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Abstract—This paper considers the problem of MIMO sensing
precoding design for estimating the azimuth angles of multiple
targets in the presence of interfering scatterers. We show that
unlike the case with no scatterers, where the optimization of MIMO
sensing sequence reduces to the optimization of a single transmit
covariance matrix, when interfering scatterers are present, the
optimization must be over the entire MIMO sensing sequence
across the sensing interval. This paper proposes a methodology
for designing such MIMO precoding sequences by formulating the
problem as that of minimizing the Bayesian Cramér-Rao lower
bound for estimating multiple target angles subject to interference
from the scatterers. We show that when the path-loss coefficients
of the targets and the scatterers are modeled as nuisance variables
with zero mean, the problem can be cast as a max-min fractional
program, which can be efficiently solved using a linear transform
technique. Numerical results unveil nontrivial sweeping-like beam
patterns that should be synthesized by the transmit antennas to
facilitate sensing and to suppress interference.

I. INTRODUCTION

Integrated sensing and communications (ISAC), which aims
to utilize existing communications infrastructure for sensing
applications, is a crucial area of research interest for future
wireless communication systems. Multiple-input multiple-
output (MIMO) technique is important for communications due
to its ability to utilize spatial dimensions to improve spectral
efficiency and to suppress interference. In this paper, we address
the question of how to utilize MIMO for sensing.

This paper considers the problem of designing precoded
sensing sequences in a MIMO sensing scenario in the presence
of scatterers. The main result of this paper is that unlike the
MIMO communications scenario or the MIMO sensing scenario
without scatterers, where the optimization of MIMO precoder
reduces to an optimization of a fixed transmit covariance,
when signal-dependent interferences from scatterers are present,
the optimization must be over the MIMO sensing precoding
sequence explicitly. This would induce transmit beam patterns
that vary across the sensing interval, almost akin to sweeping.

MIMO sensing has attracted significant attention in the recent
literature [1]. However, most existing works consider only
the targets of interest while neglecting interfering scatterers.
In this case, the optimal MIMO precoder design reduces to
that of designing a fixed transmit covariance or beam pattern.
Examples of such approach include MIMO radar works that
design the transmit sample covariance matrix based on various
sensing objectives, such as shaping the transmit beampatterns
[2], minimizing the Cramér-Rao lower bound (CRLB) [3], and
minimizing the Bayesian CRLB (BCRLB) [4], and work in the
ISAC context [5] [6] [7] that design beamformer to minimize
the sensing CRLB under the communication constraints.

Co-located Transmit and Receive
Antennas (Uniform Linear Array)

RF Chain 1

RF Chain 2

0

RF Chain Ny
®r

Fully Digital Receiver

o--0
K Scatterers

Q.0
M Targets

Analog Transmitter

Fig. 1. A monostatic MIMO sensing system with a single-RF-chain transmitter
and a fully-digital receiver in the presence of interfering scatterers.

This paper studies a multiple-target MIMO sensing-only
system, but with scatterers in addition to the targets of interests,
as shown in Fig. 1. We reveal that due to the signal-dependent
interference from the reflections of the scatterers, the sensing
performance is no longer fully characterized by a single transmit
sample covariance matrix, but instead depends on the entire
precoding sequence, which should be explicitly designed. We
propose an optimization methodology that formulates the
problem of minimizing the BCRLB for estimating the target
azimuth angles as a max-min fractional program, which can be
efficiently solved using a linear transform technique. Further-
more, we show that the optimized precoders should vary across
the multiple symbol periods to probe the angular domain of
interest, while suppressing interference from the scatterers.

II. SYSTEM MODEL

This paper investigates a monostatic MIMO sensing system
equipped with co-located N transmit antennas and Ny receive
antennas. The MIMO sensing scenario consists of M targets
of interest and K scatterers. The precoded signals from the
transmit antennas are reflected by both the targets and the
scatterers. The sensing task is to estimate the azimuth angles
of the targets of interest, based on the received echoes. We
adopt a Bayesian approach and assume some prior probability
distributions on the azimuth angles of the targets and the
scatterers, but we do not estimate or track the parameters of the
scatterers in order to prevent excessive dimensionality increase
in the parameter space. In this scenario, the signals reflected
from the scatterers act as interference to the estimation of target
angles. Moreover, we also do not estimate or track the path-loss
parameters of the targets and the scatterers and assume that
they are nuisance random variables with zero-mean and known
variances. The goal is to design the sequence of precoded
signals across the MIMO arrays and across the sensing interval
to optimize the performance of estimating the target angles.



