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Abstract—This paper shows that there are intimate connections
between the quadratic transform technique for solving fractional
programming (FP) problems and the Schur complement tech-
nique in matrix analysis. We show that the quadratic transform
technique is related to two aspects of the Schur complement:
(i) the linear matrix inequality (LMI) condition for positive
semidefiniteness and (ii) the matrix determinant formula. In
terms of the LMI condition, we establish that the quadratic
transform and the Schur complement condition imply each
other. This connection leads to generalizations of the quadratic
transform in FP and the Schur complement LMI. Furthermore,
the above connection allows us to provide new interpretations of
the auxiliary variable in the quadratic transform and allows us
to rederive the Schur complement determinant formula.

I. INTRODUCTION

This paper explores a curious connection between two

seemingly unrelated topics—quadratic transform for solving

fractional programming (FP) problems [1] and the Schur com-

plement in matrix analysis [2], both of which have been exten-

sively used in the communication system design. Specifically,

we show that the quadratic transform for FP can be obtained

from the Schur complement, and vice versa. Furthermore, this

connection leads to new interpretations and generalizations of

results in FP and Schur complement.

FP is a class of mathematical optimizations that involve

ratio terms. It plays a key role in communications and

signal processing, because many key performance metrics

are fractionally structured, e.g., the signal-to-interference-plus-

noise ratio (SINR). While the classical FP methods (including

Dinkelbach’s algorithm [3]) are typically limited to the single-

scalar-ratio case, the recent development of the so-called

quadratic transform for FP [4] is able to handle a broader range

of problems with multiple ratios and with matrix variables, as

motivated by optimization problems involving multiple-input

multiple-output (MIMO) networks.

The following theorem states the general result on the

quadratic transform for FP. This result is useful for developing

algorithms for optimizing ratios, because it decouples the

numerator and denominator of each fractional term.

Theorem 1 (Quadratic Transform for FP [1]): Consider k
pairs of matrix functions Ai : X → R

n×m and Bi : X →
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S
n
++, for i = 1, . . . , k, where X is a nonempty constraint set,

and S
n
++ denotes the set of n × n positive definite matrices.

The sum-of-traces-of-matrix-ratio FP problem

maximize
x∈X

k∑
i=1

Tr(AT
i (x)B

−1
i (x)Ai(x)) (1)

is equivalent to

maximize
x∈X ,Y1,...,Yk

k∑
i=1

Tr(Y T
i Ai(x) +AT

i (x)Yi − Y T
i Bi(x)Yi)

subject to Yi ∈ R
n×m, for i = 1, . . . , k (2)

in the sense that the two problems have the same solution for

x and their optimal objective values are equal.

The proof of the above theorem is based on explicitly find-

ing the optimal Yi by completing-the-square, then substituting

the optimal Yi back into the objective function [4]. This paper

shows that there is an alternative way of deriving the same

transform based on the Schur complement in matrix analysis.

In the rest of the paper, we drop the arguments in the matrix

functions, e.g., Ai(x) is written as Ai, whenever doing so

causes no confusion.

The notion of Schur complement in linear algebra has a

long history [5]. Consider a square matrix

M =

[
C AT

A B

]
(3)

with the blocks A ∈ R
n×m, B ∈ S

n
++, and C ∈ S

m
+ , where

S
m
+ denotes the set of m ×m positive semidefinite matrices.

The square matrix C − ATB−1A is referred to as the Schur
complement of the block C of the matrix M .

A classic result concerning the Schur complement is a linear

matrix inequality (LMI) condition for the positive semidefi-

niteness of C −ATB−1A. A proof can be found in [6].

Theorem 2 (Schur Complement and LMI): When B � 0,

the following two conditions are equivalent:

M � 0 ⇔ C −ATB−1A � 0. (4)

Thus, the positive semidefiniteness of the Schur complement

can be converted to an LMI in M , which is potentially easier

to deal with for constrained optimization. There is also a

second important result on the Schur complement concerning



the matrix determinant, which will be discussed in Section V.

The Schur complement has seen fruitful applications in

information theory, e.g., in Wyner-Ziv coding [7], the relation

between the mutual information and the minimum mean-

squared error (MMSE) [8], the dirty-paper coding [9], and

the uplink-downlink duality [10]. Furthermore, quantum in-

formation theory relies heavily on linear algebra; the Schur

complement is a useful mathematical tool in this domain [11].

