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Effects of Amplitude Quantization Uniform Quantization

Quantization

I A digital signal has signal samples represented via finite precision.

I Quantization: process of converting a continuous-amplitude
signal to a discrete-amplitude signal

I used to convert a discrete-time continuous-amplitude signal to a
digital signal
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Effects of Amplitude Quantization Uniform Quantization

Quantization

Let:

I x(n) = original discrete-time signal

I xq(n) = quantized digital signal

I Q[·] = quantization operator

xq(n) = Q[x(n)]

eq(n) = xq(n)− x(n)
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Effects of Amplitude Quantization Uniform Quantization

Uniform Quantization Example

x[n]

n
-1 10-2-3 2 3

1
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Uniform Quantization Example

-1 10-2-3 2 3
n

1

x [n]q x[n]

. . . result of rounding to the nearest quantization level.
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Uniform Quantization
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e q rounding error is
uniformly distributed
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Effects of Amplitude Quantization Uniform Quantization

Quantization Error Statistics: Mean

Probability density function of eq:

p(e) =

{
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∆
|e| ≤ ∆

2

0 otherwise

Mean of eq:
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Quantization Error Statistics: Variance

Variance of eq:

E{(e − E{eq})2} ≡
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b-Bit Representation
I Assume the following normalization: 0 ≤ x [n] < 1.
I b-bit unsigned fixed point fractional representation:

. x x x x x x x x x . . . x︸ ︷︷ ︸
b−bits after the binary point

1

0

x [n]q

. 1 1 1 1 1 ... 1 1

. 0 0 0 0 0 ... 0 0

. 0 0 0 0 0 ... 0 1

. 0 0 0 0 0 ... 1 0

In general: 
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b-Bit Representation
I Assume the following normalization: 0 ≤ x [n] < 1.
I b-bit unsigned fixed point fractional representation:

. x x x x x x x x x . . . x︸ ︷︷ ︸
b−bits after the binary point

1

0

x [n]q

. 1 1 1 1 1 ... 1 1

. 0 0 0 0 0 ... 0 0

. 0 0 0 0 0 ... 0 1

. 0 0 0 0 0 ... 1 0

In general: For b = 3 

. 0 0 0

. 0 0 1

. 0 1 0

. 0 1 1

. 1 0 0

. 1 0 1

. 1 1 0

. 1 1 1

Note:
The range from 0 to 1
is divided into 8 equally-
sized intervals

LSB corresponds
to 1/8
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Effects of Amplitude Quantization Uniform Quantization

b-Bit Representation
I Assume the following normalization: 0 ≤ x [n] < 1.
I b-bit unsigned fixed point fractional representation:

. x x x x x x x x x . . . x︸ ︷︷ ︸
b−bits after the binary point

1

0

x [n]q

. 1 1 1 1 1 ... 1 1

. 0 0 0 0 0 ... 0 0

. 0 0 0 0 0 ... 0 1

. 0 0 0 0 0 ... 1 0

In general: For general b 

LSB corresponds
to 2-b
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Effects of Amplitude Quantization Uniform Quantization

Error Statistics for b-Bit Representation

Mean: For all sample time instants n:

E{eq} = 0

Variance: For all sample time instants n:

E{(e − E{eq})2} =
∆2

12
=

(2−b)2

12
=

2−2b

12
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Error Statistics for b-Bit Representation
Autocorrelation:
For m 6= 0

Req (m) = E


eq(n)− E{eq(n)}︸ ︷︷ ︸

=0

eq(n + m)− E{eq(n + m)}︸ ︷︷ ︸
=0


= E {eq(n)eq(n + m)} = E {eq(n)}E {eq(n + m)} = 0 · 0 = 0

For m = 0

Req (0) = variance = E {eq(n)eq(n + 0)} = E
{
e2
q(n)

}
=

∆2

2
=

2−2b

12

Therefore,

Req (m) =

{
∆2

2 = 2−2b

12 m = 0
0 m 6= 0

=
∆2

2
δ(m) =

2−2b

12
δ(m)
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Effects of Amplitude Quantization Output Quantization

Output Quantization

Q: How does an LTI filter affect uniform quantization noise of the
input signal?

A: Need to investigate the associated output quantization noise
statistics (mean, variance).
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Effects of Amplitude Quantization Output Quantization

Output Quantization

h(n)x(n) y(n)

LTI

h(n)

LTI

h(n)

LTI

x  (n)q

x  (n) 
= x(n) + e  (n)

q

q

qy  (n) 
= y(n) + f  (n)q

y  (n)q

From linearity property

Desired 
input-output

Quantized 
input-output

Noisy 
input-output
interpretation
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Output Quantization
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Output Quantization

h(n)x(n) y(n)
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Effects of Amplitude Quantization Output Quantization

Output Quantization Noise Statistics

f  (n)h(n)

LTI

e  (n)q q

where fq(n) = eq(n) ∗ h(n).

Mean of fq(n):

E{fq(n)} = E{eq(n) ∗ h(n)} = E

{
∞∑

k=−∞

eq(k)h(n − k)

}

=
∞∑

k=−∞

E{eq(k)}︸ ︷︷ ︸
=0

h(n − k) = 0
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Output Quantization Noise Statistics

Variance of fq(n):

E{(fq(n)− E{fq(n)}︸ ︷︷ ︸
=0

)2}

= E{(fq(n))2} = E


(

∞∑
k=−∞

eq(k)h(n − k)

)2


= E

{
∞∑

k=−∞

eq(k)h(n − k)
∞∑

l=−∞

eq(l)h(n − l)

}

= E

{
∞∑

k=−∞

∞∑
l=−∞

eq(k)eq(l)h(n − k)h(n − l)

}
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Output Quantization Noise Statistics

Variance of fq(n):

E

{
∞∑

k=−∞

∞∑
l=−∞

eq(k)eq(l)h(n − k)h(n − l)

}

=
∞∑

k=−∞

∞∑
l=−∞

E{eq(k)eq(l)}h(n − k)h(n − l)

=
∞∑

k=−∞

∞∑
l=−∞

E{eq(k)eq(l)}︸ ︷︷ ︸
Req (l−k)

h(n − k)h(n − l)

=
∞∑

k=−∞

∞∑
l=−∞

∆2

12
δ(l − k)h(n − k)h(n − l)
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Output Quantization Noise Statistics

Variance of fq(n):

∞∑
k=−∞

∞∑
l=−∞

∆2

12
δ(l − k)h(n − k)h(n − l)

=
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∑
l 6=k

∆2

12
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1 · h(n − k)h(n − k) =

∆2

12
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h2(n − k)
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Output Quantization Noise Statistics

Variance of fq(n):

∆2

12

∞∑
k=−∞

h2(n − k) let k ′ = n − k

=
∆2

12

∞∑
k ′=−∞

h2(k ′)

=
∆2

12

∞∑
n=−∞

h2(n) =
∆2

24π

∫ π

−π
|H(ω)|2dω

for h(n) real and using Parseval’s relation:

∞∑
n=−∞

h2(n)
F←→ 1

2π

∫ π

−π
|H(ω)|2dω
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Output Quantization Noise Statistics

Finally for b-bit unsigned fixed point fractional representations
(∆ = 2−b):

Mean:
E{fq(n)} = 0

Variance:

E{(fq(n)− E{fq(n)})2} =
∆2

12

∞∑
n=−∞

h2(n) =
2−2b

12

∞∑
n=−∞

h2(n)

�
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