We perform MIMO sensing across N symbol periods. We
choose to use the case of analog transmit precoding to illustrate
the main points of the paper, but the proposed methodology and
the conclusions of the paper equally apply to digital precoding.
Here, the receiver is assumed to be fully digital. In this case,
the analog precoder over Ny transmit antennas is

X:Vec<[X1,X2,...7XN]>7 (1

where x,, € CVN7*1 denotes the precoder designed for the n-th
symbol period. The entries of x are subject to the constant-
modulus constraint due to the analog constraint, i.e.,

|z, =1, n=1,2,...,NpN. )

Assuming a uniform linear array configuration for simplicity,
the steering vectors for the forward path from the antennas to
the target/scatterer at azimuth angle 6, and for the reflected
path from the target/scatterer to the antennas, are given by
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where 7 = 2nd/w, w is the carrier wavelength, and d denotes
the spacing between adjacent antennas, typically at w/2. Then,
the round-trip array response is

H(0) = hz(0) h(0). (5)

Considering the significant path-loss in high-frequency
bands, we only account for the first-order reflections in the
received signal model. Moreover, the transmitted symbol is
set to 1. This is without loss of generality since any known
unit-power symbol can be absorbed into the precoders. Then,
the echo signals received across the Ni antennas over the [NV
symbols can be stacked into a single vector y € CNVrNX1 a5
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where 0,,, and 7, are the azimuth angles of the m-th target and
the k-th interfering scatterer, respectively, and are assumed to be
constant over the entire sensing duration; the prior distributions
of 6, and 7, are assumed to be mutually independent and are
known a priori. The parameters «,, and S denote the path-loss
coefficients of the m-th target and the k-th interfering scatterer,
respectively; they are modeled as independent random variables
distributed as CA (0,2) and CA (0, 03), respectively [8]. The
path-loss coefficients are assumed to remain constant within the
sensing duration, and their second-order statistics gfn and 0,3 are
known a priori. The per-antenna transmit power is p, and the
additive noise n is distributed as CN (0, 2I).

III. SENSING PERFORMANCE METRIC

In this section, we discuss the sensing metric used in this
paper and show the effect of interfering scatterers. This paper
adopts the BCRLB as the sensing metric. The BCRLB allows
the sensing strategy to exploit the prior information of the
target and scatterer parameters. It provides a lower bound on
the Bayesian mean-squared error of estimators. Specifically,
this paper adopts an approach of formulating the BCRLB of
the parameters of M targets, while treating the scatterers as

interference. These target parameters are v = [@', o], where
R T
0:|:91,...,9M:| ) (N
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The BCRLB of v has the following form:
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where @, and ®, are the Bayesian Fisher information matrices
(BFIMs) corresponding to 8 from observations and from priors,
respectively; A, and A, denote the BFIMs corresponding to o;
C, and C,, denote the cross BFIMs between 6 and . The prior
BFIMs @, A, and C, follow the definition given in [9, Eq.
(11)] and are independent of x. Moreover, since the priors are
mutually independent, ®, and A, are diagonal; C, is zero.

The parameters of interest here are the target azimuth angles
6, while the path-loss coefficients ¢ are nuisance parameters.
In the proposed methodology, we first include o in the BCRLB,
and then extract a lower bound for estimating € from the joint
BCRLB expression via Schur complement at a later stage. The
scatterers are treated as interference; their effect is spatially
filtered out based on the difference in the priors of the target
angles {6,,}}_, and the scatterers {n; }_,.

We now show the difference in BCRLB optimization for
the scenarios with no scatterers versus the scenarios where
signal-dependent interferences from the scatterers are present.

