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4.13 

Recall that the Fourier transform ( )ωX  of a signal ( )nx  is given by: 

 

( ) ( )[ ] ( ) ( )njxpenxnxFX
n

ωω −⋅== �
∞

−∞=

 

 

Therefore from example 4.4.2, the Fourier transform of the signal ( )
�
�
� ≤≤−

=
otherwise

MnM
nx

0

1
  is 

( ) ( )�
=

⋅+=
M

n

nX
1

cos21 ωω . 

 

The Fourier transform of the signal ( )
�
�
� ≤≤

=
otherwise

Mn
nx

0

01
1   is given by: 

( ) ( )[ ] ( ) ( ) ( ) ( )[ ]���
==

∞

−∞=

−=−=−⋅==
M

n

n
M

nn

jnjxpenjxpenxnxFX
00

111 exp ωωωω  

 

( ) ( )( )
( )ω
ω

ω
j

Mj
Xei

−−

+−−
=

exp1

1exp1
.,. 1  

 

 

 

The Fourier transform of the signal ( )
�
�
� −≤≤−

=
otherwise

nM
nx

0

11
2   is given by: 

( ) ( )[ ] ( ) ( ) ( ) ( )[ ] ( )[ ]����
=

−

−=

−

−=

∞

−∞=

=−=−=−⋅==
M

n

n

Mn

n

Mnn

jjnjxpenjxpenxnxFX
1

11

222 expexp ωωωωω  

 

( ) ( )
( )

( )ω
ω

ω
ω j

j

Mj
Xei exp

exp1

exp1
.,. 2 ⋅

−

−
=  

 

Adding the two Fourier transforms ( )ω1X  and ( )ω2X  we get: 

 

( ) ( ) ( ) ( )( )[ ] ( )[ ] ( ) ( )( )[ ] ( )[ ]
( )[ ] ( )[ ]ωω

ωωωωω
ωωω

jj

jMjjjMj
XXX

exp1exp1

exp11expexpexp11exp1
21 −⋅−−

−−+−+−⋅+−−
=+=

 
( ) ( )[ ] ( )( ) ( )( )[ ]

( ) ( )[ ]ωω
ωωωω

jj

MjMjMjMj

−+−

+−++−−+
=

expexp2

1exp1expexpexp
 

 
( ) ( )( )

( )ω
ωω

cos22

1cos2cos2

⋅−

+⋅−⋅
=

MM
 

 



 

Or equivalently: 

 

( )
�
�

�
�
	




��
�

�
��
	



⋅�
�

�
�
	



+

=

2
sin

2

1
sin

ω

ω

ω

M

X  

 

 

 

 

4.16 

The signal that we have to consider is ( )nua
n  with  Fourier transform 

( )
1,

exp1

1
<

−⋅−
a

ja ω
. 

 

The differentiation in frequency theorem states that if ( ) ( )ωXnx
F

↔ , then ( ) ( )
ω
ω

d

dX
jnxn

F

↔⋅ . 

We want to prove that 
( )

( )
( )

( )( )l

F
n

ja
nua

ln

ln

ω−⋅−
↔

−

−+

exp1

1

!1!

!1
 

 

Let’s process by induction by first proving that the property is true for l=1: 

 

( )
( )

( ) ( )
( )( )ωja

nua
n

n
nua

ln

ln F
n

l

n

−⋅−
↔=

−

−+

=
exp1

1

!

!

!1!

!1

0

 

  

 

Then suppose that the following property holds: 

( ) ( )
( )

( )
( )( )

( )ω
ω

kk

F
n

k X
ja

nua
kn

kn
nx =

−⋅−
↔

−

−+
=

exp1

1

!1!

!1
 

 

And finally, let’s compute ( )nxk 1+ : 

 

( ) ( )( )
( )( )

( ) ( ) ( ) ( ) ( ) ( )nx
k

n
nxnx

k

kn
nua

kn

kn
nua

kn

kn
nx kkk

nn

k +=
+

=
+

=
−+

−++
=+

!!

!

!11!

!11
1  

 

This result and the differentiation in frequency theorem lead us to the following: 

 



( ) ( ) ( ) ( )
( )( )

( )
( )( )

( )( ) ( )
( )( )

( )( )
( )ω

ω

ω

ωω

ω

ω

ωω

ω
ω

11

1

1

exp1

1

exp1

expexp1

exp1

exp

exp1

11

++

+

+

=
−⋅−

=

−⋅−

−⋅+−⋅−
=

−⋅−

−⋅
+

−⋅−
=�

�

�
�
	



⋅+↔+

kk

k

kk

k

k

F

kk

X
ja

ja

jaja

ja

ja

jad

dX
j

k
Xnx

k

n
nx

 

 

The property was proven to be true for l=1 then was supposed true for l=k and was proven to be true 

for l=k+1, we can then infer that it is true for all l. 

