contrast, di-
rectly applying the coordinate ascent algorithm in the discrete phase
shifts leads to significantly inferior performance.

5. CONCLUSION

This paper proposes an efficient method for max-min-SINR beam-
forming design for an RIS-assisted uplink MU-MIMO system. The

Fig. 1. RIS reflecting beampatterns with the max-min-SINR beam-
formers (black dashed lines indicate the true user directions).
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Fig. 2. Minimum rate vs. transmit power with different algorithms.

Table 1. Optimized value and run-time for max-min SINR.

Minimum SINR
Convergence
Iteration No.

Convergence
Run-time [s]

K = 3, N = 15× 15 = 225

CM-LT 19.57 767 89.1
Bi-SDR 18.34 54 362.6
Di-CoD 14.16 58 307.9

K = 3, N = 20× 20 = 400

CM-LT 50.06 1183 152.1
Bi-SDR 49.24 82 3675.4
Di-CoD 32.83 45 746.9

K = 5, N = 20× 20 = 400

CM-LT 23.49 2142 330.8
Bi-SDR 22.17 46 3533.5
Di-CoD 17.12 50 1337.9

problem is a max-min fractional program with constant-modulus
constraints. We propose a novel constant-modulus linear transform
technique that transforms the max-min problem into a sequence of
subproblems, each of which can be optimally solved with low com-
plexity in terms of the number of RIS reflecting elements.



6. REFERENCES

[1] Ya-Feng Liu, Mingyi Hong, and Yu-Hong Dai, “Max-min fair-
ness linear transceiver design problem for a multi-user SIMO
interference channel is polynomial time solvable,” IEEE Signal
Process. Lett., vol. 20, no. 1, pp. 27–30, Jan. 2013.

[2] Yayun Wei, Ziyao Peng, Jie Tang, Xiuyin Zhang, Kai-Kit
Wong, and Jonathon Chambers, “Max-min fair beamforing
design for a RIS-assisted system with SWIPT,” IEEE Trans.
Veh. Technol., vol. 73, no. 8, pp. 12148–12153, Aug. 2024.

[3] Jun Liu, Gang Yang, Ying-Chang Liang, and Chau Yuen,
“Max-min fairness in RIS-assisted anti-jamming communica-
tions: Optimization versus deep reinforcement learning ap-
proaches,” IEEE Trans. Commun., vol. 72, no. 7, pp. 4476–
4492, 2024.

[4] Athira Subhash, Abla Kammoun, Ahmed Elzanaty, Sheetal
Kalyani, Yazan H. Al-Badarneh, and Mohamed-Slim Alouini,
“Max-min SINR optimization for RIS-aided uplink communi-
cations with green constraints,” IEEE Wireless Commun. Lett.,
vol. 12, no. 6, pp. 942–946, 2023.

[5] Hailiang Xie, Jie Xu, and Ya-Feng Liu, “Max-min fairness
in IRS-aided multi-cell MISO systems with joint transmit and
reflective beamforming,” IEEE Trans. Wireless Commun., vol.
20, no. 2, pp. 1379–1393, Feb. 2021.

[6] Wen Zhou, Wanguo Jiao, Long Suo, and Chunguo Li, “Max-
min energy efficient optimization for RIS-aided cell-free
MIMO systems with statistical CSI,” IEEE Wireless Commun.
Lett., vol. 13, no. 12, pp. 3518–3522, 2024.

[7] Muhammad Wasif Shabir, Tu N. Nguyen, Jawad Mirza,
Bakhtiar Ali, and Muhammad Awais Javed, “Transmit and
reflect beamforming for max-min SINR in IRS-aided MIMO
vehicular networks,” IEEE Trans. Intell. Transp. Syst., vol. 24,
no. 1, pp. 1099–1105, Jan. 2023.

[8] Kaiming Shen and Wei Yu, “Fractional programming for com-
munication systems—Part I: Power control and beamforming,”
IEEE Trans. Signal Process., vol. 66, no. 10, May 2018.

[9] Yiming Liu and Wei Yu, “MIMO sensing beamforming design
with low-resolution transceivers,” in IEEE Int. Conf. Commun.
(ICC), Montreal, Canada, Jun. 2025.

[10] Yiming Liu, Kareem M. Attiah, and Wei Yu, “RIS-assisted
joint sensing and communications via fractionally constrained
fractional programming,” IEEE Trans. Wireless Commun., vol.
25, pp. 1674–1689, 2026.

[11] Beixiong Zheng, Changsheng You, Weidong Mei, and Rui
Zhang, “A survey on channel estimation and practical pas-
sive beamforming design for intelligent reflecting surface aided
wireless communications,” IEEE Commun. Surv. Tutor., vol.
24, no. 2, pp. 1035–1071, Feb. 2022.

[12] Ying Sun, Prabhu Babu, and Daniel P. Palomar, “Majorization-
minimization algorithms in signal processing, communica-
tions, and machine learning,” IEEE Trans. Signal Process.,
vol. 65, no. 3, pp. 794–816, Feb. 2017.

[13] Yurii Nesterov, Lectures on Convex Optimization, Springer,
Cham, Switzerland, 2 edition, 2018.