A. Without Interfering Scatterers

In the target-only sensing scenarios, we have

M
Y= amy/PUnx+n, (10)
m=1
where n has i.i.d. entries across the N symbols. This yields
the following expression for the likelihood of v as a function

of the received symbols:

Zlnﬁ (yn|v)=
N

1
>3

where L (-|-) represents the likelihood function. This means
the overall Fisher information from the N observations can

InL(y|v) —NgN In(me?)
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Yn — Z Ozm\/ﬁH(e



be expressed as a sum of contributions from each symbol
period. We use the BFIM @, as an example to illustrate. The
(m, m')-th entry of ®, is given by
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(12)
where H(6,,) 2 9H(6,,)/00,,, and R 2 L SN xT One
can observe from (12) that the BFIMs are the functions of R
only. Consequently, designing the precoding sequence amounts
to optimizing a single transmit sample covariance R, as done
in numerous works in the literature, e.g., [5], [7], [10].

B. With Interfering Scatterers

In the scenario where interfering scatterers are present, the
observations are no longer conditionally independent over N
given the target parameters, because the interfering scatterers
parameters are the same across the N symbols. Furthermore, the
exact statistics for the computation of BCRLB is complicated.
One way to make the likelihood function and the BCRLB
tractable is to model the aggregate interference-plus-noise as a
Gaussian random vector with matching mean and covariance
matrix. Then, the likelihood of v given the observations y can
be expressed as in (13) at the bottom of the page, where 3(x)
is the covariance matrix of the aggregate interference-plus-noise
and is given by

K
S(x) = 3 poE[(0ix) (T)"] + 2Tyen. (14)
k=1

The (m, m')-th entry of ®, is

(") = 2pRe{E, |(nUnx)! (5(x)) ™ (am U |},

15)
where U,,, 2 9U,, /00,,,. The key observation is that in contrast
to the target-only sensing scenario, the BFIM entries are no
longer simple functions of the transmit covariance matrix
R. The BCRLB in fact depends explicitly on the sequence
of precoders {x, }_; rather than their second-order sample
covariance. Therefore, unlike the target-only case where a
time-invariant transmit covariance is sufficient, the precoder
design in the presence of interfering scatterers must be over
the sequence of {x, }_, explicitly.

IV. PRECODING FOR MIMO SENSING WITH SCATTERERS

We now propose a design methodology for the precoding
sequence {x,}N_; for MIMO sensing with scatterers. Toward
this end, we formulate the BCRLB optimization problem for
multiple-target angle estimation in this section. Algorithm for
solving the problem is presented in the next section.

The first step is to derive the BCRLB for the target angles
6. The BCRLB for estimating 6 is given by the trace of the
top-left principal block of the inverse of full BFIM. Using
Schur complement, the BCRLB for estimating @ is given by

BCRLB (§) = Tr{((@o +®,)
(6
- (Cot C) (Aot A9 (€t G )

A key observation allows the above expression to be simplified.
Under the assumption that «,,’s are independent and follow
CN (0,62, C, is zero due to the expectation over cv. Similarly,
the off-diagonal entries of ®, are also zero. Then, the BCRLB
of estimating 6 can be simplified as

BCRLB () = Tr {(<I>o + <I>p)*1}‘ (17

Since both ®, and ®, are diagonal matrices, the BCRLB for
estimating each single target azimuth angle 6,,, can now be
expressed as

"™ 4 ™™ m(x)

For the multiple-target azimuth angle estimation problem,
we need to decide the relative importance for estimating the
different angles. A formulation that ensures fairness is to
minimize the maximum BCRLB among all the target angles.
Then, the problem of designing precoders to optimize the
worst-case BCRLB across all angles can be formulated as

BCRLB (6,,) (18)

(P1):  max min v, (x) (19a)
subject to |z,| =1, n=1,2,...,NprN. (19b)

which is a max-min fractional programming problem with extra
constant-modulus constraints.

Before solving problem (P1), one issue that needs to be
tackled is that the variable x is inside the expectations in (14)
and (15). These expectations are over the priors of the target and
scatterer parameters, which can be explicitly computed using
their second-moment matrices. This allows x to be extracted.

