ISIT 2002, Lausanne, Switzerland, June 30 – July 5, 2002

Sum Capacity of a Gaussian Vector Broadcast Channel

Wei Yu and John M. Cioffi Electrical Engineering Department, Stanford University 350 Serra Mall, Room 365, Stanford, CA 94305, U.S.A.

e-mails: {weiyu, cioffi}@dsl.stanford.edu

Abstract — The sum capacity of a non-degraded Gaussian broadcast channel with multiple antennas at the transmitter and receivers is characterized under a certain condition. The sum capacity is achieved using a precoding technique for channels with transmitter side information. The optimal precoder has the structure of a decision-feedback equalizer.

I. Introduction Consider a discrete-time K-user broadcast channel:

y_i = Hix + ni, i = 1, · · · K, (1)

where x and yi’s are vector signals, Hi’s are matrix channels, and ni’s are Gaussian vector noises. Independent information is to be sent to each user. This paper aims to characterize the sum capacity of this non-degraded broadcast channel.

The Gaussian vector broadcast channel is related to the following channel with transmitter side information: y = x+s+n, where n is the Gaussian noise, and s is the Gaussian interference which is known to the transmitter but not known to the receiver. In a surprising result, Costa [1] showed that the capacity of this channel is the same as if s does not exist. Thus, interference known at the transmitter can be effectively “pre-subtracted”. This result, when generalized to vector channels [2], gives the following precoding strategy for the broadcast channel. Set x = x1 + · · · + xK . Let x1 transmit to y1 regarding x2 · · · xK as noise. Let x2 transmit to y2 regarding x3 · · · xK as noise, but regarding x1 as known interference which can be pre-subtracted. Likewise, x3 may transmit to y3 while having x1 and x2 pre-subtracted, etc.

This precoding technique generalizes Caire and Shamai’s work [3] on the sum capacity of two-user two-antenna broadcast channels. This paper shows that precoding achieves the sum capacity of a broadcast channel with an arbitrary number of users and an arbitrary number of antennas under a certain condition.

II. Sum Capacity The sum capacity of a broadcast channel is clearly bounded by the capacity of the channel where receivers cooperate: maxS_x I(X; Y1, · · · , YK ), where Sx denotes the transmit covariance matrix. Further, as observed in [4], the broadcast channel capacity does not depend on the correlation among ni. So, Csum ≤ minS_n maxS_x I(X; Y1, · · · , YK ), where Sn is the covariance matrix of the noise vector n^T = [n^T_1 · · · n^T_K ], and the minimization is over all possible noise correlations.

This outer bound turns out to be tight. To show this, fix Sx, and find the Sn that minimizes^1_2 log |HSxH^T + Sn|/|Sn|, over all possible noise correlations. (H^T = [H^T_1 , · · · H^T_K ].) The mutual information is convex in Sn. The Karush-Kuhn-Tucker (KKT) condition for the minimization problem has a diagonal form, if the minimizing Sn is non-singular:

S^{−1}_n − (HSxH^T + Sn)^{−1} = diag{Ψ1, · · · , ΨK }. (2)

Next, assume the worst-case noise correlation, and design an optimal decision-feedback receiver [6] for the vector channel as if y1, · · · yK cooperate. The decision-feedback receiver consists of a feedforward matrix and a feedback matrix. Interestingly, when the noise covariance has the worst-case correlation, it is possible to find an appropriate linear pre-processing matrix for xi’s so that the feedforward matrix becomes diagonal. This is a consequence of the diagonalization condition (2), and it implies that only individual processing of yi is required at the feedforward stage. Further, the decision-feedback operation, which successively subtracts interference at the receiver, can be implemented at the transmitter using interference pre-subtraction. Thus, with the worst-case noise correlation, an optimal precoder can be designed so that it requires no cooperation whatsoever among y1, · · · yK , and achieves the same sum rate as a decision-feedback receiver. Since the decision-feedback receiver achieves I(X; Y1, · · · , YK ), this implies that minS_n I(X; Y1, · · · , YK ) is achievable for the broadcast channel. Further, one may maximize over all Sx, so Csum ≥ maxS_x minS_n I(X; Y1, · · · , YK ).

I(X; Y1, · · · , YK ) is concave in Sx, and convex in Sn. The constraints are convex. So, minimax equals maxmin [5], and the converse equals the achievability. In fact, the broadcast channel sum capacity can be interpreted as the Nash equilibrium of a game, where a signal player chooses a transmit covariance matrix to maximize the mutual information, and “nature” chooses a noise correlation to minimize the mutual information. When receivers do not cooperate, “nature” conspires to give effectively a worst possible noise.

Theorem 1 The sum capacity of a Gaussian vector broadcast channel is a saddle-point of^1_2 log |HSxH^T + Sn|/|Sn|, if Sn at the saddle-point is non-singular. The saddle-point is computed with the following constraints: trace(Sx) ≤ P and the ith block diagonal entry of Sn is equal to the covariance matrix of ni.

References

[1] M. Costa, “Writing on dirty paper,” IEEE Trans. Inform. Theory, vol. 29, no. 3, pp. 439–411, May 1983.

[2] W. Yu, A. Sutivong, D. Julian, T. Cover and M. Chiang, “Writing on colored paper”, in ISIT, June 2001.

[3] G. Caire and S. Shamai, “On the achievable throughput of a multi-antenna Gaussian broadcast channel,” submitted to IEEE Trans. Inform. Theory, July 2001.

[4] H. Sato, “An outer bound on the capacity region of broadcast channels,” IEEE Trans. Inform. Theory, May 1987.

[5] S. N. Diggavi, T. Cover, “The worst additive noise under a covariance constraint,” IEEE Trans. Inform. Theory, vol. 47, no. 7, pp. 3072–3081, Nov. 2001.

[6] J. M. Cioffi and G. D. Forney, ”Generalized decision-feedback equalization for packet transmission with ISI and Gaussian noise”, in Communications, Computation, Control and Signal Processing: a tribute to Thomas Kailath, Kluwer Academic Publishers, 1997.