 

( )
( )

( )
( )( )l

F
n

ja
nua

ln

ln

ω−⋅−
↔

−

−+

exp1

1

!1!

!1
 

 

 

 

 

4.17 

Recall the Fourier transform, ( )ωX , of a signal ( )nx  is given by ( ) ( )[ ] ( ) ( )njxpenxnxFX
n

ωω −⋅== �
∞

−∞=

 

 

(a) The signal to consider is ( )nx * . 

( )[ ] ( ) ( ) ( ) ( )( ) ( )ωωω −=�
�

�
�
	



−−⋅=−⋅= ��

∞

−∞=

∞

−∞=

**expexp** XnjnxnjnxnxF
nn

  

 

( ) ( )ω−↔� ** Xnx
F

 

 

 

 

(b) The signal to consider is ( )nx −* . 

( )[ ] ( ) ( ) ( ) ( )( )

( ) ( )( )( )

( ) ( ) ( )ωω

ω

ωω

**'exp'

)'(*'exp'

*expexp**

'

'

Xnjnx

nnwithnjnx

njnxnjnxnxF

n

n

nn

=�
�

�
�
	



−⋅=

−=�
�

�
�
	



−−−⋅=

�
�

�
�
	



−−⋅−=−⋅−=−

�

�

��

∞

−∞=

∞

−∞=

∞

−∞=

∞

−∞=

 

 

( ) ( )ω** Xnx
F

↔−�  

 

 

 



 

(c) The signal to consider is ( ) ( ) ( )1−−= nxnxny . 

( )[ ] ( ) ( ) ( ) ( )[ ] ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( )

( ) ( ) ( )
( ) ( )( ) ( )ωωω

ωωω

ωω

ωω

ωω

YjX

jXX

njnxnjnx

njnxnjnx

njnxnxnjnynyF

nn

nn

nn

=−−⋅=

−⋅−=

+−⋅−−⋅=

−⋅−−−⋅=

−⋅−−=−⋅=

��

��

��

∞

−∞=

∞

−∞=

∞

−∞=

∞

−∞=

∞

−∞=

∞

−∞=

exp1

exp

1expexp

exp1exp

exp1exp

 

 

( ) ( ) ( )( )ωωω jXY −−⋅=� exp1  

 

 

 

(d) We have ( ) ( )�
−∞=

=
n

k

kxny  and therefore ( ) ( ) ( )1−−= nynynx  which means that from (c)  

( )[ ] ( ) ( ) ( )( )ωωω jYXnxF −−⋅== exp1   or equivalently: 

 

( )[ ] ( ) ( )
( )ω
ω

ω
j

X
YnyF

−−
==

exp1
 . 

 

 

 

 

(e) The signal to consider is ( ) ( )nxny 2= . 

( )[ ] ( ) ( ) ( )[ ] ( )

( )

( )

�
�

�
�
	



=

��
�

�
��
	



�
�

�
�
	



−⋅=

=��
�

�
��
	



�
�

�
�
	



−⋅=

−⋅=−⋅=

�

�

��

∞

−∞=

∞

−∞=

∞

−∞=

∞

−∞=

2

'
2

exp'

2'
2

'
exp'

exp2exp

'

'

ω

ω

ω

ωω

X

njnx

nnwith
n

jnx

njnxnjnynyF

n

n

nn

 

( ) �
�

�
�
	



=�

2

ω
ω XY  

 

 

 



 

 

(f) The signal to consider is ( ) �
�

�
�
	



=

2

n
xny . 

( )[ ] ( ) ( ) ( )

( ) ( )( )

( ) ( )( )

( )ω

ω

ω

ωω

2

'2exp'

2
''2exp'

exp
2

exp

'

'

,

X

njnx

n
nwithnjnx

nj
n

xnjnynyF

n

n

evennnn

=

−⋅=

=−⋅=

−⋅�


�
�
�

�
�
�

�
�
	



=−⋅=

�

�

��

∞

−∞=

∞

−∞=

∞

−∞=

∞

−∞=

 

( ) ( )ωω 2XY =�  

 

 

 

4.18 

 

(a)  The signal to consider is ( ) { }1,1,1,1,11
↑

=nx . 

( ) ( )[ ] ( ) ( )

( )

( ) ( ) ( ) ( )
( ) ( )[ ] ( ) ( )[ ]

( ) ( )ωω

ωωωω

ωωωω

ω

ωω

2cos2cos21

2exp2expexpexp1

2expexp1exp2exp

2

2

111

⋅+⋅+=

−++−++=

−+−+++=

−=

−⋅==

�

�

−=

∞

−∞=

jjjj

jjjj

njxpe

njxpenxnxFX

n

n

 

 

 

 ( ) ( ) ( )ωωω 2cos2cos211 ⋅+⋅+=� X   

 



-2pi -3pi/2 -pi -pi/2 0 pi/2 pi 3pi/2 2pi
-2

-1

0

1

2

3

4

5

ω

X
1
( ω

)

 
 

 

 

(b)  The signal to consider is ( ) { }1,0,1,0,1,0,1,0,12
↑

=nx . 