Recently, both FP and Schur complement have been used

in the algorithm design for joint sensing and communications

[12]–[18], indicating there may be a connection between the

two, but such connection has not been properly explored. The

present paper aims to develop a unified theory between the

two. Our main results are three-fold:

• We show that Theorem 1 implies Theorem 2. Further, by

extending this connection to the multiple-ratio case, we

obtain a generalization of the LMI condition in (4).

• We show that Theorem 2 implies Theorem 1. This

allows us to devise a generalized quadratic transform that

accounts for the generalized inverse.

• We show that the auxiliary variable in quadratic transform

can be reinterpreted in terms of an MMSE estimation

problem, and use this connection to rederive the Schur

complement determinant formula.

In the rest of the paper, we denote by (·)+ the generalized

inverse, I the identity matrix, 0 the zero matrix, and h(·) the

differential entropy.

II. FROM QUADRATIC TRANSFORM TO

SCHUR COMPLEMENT

We start by rederiving the equivalence relation in (4) from

Theorem 1. Let m = 1 in Theorem 1, so each Ai : X →
R

n×m is just a vector function ai : X → R
n. Theorem 1

states that the sum-of-ratios FP problem

maximize
x∈X

k∑
i=1

aTi B
−1
i ai (5)

is equivalent to

maximize
x∈X , y1,...,yk∈Rn

k∑
i=1

(yTi ai + aTi yi − yTi Biyi). (6)

We can now show the following chain of equivalences:

C −ATB−1A � 0

(a)⇔ qT (C −ATB−1A)q ≥ 0, ∀q ∈ R
m

(b)⇔ qTCq − sup
y∈Rn

{yTAq + (Aq)T y − yTBy} ≥ 0, ∀q

⇔ qTCq − yTAq − (Aq)T y + yTBy ≥ 0, ∀q, ∀y
⇔ [

qT −yT
] [C AT

A B

] [
q
−y

]
≥ 0, ∀q, ∀y

⇔ uT

[
C AT

A B

]
u ≥ 0, ∀u =

[
q
−y

]
∈ R

m+n

(c)⇔ M � 0, (7)

where (a) follows from the definition of positive semidef-

initeness, (b) follows from Theorem 1 with m = 1 as

discussed above and k = 1, and (c) follows from the definition

of positive semidefiniteness. Thus, Theorem 2 follows from

Theorem 1.

It is interesting to note that only the single-ratio FP (with

k = 1) is needed to prove (4). It turns out that if we utilize

the multiple-ratio result of Theorem 1, the above connection

between FP and the Schur complement would imply the

following more general chain of equivalences:

C −
k∑

i=1

AT
i B

−1
i Ai � 0

⇔ qT

(
C −

k∑
i=1

AT
i B

−1
i Ai

)
q ≥ 0, ∀q ∈ R

m

⇔ qTCq −
k∑

i=1

sup
yi

{yTi Aiq + (Aiq)
T yi − yTi Biyi} ≥ 0, ∀q

⇔ qTCq −
k∑

i=1

(yTi Aiq + (Aiq)
T yi − yTi Biyi) ≥ 0, ∀q, yi

⇔

⎡
⎢⎢⎢⎢⎢⎣

q
−y1
−y2

...

−yk

⎤
⎥⎥⎥⎥⎥⎦

T ⎡
⎢⎢⎢⎢⎢⎣

C AT
1 AT

2 · · · AT
k

A1 B1 0 · · · 0
A2 0 B2

...
...

. . .

Ak 0 Bk

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

q
−y1
−y2

...

−yk

⎤
⎥⎥⎥⎥⎥⎦ ≥ 0, ∀q, yi

where all the blank blocks are filled with zero matrices. The

resulting generalization of the Schur complement based LMI

is stated in the following theorem.

Theorem 3 (Generalized Schur Complement Based LMI):
Consider the matrix

M (k) =

⎡
⎢⎢⎢⎢⎢⎣

C AT
1 AT

2 · · · AT
k

A1 B1 0 · · · 0
A2 0 B2

...
...

. . .

Ak 0 Bk

⎤
⎥⎥⎥⎥⎥⎦ (8)

with the blocks Ai ∈ R
n×m, Bi ∈ S

n
++, and C ∈ R

m×m.