The steps below are similar to those in [11, Theorem 1].
Specifically, define

U,, £ E,,, {vec (Um) vec! (Um)} ) (20)

M t M
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and let its rank be T,,. Let wm and ugﬁ be the i-th eigenvalue
and the corresponding eigenvector of U,,. Then, ®™™ can

be rewritten as
Tm .
e T o
B = 2pe2 S wli (Uﬁjx) (B(x) ™" (UL:}X), 21)
i=1

where, with a slight abuse of notation, Ul represents the matrix
reshaped from um, ie., UL’%} S Vecfl(um)_

Similarly, to rewrite the covariance matrix 3(x), we define

Y. 2E,, [vec (Tk) vec! (‘I‘k)},
and let its rank be Rj. Let m[ " and U%_] be the ¢-th eigenvalue
and the corresponding eigenvector of Y';. Then, 3(x) can be
rewritten as

ii o2 il (r“ )(T[i]x)TJrsQI (23)
L L kM k NRrN>

where Tg] = vec’l(v%]). In this way, the precoding sequence
design problem (P1) now only involves deterministic quantities.

(22)

V. ALGORITHM FOR OPTIMIZING THE PRECODERS

To tackle the max-min fractional programming problem (P1)
in an efficient manner, we employ a linear transform technique,
which can transform a ratio function over a constant-modulus
variable into a linear function, to handle the multiple objectives.
This technique was originally proposed in our prior work [11] to
maximize a fractional objective for reconfigurable intelligent
surface (RIS)-assisted ISAC systems and was extended into the
max-min-ratio case for RIS-assisted wireless communication
systems in [12]. In this paper, we adopt it to solve (P1).

A. Constant-Modulus Linear Transform

To state the linear transform technique, we begin by defining
the following general form of the fractional function:

f(x) £ (Ax)' (D(x) ™"

where the variable x is an N-dimensional complex vector with
each entry being constant-modulus; the denominator matrix
D(x) is M-dimensional and is defined as

x) £ (Brx) (Brx)' + C.
k

(Ax), (24)

(25)

The matrix C is positive definite, and py is positive for all k.
The linear transform for f(x) is stated in the following lemma.

Lemma 1 ([11, Lemma 2]): A lower bound for the fractional
function f(x) is

f(x) > f(x,2,A) =2 Re{xTu(z, A} +c(z,N),  (26)

for all A € CM, and x,z € SV, where S £ {z € C||z| = 1}.
The linear coefficient of x in (26) is given by

u(z,\) = (I -M)z+ AT, 27)

where the matrix M is given by
t
M= (BA) (BIA)
k

the parameter ¢ is the trace of M, and ¢(z, \) is given by

(28)

c(z,\) = z'Mz — 26N — ATCA. (29)
The equality in (26) is achieved at
z" = x, and A* = (D(x)) "' Ax. (30)

Lemma 1 directly provides an equivalent reformulation of a
max-min-ratio problem in the following corollary.

Corollary I1: The max-min fractional program with constant-
modulus constraints,

max n}riLn Em [ (X) (31a)
subject to |x,| =1, Vn, (31b)
where &, > 0, Vm, is equivalent to
xrrzla;\x H,l%n Em (X, 2, Arn) (32a)
subject to |z, = |zn| =1, Vn. (32b)

B. Solving Problem (P1)

By applying Corollary 1, problem (P1) can be equivalently
transformed into the following problem:

(P2): max min 7,(x,2,A,,) (33a)
subject to |z,| = |2zn| =1, Vn. (33b)

The new transformed objective function ¥,,(x,z, A,,) is

,-_Ym(x’ z7 A‘77l) = 4p§3", Re{XTum(z7 A"’ﬂ)}
+ 2062 cn(2z, M) + @ém’m), (34)

-, AlTm11 the linear coefficient of x

MM) z+ (ULQ)T ALQ) ,

where A,,, refers to [)\[1]
in (34) is given by

o

‘ (35)
the matrix MLZ] is given by
K Ry N
M =303 po Kr]((,\m) Tw) ((,\g;]) Tg])
k=1r=1
(36)

the parameter 6%1 denotes the trace of the positive semi-definite
matrix Mm, and ¢,,(z, A,,) is given by

iwm ( Mg
(37)

We now solve problem (P2) in an iterative manner. When x
is fixed, the optimal z* and (AL)* are given by

= (2(x)) " Ulix.