( ) ( )[ ] ( ) ( )

( ) ( )

( ) ( ) ( ) ( )
( ) ( )[ ] ( ) ( )[ ]

( ) ( )ωω

ωωωω

ωωωω

ω

ωω

4cos22cos21

4exp4exp2exp2exp1

4exp2exp12exp4exp

4

4

2

222

⋅+⋅+=

−++−++=

−+−+++=

−⋅=

−⋅==

�

�

−=

∞

−∞=

jjjj

jjjj

njxpenx

njxpenxnxFX

n

n

 

 

( ) ( ) ( )ωωω 4cos22cos212 ⋅+⋅+=� X  

 

-2pi -3pi/2 -pi -pi/2 0 pi/2 pi 3pi/2 2pi
-2

-1

0

1

2

3

4

5

ω

X
2
( ω

)

 
 

 



(c) The signal to consider is ( ) { }1,0,0,1,0,0,1,0,0,1,0,0,13
↑

=nx . 

( ) ( )[ ] ( ) ( )

( ) ( )

( ) ( ) ( ) ( )
( ) ( )[ ] ( ) ( )[ ]

( ) ( )ωω

ωωωω

ωωωω

ω

ωω

6cos23cos21

6exp6exp3exp3exp1

6exp3exp13exp6exp

6

6

3

333

⋅+⋅+=

−++−++=

−+−+++=

−⋅=

−⋅==

�

�

−=

∞

−∞=

jjjj

jjjj

njxpenx

njxpenxnxFX

n

n

 

 

( ) ( ) ( )ωωω 6cos23cos213 ⋅+⋅+=� X  

 

-2pi -3pi/2 -pi -pi/2 0 pi/2 pi 3pi/2 2pi
-2

-1

0

1

2

3

4

5

ω

X
3
( ω

)

 
 

 

 

(d) 

From the results obtained in (a), (b) and (c), it becomes obvious that ( )ω1X , ( )ω2X  and ( )ω3X  are 

related by the following equalities: 

 ( ) ( )ωω 212 XX =   and  ( ) ( )ωω 313 XX =   

 

 

 

 

(e) Suppose ( )
��

�
�

�
Ζ∈�

�

�
�
	



=

otherwise

k

n
if

k

n
x

nxk

0

  , then we can write: 

 



( )[ ] ( ) ( ) ( )

( ) ( )( )

( ) ( )( )

( )kX

nkjnx

knnwithknjnx

nj
k

n
xnjnxnxF

n

n

k

n
n

n

kk

ω

ω

ω

ωω

=

−⋅=

=−⋅=

−⋅�


�
�
�

�
�
�

�
�
	



=−⋅=

�

�

��

∞

−∞=

∞

−∞=

∞

Ζ∈−∞=

∞

−∞=

'

'

,

'exp'

''exp'

expexp

 

( ) ( )kXX k ωω =�  

 

 

 

 

 

 

 

4.23 

 

UPDATE: So this is my take (to take with some precaution maybe) on the question asked during the 

“review” session, hopefully it makes sense and helps understand the problem a little bit better. 

 

From the hint at the end of the problem, let’s write ( ) ( ) ( )nsnxny 11 =  with 

( ) { },....1,0,1,0,1,0,1,0,1...,1 =ns  which is equivalent to: 

 

( ) ( ) ( )��
∞

−∞=

∞

−∞=

−=−=
mm

S mnmTnns 21 δδ   ( ST  corresponds to the interval between two impulses i.e., in 

that case 2=ST ) 

 

Taking the Fourier transform we get ( ) ( ) ( )ωωω 11 SXY ∗=  where ( ) ( )�
∞

−∞=

⋅−=
m

S

S

m
T

S ωωδ
π

ω
2

1  with 

S

S
T

π
ω

2
=  therefore ( )ω1Y  is a repetition of the signal ( )ωX  with period π  which means that 

( ) ( )ωω XY ≠1 .  

Graphically it may be easier to understand so here it is: 

 



����

�����

�����

�	
�� 	
��

 	
 �	
�	
��	


 	
 �	
�	
��	


 
 

 

 

(a) We have ( )
( )

�
�
�

=
otherwise

evennifnx
ny

0
1   which we can rewrite considering (b) and (c) as: 

 

( )
��

�
�

�
�
�

�
�
	



=

otherwise

evennif
n

y
ny

0
2

2
1  

Therefore the resulting Fourier transform becomes: 



 

( ) ( )ωω 221 YY =  

 

-pi/2 -3pi/8 -pi/4 -pi/8 0 pi/8 pi/4 3pi/8 pi/2
0

0.5

1

1.5

ω

Y
1
( ω

)=
X

( ω
)

 
 

 

(b) From problem 4.17 (e) we know that ( ) �
�

�
�
	



=

2
2

ω
ω XY .  