The following equivalence relation holds:

M (k) � 0 ⇔ C −
k∑

i=1

AT
i B

−1
i Ai � 0. (9)

Thus, by utilizing the multiple-ratio quadratic transform result

in FP, a more general version of the Schur complement LMI

relation can be established.

III. FROM SCHUR COMPLEMENT TO

QUADRATIC TRANSFORM

We now discuss the reverse direction and show that The-

orem 1 follows from Theorem 2. To ease notation, we start

with the single-ratio case of (1):

maximize
x∈X

Tr(ATB−1A). (10)



The above problem can be readily rewritten as

maximize
x∈X

inf
C∈Sm+

Tr(C) (11a)

subject to C −ATB−1A � 0. (11b)

The above problem reformulation rewrites the objective in

terms of a Schur complement. By Theorem 2, we convert the

positive semidefiniteness constraint (11b) to LMI as

maximize
x∈X

inf
C∈Sm+

Tr(C) (12a)

subject to M � 0, (12b)

where M is defined as in (3). Note that problem (12) consists

of two parts: the inner minimization over C for fixed x and the

outer maximization over x. We proceed to find the Lagrangian

dual of the inner problem.

The Lagrangian function of the inner minimization is

L(C,Λ) = Tr(C)− Tr(ΛM), (13)

where Λ ∈ S
m+n
+ is the Lagrange multiplier. This Λ can be

partitioned into four blocks:

Λ =

[
W V T

V Z

]
� 0, (14)

where W ∈ S
m
+ , Z ∈ S

n
+, and V ∈ R

n×m. Substituting (14)

into L(C,Λ), we have

L(C,Λ) = Tr(C)− Tr(WC + V TA+ATV )− Tr(ZB)

= Tr
(
(Im −W )C − V TA−ATV

)− Tr(ZB), (15)

where Im is the m×m identity matrix.

The dual function is now given by

g(Λ) = inf
C∈Sm+

L(C,Λ) (16)

=

{
−Tr(V TA+ATV )− Tr(ZB) if W = Im

−∞ otherwise.
(17)

To ensure that the value of g(Λ) is finite, we must have

W = Im. (18)

After plugging W = Im into Λ in (14) and by using the

following chain of equivalence relations:[
Im V T

V Z

]
� 0

(a)⇔
[
0 In
Im 0

] [
Im V T

V Z

] [
0 Im
In 0

]
� 0

⇔
[
Z V
V T Im

]
� 0

(b)⇔ Z − V V T � 0, (19)

where (a) is due to the matrix similarity and (b) follows

from Theorem 2, we arrive at the dual problem of the inner

minimization in (12):

maximize
V,Z

− Tr(V TA+ATV )− Tr(ZB) (20a)

subject to Z − V V T � 0. (20b)

Because B � 0, the optimal solution of Z is

Z� = V V T . (21)

As a consequence, the dual problem reduces to

maximize
V ∈Rn×m

− Tr(V TA+ATV + V TBV ). (22)

This dual problem is formulated with respect to the inner

minimization problem in (12). Because the inner minimization

problem is convex with strong duality, it is equivalent to its

dual. Replacing the inner minimization by the dual problem,

we convert (12) to

maximize
x∈X ,V

− Tr(V TA+ATV + V TBV ) (23a)

subject to V ∈ R
n×m. (23b)

Further, substituting V = −Y into the above problem yields

maximize
x∈X ,Y

Tr(Y TA+ATY − Y TBY ) (24a)

subject to Y ∈ R
n×m, (24b)

which is exactly the single-ratio case of the quadratic trans-

form in Theorem 1.

The above result can be immediately extended to multiple

ratios. The main idea is to rewrite (1) as

maximize
x∈X

inf
Ci∈Sm+

{
k∑

i=1

Tr(Ci)

}
(25a)

subject to Ci −AT
i B

−1
i Ai � 0, for i = 1, . . . , k. (25b)

After each constraint Ci − AT
i B

−1
i Ai � 0 is converted to an

LMI, a Lagrange multiplier Λi is introduced for each LMI,

and can be further determined as

Λi =

[
Im V T

i

Vi ViV
T
i

]
. (26)

By substituting the resulting dual problem into the inner

minimization, we arrive exactly at the multiple-ratio quadratic

transform in (2). So Theorem 2 implies Theorem 1.