—20fneN ).

z" = x, and (Al))* (38)



When z and )\m are fixed, the optimal x* is given by [12]

M
x*(v*) =exp| jarg| 7(v*) £ Z vE A (2, A) | ],
m=1

(39)
provided that [7(v*)], # 0, Vn. Here, v* denotes the optimal
solution of the following convex problem:

M
(P3): - minimize > A (X (), 2,A),  (40)

m=1
where AM—1 denotes the standard simplex in R . Empirically,
for the scenario considered in this paper, where the dimension
of x is much greater than the number of targets, the condition
[7(v*)], # 0, Vn, is almost always satisfied.

VI. NUMERICAL RESULTS

In this section, we present simulation results. The simulation
environment is set as follows.

o The normalized transmit power ps2, /e? is set as —10 dB.
The normalized interference power po?/e? is set as 20 dB.

o The numbers of the transmit and receive antennas are set as
Nr = 8 and N = 4, respectively. The spacing between two
adjacent antennas is set as half a wavelength.

« Sensing takes place over N = 10 symbol periods.

We use beam patterns to illustrate the solutions. The transmit
beam pattern of the precoder for the n-th period is defined as

Sa(6) £ [h1(0) x|, Vn e [1,N]. 1)

Note that the transmit beam pattern alone does not explicitly
show the system’s capability of suppressing the interference.
To verify whether a sequence of precoders can generate nulls
aligned with the directions of interfering scatterers, we define
the overall beam pattern for the entire system as

Q(9) = |f! Iy © H(9)) x|,

where f is the LMMSE combiners.

We present the transmit and overall beam patterns in Fig. 2. In
this figure, two targets are uniformly distributed over [30°, 70°]
and [90°, 130°], respectively, while two interfering scatterers are
uniformly distributed over [140°, 180°]. The first row shows the
beam patterns of the proposed solution of optimizing N = 10
precoders. The resulting transmit beams exhibit a sweep-like
pattern, which, under the limited degrees of freedom of analog
precoding, not only enables effective coverage of the region
of interest but also facilitates the formation of nulls to better
mitigate interference, as shown in the overall beam pattern.
The second row shows the beam patterns of strategy of fixed
transmit sample covariance R, i.e., designing a single-symbol
precoder to be used across all N = 10 symbol periods. The
resulting beam pattern achieves limited interference suppression
because of its static precoding structure. Moreover, compared
with the proposed precoding sequence design, it suffers from
insufficient coverage of the entire target region. The last row
shows the beam patterns of a target-only strategy, i.e., designing

(42)
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Fig. 2. Transmit beam patterns and overall beam patterns of different precoding
strategies. Top: Proposed precoding sequence design; Middle: Fixed transmit
sample covariance; Bottom: Target-only without accounting for scatterers.

TABLE I
BAYESIAN CRAMER-RAO LOWER BOUND (BCRLB) [deg?] OF DIFFERENT
PRECODING SEQUENCE DESIGN STRATEGIES.

Number of Symbols Proposed Fixed Covariance Target-Only
N=1 1.4283 1.4283 3.3915
N=4 0.3671 0.4185 0.7171
N =10 0.1488 0.1761 0.3259

N = 10 precoders by only focusing on the target regions while
neglecting the interfering scatterers. In this strategy, despite
optimizing a sequence of precoders, all precoders result in
identical beam patterns. Moreover, the resulting solution has
no nulls for interference. The results in Table I further validate
the superior performance of the proposed precoding solution.

VII. CONCLUSION

This paper proposes a methodology for designing a sequence
of analog precoders for multi-target MIMO sensing in the
presence of interfering scatterers. The BCRLB optimization
problem is formulated as a max-min fractional program with
constant-modulus constraints and can be efficiently solved
by using a linear transform technique. This paper reveals
that, in the presence of interfering scatterers, effective MIMO
sensing requires designing the entire precoding sequence across
multiple symbol periods, as the sensing performance depends
on the entire precoding sequence, rather than a fixed transmit
sample covariance, to cover the target directions and to suppress
the signal-dependent interference from the scatterers.
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