 

-pi/2 -3pi/8 -pi/4 -pi/8 0 pi/8 pi/4 3pi/8 pi/2
0

0.5

1

1.5

ω

Y
2
( ω

)=
( ω

/2
)

 
 

 

(c) From problem 4.17 (f) we know that  ( ) ( )ωω 23 XY =  . 

 



-pi/2 -3pi/8 -pi/4 -pi/8 0 pi/8 pi/4 3pi/8 pi/2
0

0.5

1

1.5

ω

Y
3
( ω

)=
X

(2
ω

)

 
 



5.4 

 

(f) The Fourier transform of the signal ( ) ( ) ( )[ ]2
2

1
−−⋅= nxnxny  is 

( ) ( ) ( ) ( )[ ] ( ) ( )( )[ ]ωωωωωω jXjXXY 2exp1
2

1
2exp

2

1
−−⋅⋅=−⋅−⋅=  and the corresponding filter is 

( ) ( )
( )

( )( ) ( ) ( ) ( ) ( ) ��
�

�
��
	



�
�

�
�
	



−−⋅=

−−
⋅−⋅=−−⋅==

2
expsin

2

expexp
exp2exp1

2

1 π
ωω

ωω
ωω

ω
ω

ω j
j

jj
jjj

X

Y
H  

 

Therefore    ( ) ( )ωω sin=H  and ( ) �
�

�
�
	



−−=

2

π
ωωθ  
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-2pi -3pi/2 -pi -pi/2 0 pi/2 pi 3pi/2 2pi
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1

1.5

2

ω

θ(
ω

)

 
 

 

 



(l) The Fourier transform of the signal ( ) ( )4−= nxny  is ( ) ( ) ( )ωωω XjY ⋅−= 4exp  and the 

corresponding filter is ( ) ( )
( )

( )ω
ω
ω

ω 4exp j
X

Y
H −==  

 

Therefore     ( ) 1=ωH   and ( ) ωωθ 4−=  
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-2pi -3pi/2 -pi -pi/2 0 pi/2 pi 3pi/2 2pi
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ω
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ω
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5.11 

The Fourier transform of the signal ( ) ( ) ( )Mnxnxny −+=  is ( ) ( ) ( ) ( )ωωωω XjMXY ⋅−+= exp  and 

the corresponding filter is 

( ) ( )
( )

( )

�
�

�
�
	



⋅⋅�

�

�
�
	



−=

�


�
�
�

�
�
�

�
�
	



−+�

�

�
�
	



⋅�
�

�
�
	



−=−+==

ωω

ωωωω
ω
ω

ω

2
cos2

2
exp

2
exp

2
exp

2
expexp1

MM
j

M
j

M
j

M
jjM

X

Y
H

 

 

Therefore    ( ) �
�

�
�
	



⋅= ωω

2
cos2

M
H   and ( ) ωωθ

2

M
−=  

 

Because ( )ωH  is function of a cosine, it equals 0 when ( )
2

12
2

π
ω += k

M
 with Ζ∈k  or  

     
( )

M

k π
ω

12 +
=   with Ζ∈k . 

 

 

 

 

5.65 

(a)  We are given the signal ( ) ( ) ( )695.0 −−= nxnxny  that has the Z-transform: 

 

( )[ ] ( ) ( ) ( )695.01 −−⋅== zZXzYnyZ . 

 

Therefore the corresponding filter becomes ( ) ( )
( )

695.01 −−== z
zX

zY
zH  that is equivalent to: 

 ( )
6

6 95.0

z

z
zH

−
=   

 

There exists a zero for this filter for 95.06 =z  or ( ) �
�

�
�
	



⋅=

6

2
exp95.0 6

1 k
jz

π
, Ζ∈k  

There also exists a pole for 06 =z  i.e. 0=z  is a 6
th

 order pole for this filter. 

 



 

( )6

1

95.0=r  

 

 

(c) The inverse system corresponds to: 

 ( )
95.06

6

−
=

z

z
zH inv   

 

This time, there exists a pole for this filter for 95.06 =z  or ( ) �
�

�
�
	



⋅=

6

2
exp95.0 6

1 k
jz

π
, Ζ∈k  

There also exists a zero for 06 =z  i.e. 0=z  is a 6
th

 order zero for this filter. 

 

 

 

( )6

1

95.0=r  

 r 

 r 

 r 