The key observation here is that the auxiliary variable Y of

the quadratic transform in Theorem 1 is exactly the negative

of the off-diagonal block V of the Lagrange multiplier Λ.

We remark that the above Lagrangian dual connection was

foreshadowed in [17] for the scalar-ratio FP case of (10)

with m = 1 in the context of an integrated sensing and

communication problem. The proof technique of [17] uses

the Schur complement, while earlier work [18] for a similar

problem setting uses the quadratic transform for FP. This

indicates a potential connection between the two (although

the problem setting of [17], [18] is for the minimization FP,

rather than the maximization.)

We have shown that Theorem 1 can be used to prove The-

orem 2 and vice versa, but caution that there are applications

of quadratic transform in more complicated optimization prob-

lems for which it is difficult to extend the above connection.

Examples of such applications include the mixed-max-and-min

FP and the log-ratio FP as treated in [1].



IV. FURTHER EXTENSIONS

A. Minimization FP

We present extensions of the connection between the

quadratic transform for FP and the Schur complement devel-

oped in the previous section. First, consider the following FP

problem of minimizing the trace of a matrix ratio, as opposed

to the earlier maximization case in (10):

minimize
x∈X

Tr(ATB−1A). (27)

Again, by introducing an auxiliary variable C ∈ S
m
+ , we

formulate an optimization problem with a constraint in the

form of a Schur complement:

minimize
x∈X ,C∈Sm+

Tr(C) (28a)

subject to C −ATB−1A � 0. (28b)

However, there is a crucial difference between the minimiza-

tion FP and the maximization FP. For the minimization FP,

after taking the Lagrangian dual of (28) and repeating the

same procedure as before, we obtain

maximize
Y

inf
x∈X

Tr(Y TA+ATY − Y TBY ) (29a)

subject to Y ∈ R
n×m. (29b)

In contrast, if we directly decouple the matrix ratio ATB−1A
using the quadratic transform of Theorem 1, the minimization

FP problem (27) is recast into

minimize
x∈X

sup
Y

Tr(Y TA+ATY − Y TBY ) (30a)

subject to Y ∈ R
n×m. (30b)

The two can be the same, but only if the minimization

and the maximization can be interchanged. Thus, there is

also a connection between the minimization FP and Schur

complement just as the maximization FP case, but it requires

additional conditions that ensure min-max is equal to max-

min, e.g., Sion’s minimax condition [19].

B. Generalized Inverse

The connection between the Schur complement and the

quadratic transform allows advances in one area to be mapped

to the other area. For example, the Schur complement can be

extended to the case of the so-called generalized inverse [2].

This means that the quadratic transform technique for solving

FP can also be extended for the generalized inverse. In this

section, we develop such an extension of Theorem 1.

For any matrix D ∈ R
m×n, its generalized inverse, denoted

by D+, is an n × m matrix such that DD+D = D. The

Moore–Penrose inverse is a special case of the generalized

inverse. The following is a result on the Schur complement

for the generalized inverse [2].

Theorem 4 (Schur Complement Based LMI with Generalized
Inverse [2]): When B � 0 and (In −BB+)A = 0, we have

M � 0 ⇔ C −ATB+A � 0. (31)

This theorem requires a new condition (In −BB+)A = 0,

which turns out to be the condition needed in order to ensure

that the Schur complement C −ATB+A is well defined.

Now, let A : X → R
n×m and B : X → S

n
+ be

a pair of matrix functions, where B(x) is not necessarily

invertible. Consider an FP involving generalized inverse, under

the condition (In −BB+)A = 0, as formulated below:

maximize
x∈X

Tr(ATB+A). (32)

The above problem can be rewritten as

maximize
x∈X

inf
C∈Sm+

Tr(C) (33a)

subject to C −ATB+A � 0. (33b)

By Theorem 4, the constraint can be replaced by M � 0.

In this case, we can then use the same Lagrangian proce-

dure to find its dual, which would lead to an extension of

quadratic transform for generalized inverse. Observe that the

replacement of B−1 by B+ does not impact the Lagrangian

procedure, so we would arrive at the same reformulation as in

(24). The above result can be readily extended to the multiple-

ratio case, as stated in the following theorem.

Theorem 5 (Quadratic Transform for FP with Generalized
Inverse): Consider k pairs of matrix functions Ai : X →
R

n×m and Bi : X → S
n
+, for i = 1, . . . , k. In particular,

assume that (In − BiB
+
i )Ai = 0 for each i. The generalized

sum-of-traces-of-matrix-ratio FP problem

maximize
x∈X

k∑
i=1

Tr(AT
i B

+
i Ai) (34)

is equivalent to

maximize
x∈X ,Y1,...,Yk

k∑
i=1

Tr(Y T
i Ai +AT

i Yi − Y T
i BiYi) (35a)

subject to Yi ∈ R
n×m, for i = 1, . . . , k (35b)

in the sense that the two problems have the same solution for

x and their optimal objective values are equal.

V. CONNECTION TO SCHUR COMPLEMENT

DETERMINANT FORMULA

One of the main goals of this paper is to give interpretations

to the auxiliary variable Yi in the quadratic transform for FP

in Theorem 1. On the one hand, as seen in Section III, Yi

corresponds to the negative of the off-diagonal block of the

Lagrangian dual variable in a Schur complement reformulation

of the original FP problem. On the other hand, in Section II

the role of Yi can be seen in the chain of equivalences (7),

where for the single-ratio case, y is the vector that optimizes a

quadratic form as shown in line (b) of (7). This optimization of

the quadratic form can be interpreted as an MMSE estimation.

In this section, we show that this connection gives a way of

rederiving the Schur complement determinant formula.



Consider an MMSE estimation problem on a joint Gaussian

distribution for u:

u =

[
q
−y

]
∼ N (0, J), where J =

[
F GT

G H

]
� 0 (36)

with F ∈ S
m
++, G ∈ R

n×m, and H ∈ S
n
+. Treat q as the

observation. Consider the problem of estimating y based on

q. The MMSE estimator is given by

ŷ = E[y|q] = ΣyqΣ
−1
qq q = −GF−1q, (37)

where Σyq and Σqq are the respective covariance matrices.

In the meanwhile, in line (b) of (7), the optimal y is

y� = B−1Aq. (38)

It turns out that if we identify J = M−1, then y� and ŷ
coincide, i.e., the optimal auxiliary variable y of the quadratic

transform amounts to an MMSE estimator. This is because the

(2, 1)-th block of MJ is AF +BG = 0 when J = M−1, thus

we have B−1A = −GF−1.

The above interpretation of y in terms of an MMSE estima-

tion problem gives a way of rederiving the Schur complement

determinant formula. Assuming J = M−1, the entropy of u
can be computed as

h(u) =
1

2
log

(
(2πe)m+n det(M−1)

)
. (39)

Next, let us compute h(u) in another way. Denote by ξ the

MMSE error in the above estimation problem:

ξ = y − y� = y −B−1Aq. (40)

Because M =

[
C AT

A B

]
and u =

[
q
−y

]
, it holds that

uTMu = qTCq − yTAq − (Aq)T y − yTBy

=
[
qT −ξT

] [C −ATB−1A 0
0 B

] [
q
−ξ

]
. (41)

Since u ∼ N (0,M−1), we have[
q
−ξ

]
∼ N

(
0,

[
C −ATB−1A 0

0 B

]−1
)
, (42)

from which we see that

q ∼ N (0, (C −ATB−1A)−1) and ξ ∼ N (0, B−1), (43)

and that q is independent of ξ, which is expected because the

MMSE error ξ must be orthogonal to the observation q by the

MMSE estimation theory. Then,

h(u)
(a)
= h(q) + h(ξ)

(b)
=

1

2
log

(
(2πe)m det

(
(C −ATB−1A)−1

))
+

1

2
log

(
(2πe)n det

(
B−1

))
, (44)

where (a) follows since q and ξ are independent, and (b)
follows by (43). Combining (39) and (44) establishes the Schur

complement determinant formula.

Theorem 6 (Schur Complement Determinant Formula):
When B � 0, we have

det(M) = det(B) · det(C −ATB−1A). (45)

VI. CONCLUSION

This paper shows that the quadratic transform technique for

solving FP is closely connected to the Schur complement in the

sense that they can be derived from each other. The auxiliary

variable in FP is the dual variable associated with an LMI

in the Schur complement reformulation of the FP; it can also

be interpreted in the context of an MMSE estimation problem.

This connection leads to new generalizations and an alternative

proof of the Schur complement determinant formula.
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